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Preface

Itis evident that plate structural elements are widely used in various branches of engineering. In
industrial and civil engineering they serve as covers, working elements and parts of the various
foundations; in the machine building they are elements of technological design. The above-
mentioned construction members are intended to accommodate various static and dynamic
excitations, and their strength, resistance and technical stability require increasing engineer-
ing expectations. In real constructions the boundary conditions are usually of a complicated
character: free edge, clamping, elastic clamping, as well as various types of mixed bound-
ary conditions. Similar conditions may occur in constructing various supports of different and
mixed types. On the other hand, mixed boundary conditions may appear during the linkage of
design structural members with the a use of various laps as well as intermittent welding. Fur-
thermore, mixed boundary conditions may appear in supporting a plate beam on a nonsmooth
surface. Finally, computation of plates with slits and cracks in many cases may be reduced to
the computation of constructions with mixed boundary conditions. It should be emphasized
that the computational scheme of a construction can be changed in the exploitation time due
to the action of external loads (occurrence of corrosion and cracks, damage of part of a resis-
tance support, etc.). In this case one may also expect a mixed boundary support, which was
not predicted by the previous engineering analysis and design.

Nowadays, a wide spectrum of applications devoted to computations of the above-mentioned
engineering objects can be solved by FEM (Finite Element Method). In practice, any problem
can be solved via application of the appropriately chosen finite elements. However, it should
be emphasized that FEM also suffers from a few drawbacks: it is rather difficult to estimate the
validity of the FEM obtained results; in many cases instability in the vicinity of points occurs,
where boundary conditions undergo changes, etc. This is why from the point of view of theory
of plates and shells, as well as engineering practice, analytical approximate methods still play
an important role in the study of a wide class of constructions with mixed boundary condi-
tions. It seems that among analytical approaches, the asymptotic ones are most appropriate
and successful in solving the problems discussed above.

It has recently been observed that asymptotic approaches again attract a big attention of many
scientists in spite of the big development of numerical techniques [1]. The reason is mainly
motivated by the intuition development of a researcher/engineer through asymptotic analysis.
Even in a case where we are interested only in numerical solutions, a priori asymptotical
analysis allows us to choose the most suitable numerical method and sheds light on usually
disordered and largely numerically obtained material.
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X Preface

Moreover asymptotic analysis is extremely useful in providing the external value of parame-
ters, where direct numerical computation meets serious difficulties in obtaining reliable results.
This aspect of asymptotic methods has been well illustrated by the English scientist D.G.
Crighton [2]: “Design of computational or experimental schemes without the guidance of
asymptotic information is wasteful at best, dangerous at worst, because of possible failure to
identify crucial (stiff) features of the process and their localization in coordinate and parame-
ter space. Moreover, all experience suggests that asymptotic solutions are useful numerically
far beyond their nominal range of validity, and can often be used directly, at least at a prelim-
inary product designs stage, for example, saving the need for accurate computation until the
final design stage where many variables have been restricted to narrow ranges.”

Since asymptotic methods play a key role in our book, the first part (Chapter 1) has been
devoted to their description. We mainly rely on examples and avoid unnecessary generaliza-
tions. We have aimed to keep the book self-organized and discrete. In other words, the material
in this book should be sufficient for the reader without need for supplementary material. In
particular, we have focused on asymptotic approaches, which are either not well known or not
well reported, such as the method of summation and construction of asymptotically equivalent
functions, methods of small and large delta, homotopy perturbations method, etc.

Let us look briefly at the latter mentioned approach, which has recently been very popular.
Its main idea is as follows. We introduce the parameter ¢ into either differential equations
or boundary conditions in such a way that for € = 0 we obtain the boundary value problem
allowing us to find a simple solution, whereas for € = 1 it gives the input boundary value
problem. In the next step we apply the splitting method regarding €, and in the finally obtained
solution we put € = 1. In other words, we apply a certain homotopic transformation. It is clear
that this approach is not new, since it has already been successively applied by H. Poincaré
[3] and A.M. Liapunov [4]. However, it has rarely been applied for many years because the
obtained series are divergent in the majority of cases. This is why the homotopy perturbation
method is supplemented by the effective summation method of the yielded series.

In particular, in order to solve this problem the application of the Padé approximation has
been proposed in reference [5], which has been further developed in [6], [7], [8]. The method of
boundary conditions perturbation also stands in the forefront of novel asymptotic development
trends.

The second part of this book is devoted to application of the latter method to solve various
problems of the theory of plates with mixed boundary conditions. Both free and forced vibra-
tions of plates are studied, as well as their stress states and stability problems. One of the
important benefits is that the results obtained are presented in simple analytical forms, and
they can be directly used in engineering practice.

Furthermore, as we show, our analytical results possess high accuracy, since they have been
compared either with known analytical or with numerical solutions.

Many of the results included this book have been obtained with the help of our col-
leagues, R.G. Barantsev, W.T. van Horssen, L.V. Kurpa, L.I. Manevitch, Yu.V. Mikhlin,
V.O. Olevs’kyy, A.V. Pichugin, V.N. Pilipchuk, G.A. Starushenko, S. Tokarzewski, H.
Topol, A. Vakakis, D. Weichert and we warmly acknowledge their input through numerous
discussions and ideas exchanged at many conferences, meetings, congresses, symposia, etc.
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1

Asymptotic Approaches

Asymptotic analysis is a constantly growing branch of mathematics which influences the
development of various pure and applied sciences. The famous mathematicians Friedrichs
[109] and Segel [217] said that an asymptotic description is not only a suitable instrument
for the mathematical analysis of nature but that it also has an additional deeper intrinsic mean-
ing, and that the asymptotic approach is more than just a mathematical technique; it plays
a rather fundamental role in science. And here it appears that the many existing asymptotic
methods comprise a set of approaches that in some way belong rather to art than to science.
Kruskal [151] even introduced the special term “asymptotology” and defined it as the art of
handling problems of mathematics in extreme or limiting cases. Here it should be noted that he
called for a formalization of the accumulated experience to convert the art of asymptotology
into a science of asymptotology.

Asymptotic methods for solving mechanical and physical problems have been developed by
many authors. We can mentioned excellent monographs by Eckhaus [96], [97], Hinch [133],
Holms [134], Kevorkian and Cole [147], Lin and Segel [162], Miller [188], Nayfeh [62], [63],
Olver [197], O’Malley [198], Van Dyke [244], [246], Verhulst [248], Wasov [90] and many
others [15], [20], [34], [71], [72], [110], [119], [161], [169], [173]-[175], [216], [222], [223],
[250], [251]. The main feature of the present book can be formulated as follows: it deals with
new trends and applications of asymptotic approaches in the fields of Nonlinear Mechanics
and Mechanics of Solids. It illuminates developments in the field of asymptotic mathematics
from different viewpoints, reflecting the field’s multidisciplinaiy nature. The choice of topics
reflects the authors’ own research experience and participation in applications. The authors
have paid special attention to examples and discussions of results, and have tried to avoid
burying the central ideas in formalism, notations, and technical details.

1.1 Asymptotic Series and Approximations

1.1.1 Asymptotic Series

As has been mentioned by Dingle [92], theory of asymptotic series has just recently made
remarkable progress. It was achieved through the seminal observation that application of

Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions, First Edition.
Igor V. Andrianov, Jan Awrejcewicz, Vladislav V. Danishevs’kyy, Andrey O. Ivankov.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.

85UBD17 SUOLILLIOD) AA[IR1D 3|qedt|dde ayy Aq peusenob afe sapie YO ‘8sn JO Sa|nJ 10} Akelq1auljuQO AB|IAA UO (SUO N PUOD-PUR-SWLLBIWOY A3 | 1M Afeiq U1 [uo//SAny) SUORIPUOD pue sWwB | 3Y) 39S *[E202/2T/TE] uo AriqiTauliuQ A|Im ‘utsaulbug jo AiseAiun exeyq Ag /1op/wod Aa|im Azeiqpuljuo//sdny woly papeojumoq



2 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

asymptotic series is tightly linked with the choice of a summation procedure. A second
natural question regarding the method of series summation emerges. It is widely known
that only in rare cases does a simple summation of the series terms lead to satisfactory and
reliable results. Even in the case of convergent series, many problems occur, which increase
essentially in the case of a study of divergent series [64]. In order to clarify the problems
mentioned so far, let us consider the general form of an asymptotic series widely used in

physics and mechanics [65]:
ZMn<i> T'(n + a), (1.1
€0

n=1

where a denotes an integer, and I" is a Gamma function (see [2], Chapter 6).

The quantity € is often referred to as a singulant, and M,, denotes a modifying factor. The
sequence M, tends to a constant for n — oo and yields information on the slowly changed
series part, whereas the constant g is associated with the first singular point of the initially
studied either integral or differential equation linked to the series (1.1).

In what follows we recall the classical definition: a power type series is the asymptotic series
regarding the function f(¢), if for a fixed NV and essentially small £ > 0, the following relation

holds
N

@ = Y aiel| ~ 0",

J=0

where the symbol O(e" +1y denotes the accuracy order of €V +1 (see Section 1.2).

In other words we study the interval for e = 0, N = N,,.

Although series (1.1) is divergent for € # 0, its first terms vanish exponentially fast for
€ K gy. This underscores an important property of asymptotic series, related to a game
between decaying terms and factorial increase of coefficients. An optimal accuracy is
achieved if one takes a smallest term of the series, and then the corresponding error achieves
exp(—a/e), where a > 0 is the constant, and € is the small/perturbation parameter. Therefore,
a truncation of the series up to its smallest term yields the exponentially small error with
respect to the initial value problem. On the other hand, sometimes it is important to include
the above-mentioned exponentially small terms from a computational point of view, since it
leads to improvement of the real accuracy of an asymptotic solution [52], [53], [64], [65],
[226], [230].

Let us consider the following Stieltjes function (see [65]):

* exp(—1)
S(e) = —dt. 1.2
© /0 1+ et (12)
Postulating the approximation
N
1 . (—6l)N+l
= —&ty + ———, 1.3
1+ et j;O (et I+ et (13)
and putting series (1.3) into integral (1.2) we get
N [Se]
S(e) = ) (=) / # exp(—0)dt + Ey(e), (1.4)
J=0 0
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Asymptotic Approaches 3

where

[ exp(—t)(—e)N+!

Computation of integrals in Equation (1.4) using integration by parts yields

N
S(e) =Y (~1)jlel + Ey(e).

J=0

If N tends to infinity, then we get a divergent series. It is clear, since the under integral
functions have a simple pole in the point = —1/¢, therefore series (1.3) is valid only for
|t] < 1/€. The obtained results cannot be applied in the whole interval 0 < 7 < oco.

Let us estimate an order of divergence by splitting the function S(¢) into two parts, i.e.

—t & —t
exp(—1) di+ / exp(—1)
1 +et 1/e 1+et

dt.

1/¢
S(e) = §,(e) + 5,(e) = /0

Since 1/(1+¢€t) <1/2 for t> 1/e, the following estimation is obtained: S,(e) <
0.5exp(—1/e).

Therefore, the exponential decay of the error is observed for decreasing €, which is a typical
property of an asymptotic series.

Let us now estimate an optimal number of series terms. This corresponds to the situation in
which the term £V*! exp(—t) in Equation (1.4) is a minimal one, which holds for ¢t = 1/(N + 1).
For ¢t > 1/€ we observe the divergence, and this yields the following estimation: N = [1/¢],
where [ ... ] denotes an integer part of the number. The optimally truncated series is called the
super-asymptotic one [65], whereas the hyperasymptotic series [52], [53] refers to the series
with the accuracy barrier overcome. It means that after the truncation procedure one needs
novel ideas to increase accuracy of the obtained results. Problems regarding a summation of
divergent series are discussed in Chapters 1.3—1.5.

One may, for instance, transform the series part

ON
S(e) ~ 2 (=1Yjle (1.6)
j=0
into the PA, i.e. into a rational function of the form
1+ 3V ae
S(e) v — =, (1.7)
+ 2in BiE'

where constants a;, §; are chosen in a such a way that first 2N + 1 terms of the MacLaurin
series (1.7) coincide with the coefficients of series (1.6). It has been proved that a sequence
of PA (1.7) is convergent into a Stieltjes integral, and the error related to estimation of S(e)
decreases proportionally to exp(—44/N/¢).

The definition of an asymptotic series indicates a way of numerical validation of an asymp-
totic series [62]. Let us for instance assume that the solution U, (¢) is the asymptotic of the
exact solution Up(¢), i.e.

E =U;(e) — Uy(e) = Ke”.
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4 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

One may take as Uy a numerical solution. In order to define , usually graphs of the depen-
dence In E versus In € for different values of € are constructed. The associated relations should
be closed to linear ones, whereas the constant a can be defined using the method of least
squares. However, for large € the asymptotic property of the solution is not clearly exhibited,
whereas for small € values it is difficult to get a reliable numerical solution. Let us study an

example of the following integral
[e+] e_t
I(e) = ee* / —dt
e 1

for large values of €. Although the infinite series

o0

(=D"n!
I(e) = e
@)= —
n=0
is divergent for all values of &, series parts

M

(=1)"n!

Iy(e) =Y —— (1.8)

n=0

are asymptotically equivalent up to the order of O(¢ ™) with the error of O(e ™ ™~!) for x —
oo. In Figure 1.1 the dependence log E,,(¢) vs. log €, where E;;(¢) = I(g) — I),(¢), is reported
(curves going down correspond to decreasing values of M =1, ..., 5).

It is clear that curve slopes are different. However, results reported in Table 1.1 of the least
square method fully prove the high accuracy of the method applied.

Let us briefly recall the method devoted to finding asymptotic series, where the function
values are known in a few points. Let a numerical solution be known for some values of the
parameter €: f(g,), f(g,), f(€3). If we know a priori that the solution is of an asymptotic-type,

log Eyy (€)
1072 -

1074 |-
108
108
10710 -

1072

10—14 s

1L 1 1111 | 1 1 1 11111 | | | 1
5 10 50 100 log €

Figure 1.1 Asymptotic properties of partial sums of (1.8)
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Asymptotic Approaches 5

Table 1.1  Slope coefficient log E,,(¢) as the function of log € defined via the least
square method

E, () e €[5, 50] € €[50, 200] £ € [200, 500] slope
1 —1.861 -1.972 —1.991 -2.0
2 —2.823 -2.963 —2.988 -3.0
3 -3.789 -3.954 —-3.985 -4.0
4 —4.758 —4.945 —4.981 -5.0
5 -5.729 -5.937 -5.999 -6.0

and its general properties are known (for instance it is known that the series corresponds only
to integer values of €), then the following approximation holds

3
fle) = Z ga,

i=0
and the coefficients a; can be easily identified. The latter approach can be applied in the fol-
lowing briefly addressed case. In many cases it is difficult to obtain a solution regarding small
values of €, whereas it is easy to find it for € of order 1. Furthermore, assume that we know a
priori the solution asymptotic for € — 0, but it is difficult or unnecessary to define it analyti-
cally. In this case the earlier presented method can be applied directly.

1.1.2  Asymptotic Symbols and Nomenclatures

In this section we introduce basic symbols and a nomenclature of the asymptotic analysis
considering the function f(x) for x — x. In the asymptotic approach we focus on monitoring
the function f(x) behavior for x = x;. Namely, we are interested in finding another arbitrary
function ¢@(x) being simpler than the original (exact) one, which follows f(x) for x — x; with
increasing accuracy. In order to compare both functions, a notion of the order of a variable
quantity is introduced accompanied by the corresponding relations and symbols.

We say that the function f(x) is of order @(x) for x — x, or equivalently

S = 0(p(0)) for X = X,

if there is a number A, such that in a certain neighborhood A of the point x, we have |f(x)| <

Alp(X)].
Besides, we say that f(x) is the quantity of an order less than @(x) for x — x,, or equivalently

f(x) = o(p(0)) for X = X,

if for an arbitrary € > 0 we find a certain neighborhood A of the point x,, where |f(x)| <
elp(x)].

In the first case the ratio |f(x)|/|@(x)| is bounded in A, whereas in the second case it tends
to zero for x — x,. For example, sinx = O(1) for x — oo0; In x = o(x*) for an arbitrary & > 0
for x — oo.
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6 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Symbols O(...) and o( ...) are often called Landau’s symbols (see [62], [63]). It should
be emphasized that Edmund Landau introduced these symbols in 1909, whereas Paul Gustav
Heinrich Bachman had already done so in 1894. Sometimes it worthwhile to apply additional
symbols introducing other ordering relations. Namely, if f(x) = O(@(x)), but f(x) # o(@(x))
for x — x,, then the following notation holds f(x) = O(p(x)) for x — Xg, where the symbol
O(p(x)) is called the symbol of the exact order (note that in some cases also the following
symbol is applied Oe(p(x)). If f(x) = O(¢(x)), @(x) = O(f(x)) for x — X, (it means that f(x)
asymptotically equals to @(x) for x — x;), which is abbreviated by the notation f(x) < @(x)
for x — x;. Recall that in some cases the symbol < is used. Asymptotic relations give rights
for the existence of the numbers a > 0 and A > 0, where in the vicinity of the point x, the
following approximation holds: a|p(x)| < |f(x)| < Alp(x)|.

Symbols O and = might be expressed by O, o and are used only for a brief notation. One
may distinguish the following steps while constructing an asymptotic approximation. In the
beginning high (low) order estimations are constructed of the type f(x) = O(@(x)). Usually
this first approximation is overestimated, i.e. we have f(x) = O(@(x)).

In order to improve this first approximation the following exact order is applied f(x) =
O((po(x)), and the following asymptotic approximation is achieved f(x) ~ ay@(x). Carrying
out this kind of a cycle, we may get the asymptotic chain f(x) — ay@y(x) ~ a,@,(x), and go fur-
ther with the introduced analysis. We say that the sequence {¢,(x)}, n=0,1,... forx = x,
is an asymptotic one, if @, ;(x) = o(¢,(x)). For instance, the following sequence {x"} is an
asymptotic one for x — 0.

A series Zf;o a,p,(x) with constant coefficients is called an asymptotic one, if {¢,(x)} is
an asymptotic sequence. We say that f(x) has an asymptotic series with respect to the sequence
{®,(x)}, or equivalently

N
f0~ Y a0,  N=0,12,.., (1.9)
n=0
lf m
flx) = Zan(pn(x)+o((pm(x)), m=0,1,2,..., N. (1.10)

n=0

Let us investigate the uniqueness of the asymptotic series. Let the function f(x) for x — x,, be
developed into a series with respect to the asymptotic sequence {@,(x)},f(x) ~ Yoo a,®,,(x).
Then the coefficients a,, are defined uniquely via the following formula

n—1
@, = lim lf(x) - ak(pkm] @, ().
k=0

Observe that the same function f(x) can be developed with respect to another sequence y,,(x),
for instance

1
1—x

~ Zx” for x— 0; LY Z(l +x)x*" for x— 0.
n=0 I—x n=0
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Asymptotic Approaches 7

On the other hand, one asymptotic series may correspond to a few functions, for instance

—1/x b
1+ 7 ~ Zx” for x—0.
I—x n=0

In other words an asymptotic series represents a class of asymptotically equivalent functions.
The latter property can be applied directly in many cases (see Chapter 1.5).

Asymptotic expansion of functions f(x) and g(x) for x — x, regarding the sequence {@,(x)}
follows

FO) ~ Y a,0,00,  g) ~ Y b,0,(0),
n=0 n=0

and the following property holds

af (x) + f(x) ~ Y\ (aa, + fb,)p, ().
n=0

In general, a direct multiplication of the series {¢@,(x) - @,,(x)} (m,n=0,1,...) is not
allowed, since they sometimes cannot be ordered into an asymptotic sequence. However, it
can be done, for instance, in the case ¢, (x) = x". Power series allow division if b, # 0.

Finding logarithms is generally allowed. For instance, let us consider the function f(x) =
(\/)_c In x + 2x)e*, for which the following relation holds

fx) = [2x + o(x)]e* for X — 0. (1.11)
Let g(x) = In[f(x)], then according to (1.11), we have
gx)=x+In2x+ox)]=x+Inx+In2+o0(1) ~x+o0(x) for x— co.

Raising g(x) to a power we find f(x) ~ €* for x — oo0. Note that the multiplier 2x is lost. The
reason is that the carried out involution in series approximation of g(x) does not include terms
In x and In 2 acting on the main term of the asymptotic of f(x), and only the quantities of order
o(1) do not change the coefficient, since exp {o(1)} ~ 1.

The power form asymptotic series

o0

f(x) ~ Z ax" for X = o0,

n=2

may be integrated step by step. Differentiation of asymptotic series are not allowed in general.
For example, the function
f(x) = e V¥ sin(e” /%)

possesses the following singular power form series

FX)~0-1+0-x+0-x>+ ...,
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8 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

whereas the associated derivative of the function f(x) does not allow a power type series devel-
opment. If the function f(x) and its continuous derivative f’(x) for x > d > 0 possess a power
type asymptotic series for x — oo, then this derivative can be obtained via step by step differ-
entiation of the series terms of the function f(x).

Let us emphasize that the majority of errors regarding the application of asymptotic meth-
ods occur through incorrect change of orders of limiting transitions and differentiations (see
[244]). This remark is followed by an example. Let the method of Bubnov-Galerkin be applied
for a thin-walled problem. The following natural question arises: How many terms N should
remain in order to keep a reliable solution? N parameter should be linked with a parameter
characterizing thinness of the studied construction (L/ \/F for a beam, R/h for a shell, etc.).
However, in general

i i) Ly i ..

Additional information regarding the state-of-art of the asymptotic series can be found in
(23], [251, [391, [961, [97], [133], [62], [63], [244], [246].

1.2 Some Nonstandard Perturbation Procedures
1.2.1 Choice of Small Parameters

The choice of an asymptotic method and the introduction of small dimensionless parameters
to an investigated system is very often the most significant and informal part of the analytical
study of physical problems. This should be carried out with the help of experience and intu-
ition, analysis of the physical nature of the problem, as well as with the use of experimental and
numerical results. It is often dictated by physical considerations, which are evidently shown
through dimensionless and scaling procedures. However, it seems to be sometimes advanta-
geous to use an initial approximation guess although this is not obvious, and may perhaps seem
even strange at first glance. To illustrate this, consider a simple example [42], i.e. an algebraic
equation of the form

X 4+x=1. (1.12)

We seek a real root of Equation (1.12), the exact value of which can be determined numer-
ically: x = 0.75487767 .... A small parameter ¢ is not included explicitly in Equation (1.12).
Consider various possibilities of introducing a parameter € into Equation (1.12).

1. We introduce a small parameter € as the multiplier to a nonlinear term in Equation (1.12)
exX’ +x=1, (1.13)

and present x as a series of €, i.e.
X=ay+aje+aE’+.... (1.14)

Substituting series (1.14) into Equation (1.13), and equating terms of equal powers, we
obtain

ay=1, a =-1, ay=5 a=-35 a;=285 as=-2530, az=23751.
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Asymptotic Approaches 9

These values can be predicted by a closed expression for the coefficients a,,:

_ =D'Gm)!
I N @n+ )l

The radius R of convergence of series (1.14) is R = g = 0.08192. Consequently, for e = 1
series (1.14) diverges very fast, so the sum of the first six terms is 21476. The situation can
be corrected by the method of PA. Constructing a PA (see Chapter 1.4) with three terms
in the numerator and denominator and calculating it with € = 1, we obtain the value of the
root x = 0.76369 (the error in comparison to the exact value is 1.2%).

. We now introduce a small parameter € as multiplier to the linear term in Equation (1.12)

X 4ex=1. (1.15)
Presenting the solution of Equation (1.15) in the form
x(e) = by + b€ + bye* + ..., (1.16)

and after applying the standard procedure of perturbation method, we get

1 1
g, a3=—1_ b4=0,

bp=1, by =-1, b,=-1 ,
0 1 2 125

21 78

bs=———, bg= .
27156257 T 78125
In this case we can also construct a general expression for the coefficients
_ TM@n-1)/5]
" SC[(4 —n)/Sn!’

and determine the radius of convergence of the series (1.15): R = > = 1.64938.... The

2G75)
value of x(1), taking into account the first six terms of the series (1.16), deviates from the
exact by 0.07%.
. Now, let us introduce a “small parameter” ¢ in the exponent
A x=1, (1.17)
and let us present x in the form
X=co+c;8+ 8+ ... (1.18)

In addition, we use the expansion:
X0 =x(1+6In|x| +...).
Coefficients of series (1.18) are determined easily, i.e. they read:
=05 ¢, =025In2, ¢, =-0.125In2,

The radius of convergence is equal to 1 in this case. Using PA with three terms in the
numerator and denominator, if € = 1, we find x = 0.75448, which only deviates from the
exact result by 0.05%. Calculating c; fori = 0, 1, ..., 12 and constructing PA with six terms
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10 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

in the numerator and denominator, we find x = 0.75487654 (0.00015% error). The method
is called “the method of small delta” (see Section 1.2.3) [42], [43].
4. We now assume the exponent to be a large parameter. Consider the equation

M+x=1 (1.19)

Assuming n — oo (the method of large &, see Section 1.2.4), we present the desired solution
in the form

1/n
x=[%(1+x1+x2+...)] : (1.20)

where 1 > x; > x, > ...
Substituting the Ansatz (1.20) in Equation (1.19), and taking into account that

nt/m =1+ 11nn+..., =1+ 1ln(l x4 )+,
n n
one obtains the following hierarchy with increasing accuracy
1/n
~ (ln”_> , (1.21)
n

_ 1/n
xz(lnn lnlnn) ’ (1.22)

n

For n =2 formula (1.21) gives x = 0.58871; the error compared to the exact solution
(0.5(\/3 — 1) % 0.618034) is 4.7%. When n = 5 from (1.21) we obtain x = 0.79715 (from
numerical solution one obtains x = 0.75488; error of (1.21) 5.6%). Equation (1.22) for
n =15 gives x = 0.74318 (error 1.5%). Thus, even the first terms of the large 6 asymptotics
give excellent results.

Hence, in this case the method of large delta already provides good accuracy even for
low orders of the perturbation method. Approximations (1.21), (1.22) illustrate an example
of nonpower type asymptotics.

In particular, thanks to A.V. Pichugin, the obtained solution can be improved using the
Lambert functions W(z), which is governed by the following equation [87]

7= W(2)e"®.

Then, the solution to our problem has the form

1/n
xz[l-l_CW( 1 )] ,  where C:%ln(w(n)>.

n 1+C n n
Note that for n = 5 the above formula yields x = 0.75443 (error 0.06%).

1.2.2  Homotopy Perturbation Method

In recent years the so-called homotopy perturbation method (HPM) has received much atten-
tion [1], [43], [130], [44], [132], [157], [158] (the term “method of artificial small parameters”
is also used). Its essence is as follows. In the equations or BCs the parameter € is intro-
duced so that for € = 0 one obtains a BVP which admits a simple solution, and for € = 1
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Asymptotic Approaches 11

one obtains the governing BVP. Then the perturbation method regarding ¢ is applied and we
put € = 1 in the final formula. Apparently, this approach is not new and has already been used
in references [115], [159] and [207]. However, the above term, emphasizing the continuous
transition from the initial value € = 0 to the value of € = 1 (homotopy deformation), seems to
be most adequate. Let us analyze an example of the homotopy perturbation parameter method
using an approach taken from reference [8], [9]. The occurence of internal resonance between
modes belongs to a special feature of nonlinear systems with distributed parameters. This is
why in many cases the neglect of higher modes can lead to significant errors. The follow-
ing approach describes the asymptotic method of solving problems of nonlinear vibrations of
systems with distributed parameters, allowing us to broadly take into account all modes. The
vibrations of a square membrane lying on a nonlinear elastic foundation can be governed by
the following PDE:

2 2 2
Sw 0w OW o ewd =0, (1.23)
oxz o0y  or

where ¢ is the dimensionless small parameter (¢ < 1).
The BCs are as follows
Wlyor = wlyegp = 0. (1.24)

The desired periodic solution must satisfy the periodicity conditions of the form
wit)=w(t+T), (1.25)

where T = 2= is the period, and Q is the natural frequency of vibrations. We seek the natural
frequencies ((lz)orresponding to these forms of natural vibration frequencies at which the linear
case (e = 0) is realized by one half-wave in each direction x and y. We introduce the transfor-
mation of time

T = wt. (1.26)

The solution is sought in the form of power series

w=wy+ ew; + 2w, + ..., (1.27)

a)=w0+£a)l+£2w2+.... (1.28)

Substituting Ansatzes (1.27), (1.28) to Equations (1.23)—(1.25), and equating terms of equal
powers, we obtain the following recurrent sequence of linear BVPs:

2t o g W = 0, (1.29)
tw, Pw, 0w, Pw,
P + P -] Py —cw, = 2wyw, P + wy, (1.30)

The BCs (1.24) and periodicity conditions (1.25) take the following form fori = 1,2, ...:
Wili=or = Wily=o, =0, (1.31)

w;(t) = w;(t + 2x). (1.32)
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12 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

The solution to Equation (1.29) is as follows:

[es] (o] a)mn
W = Z Z A sin (a)—(;r> sin (%x) sin <%ny> s (1.33)

m=1m=1

where w,,, = \/7[2@ +c, mmn=1,2,3,..., and A is the amplitude of the funda-
mental tone of vibrations; Appom, n=1,2,3... (mn)#(,1) is the amplitude of the sub-
sequent modes; w,, , are the natural frequencies of the counterpart linear system, wy = @, ;.
Next approximation results in solving the BVP (1.30)—(1.32). To prevent the appearance of
secular terms in the right hand side of Equation (1.30), the coefficients standing by the terms

of the form
. Com,n . Tm . n
sin| ——r sm(—x) sm(—y>, m,n=1, 2, 3,...

should be compared with zero.
These conditions lead to the following infinite system of nonlinear algebraic equations:

- (wm,n)2 = 2 2 2 Z Z Clglj,an)Ai,jAk,lAp,s’ (134)
Pre i=1 j=1 k=1 I=1 p=1 s=1

where m,n =1,2,3,....

Coefficients are found by substituting Ansatz (1.33) into the right hand side of
Equation (1.30) and carrying out the relevant simplifications. System (1.34) can be
solved by reduction. However, a sufficiently large number of equations produces significant
computational difficulties. In addition, this approach does not take into account the influence
of higher modes of vibrations. Therefore, in order to omit the above-mentioned difficulties
we use further the HPM.

On the right side of each (m, n)-th equation of system (1.34) we introduce the parameter
w associated with those members of A; A, /A, ;. for which the following condition is valid:
i>mUuUk>muUp@p>m)yuU(>n)U(>n)U(s>n). Thus, for u = 0 system (1.34) takes
the “triangular” form, and for 4 = 1 it returns to its original form. Next, we seek a solution in
the form of the following series:

w; = o + uoV + 0@ + ..., (1.35)
Apn = A0+ uA) + 12AD, + . (1.36)
where m,n=1,2,3,..., (m,n)# (1,1).

In the so-far obtained solution we put u = 1.

This approach allows us to keep any number of equations in system (1.34). Below we limit
ourselves to the first two terms in expansions (1.35), (1.36). We analyze the solutions and note
that in this problem the parameter ¢ plays the role of a bifurcation parameter. In general, for
¢ # 0, c ~ 1, the system (1.34) admits the following solution:

A[!js i’j: ]’2’3""’ (Lj)#(m?n)’

® = 2_7A}%1,nw0
PTI28 @,

mn=1,2,3,....
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Asymptotic Approaches 13

Amplitude-frequency response is given by the following formula

2
m,n

Q

‘m,n

= @, +0.2109375—"2¢ 4 ...

a)m,n

It is of particular interest to the case when the linear component of the restoring force is
zero (¢ = 0), and the phenomenon of internal resonance between modes of vibrations occurs.
Solving system (1.34) by the method described so far we find

Apn=0, mn=1,23,.., (mn)#,1), (mn#Qi-12-1), i=1,23..,
A3’3 = —45662 . 10_3A1’1, A5,5 = 21139 N 10_5A1’1, e ,a)1 = 021104814%1/(00

If vibrations are excited by the mode (1, 1) all odd modes (3, 3), (5,5) etc. are also real-
ized. However, if the vibrations are excited by one of the higher modes, the result of energy
redistribution of modes appear at lower orders until the fundamental mode (1, 1).

1.2.3  Method of Small Delta

In references [42], [43] the effective method of small 6 has been proposed, which we are going
to explain through a few examples. Let us construct a periodic solution to the following Cauchy
problem

x, +x° =0, (1.37)

x0)=1, x(0)=0. (1.38)
We introduce a homotopy parameter 6 in Equation (1.37), and hence
X, +x1120 = 0. (1.39)

At the final expression one should put 6 = 1, but in the process of solving we assume 6 < 1.
Then
¥ =146Inx>+0.58%(Inx>)> + ... (1.40)

We assume a solution to Equation (1.37) in the form

x= ) 6%, (1.41)
k=0
and carry out the change of independent variable
t=2L, (1.42)
)

where @? = 1 + ;6 + a,8% + ...

The constants a; (i = 1,2,...) are determined during solution process. After substituting
Ansatzes (1.40)—(1.42) in Equation (1.39), and splitting with respect to 6, the following recur-
rent sequence of Cauchy problems is obtained

Xorr + X =0, (1.43)
x0) =1, x,,(0)=0; (1.44)
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14 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions
Xipr + X = =X ln(xg) — 0 X5 (1.45)

x1(0)=x;, =0; (1.46)

Xppr Xy = —x; In(x)) — 2x; — xy(In(x))? = arXg,, — @1 X, (1.47)

x0)=x,, =0; (1.48)

A Cauchy problem regarding zero order approximation (1.43), (1.44) has the following
solution.
X( = COS T.

In the first approximation, one obtains
Xipp + X = —cOST In(cos) + a;cosT = L.

The condition of absence of secular terms in the solution of this equation can be written as

follows
/2

/LocostdtzO,

0

and it allows us to determine the constant ¢; = 1 —21n 2.
The period of vibration can be written as

T =2z[1 + 6(In 2 — 0.5)].

For 6 = 1, we have T = 6.8070, while the exact value is T = 7.4164 (the error introduced by
the approximate solution is 8.2%). A solution to the Cauchy problem of the next approximation
(1.47), (1.48) gives the period value practically coinciding with the exact one (7' = 7.4111).

‘We now consider the wave equation

Uy = Uy, (1.49)
with nonlinear BCs of the form
u(0,1) =0, (1.50)
u,(1,0)+u(l,0)+u(1,1)=0. (1.51)
We introduce the parameter 6 into Equation (1.51) as follows
u (1,0 +u(1,0) +u'*?°(1,1) = 0. (1.52)

In the final expression we put § = 1, but in the asymptotical process we assume 6 < 1.
We have

2
B =t =y l+5lnu2+%(lnu2)2+... . (1.53)
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Asymptotic Approaches 15
We assume the solution to Equation (1.49) to be in the form
o0
u=y &u. (1.54)
k=0

After substituting Ansatzes (1.54), (1.52) into Equations (1.49), (1.50), (1.52), and after
splitting regarding the parameter 6, we obtain the following recurrent sequence of BVPs:

Ugrr = Upxys
atx=0, uy=0;

atx=1, wuy +2uy=0;
1

Ugrr = Upxx — Z Ai_pUprrs
p=0

atx=0, u; =0;

atx=1, wu +2u = —uolnu(z);
2
Ugrr = Uy — Z Ai_pUprrs
p=0

atx=0, u,=0;

atx=1, up +2uy = —u; Inuf — 2u; — 0.5u (Inug)*;

where a; = 0.

(1.55)
(1.56)

(1.57)

(1.58)

(1.59)

(1.60)

(1.61)
(1.62)

(1.63)

The solution of the BVP of the zero order approximation (1.55)—(1.57) can be written as

ug = A sin(wyx) sin(w,7), (1.64)
where the frequency w, is determined from the transcendental equation
wy = 2tan w,. (1.65)
The first few nonzero values of w are given in Table 1.2.
When k — oo, we have the asymptotics: ©® — 0.57(2k + 1).
Table 1.2 First few roots of transcendental equation (1.65)
wgl) wé2) wg&) 605)4) wéS) wéé) a)g) (1)5)8) wé9) wg 0)
2289 5.087 8.096 11.173 14276  17.393  20.518 23.646  26.778 29912
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16 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

BVP problem of the first approximation is as follows:

Uiy — Uy = &A@ sin(wyx) sin(wg7), (1.66)
atx=0, u; =0, (1.67)
atx =1, wu, +2u =4, sin(wor)[ln(Azsinzwo) +In sinz(a)or)], (1.68)

where A = —Asinw,,.
The particular solution to Equation (1.66) satisfying the BC (1.67) has the form

1) = —0.5a; Awyx cos(wyx) sin(w, 7). (1.69)

We choose the constant ; in such a way that it compensates the secular term on the r.h.s. of

Equation (1.68) R
1

o= on(6 4+ 02)
@ +a)0)

where R; = In(0.25¢A%sin’w,).
Nonsecular harmonics on the r. h. s. of Equation (1.68) yield the solution

2 - . . 1
w”’ =4A T, sin(wpkx) sin(wnkt) ———, 1.70
1 llgzk(o)(or)kz_l (1.70)
where T}, = 1/[ka, cos(kw,) + 2 sin(ka)].
The complete solution of the first approximation has the form

up = ugl) + u(]z).
Assuming 6 = 1, we obtain the solution of Equations (1.49)—(1.51).
Let us now consider the Schrodinger equation

¥ NP LEY=0, (1.71)
W¥(£o0) =0. (1.72)

Here V¥ is the wave function; E is the energy and plays the role of an eigenvalue.

It is shown that the eigenvalue problem (1.71)—(1.72) has a discrete countable spectrum E, ,
n=20,1,2,... [228]. For N = 2 the eigenvalue problem (1.71), (1.72) has an exact solution.
Now let N differ slightly from 2, i.e.

b

XX

— XYL EY = 0. (1.73)

We assume the expansion
¥ =1+6InG>)+...,

and we will search for the eigenfunction ¥ and the eigenvalue E in the form of the following
series
Y=Y, +6¥+82¥ +..., (1.74)

E=Ey+8E+8E +.... (1.75)
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Asymptotic Approaches 17

As a result, after the asymptotic splitting, we obtain the following hierarchy of recursive
sequence of eigenvalue problems

Wy — ¥+ E)¥, =0, (1.76)
¥ — XY+ EY + E Y = X2 P, In(x?), (1.77)
[¥;| >0 at |x| >0, i=1,2,3,.... (1.78)

The solution to the eigenvalue problem (1.76), (1.78) has the form
EV =2m+1, ¥ =" H,®), n=123,..,

where H, (x) is the Struve function ([2], Chapter 12).
From the eigenvalue problem (1.77), (1.78) we find

[ 2™ H2(x) In(x?) dx

E(n) _ =
! V7 2!

For n = 0 one obtains Hj(x) = 1, and
T
/x2 In xe ™ dx = %(z —2In2-0),

where C = 0.577215 ... is the Euler constant. Hence

Eéo)=1+%(2—2ln2—C)5+.... (1.79)

1.2.4 Method of Large Delta

An alternative method of small delta is the method of large delta, which we demonstrate using
as an example the following nonlinear equation

X +x'=0, n=357,... (1.80)

This equation can be integrated with the functions Cs and Sn, introduced by Liapunov in
[159] (inversions of incomplete beta functions, see also [219]). Note that much later the same
(up to normalization) function have been proposed by Rosenberg, who called them Ateb-
functions [213], [214]. However, working with these objects is inconvenient, and therefore the
problem arises of finding the approximate analytical solution to Equation (1.80) in expressed
through elementary functions. We construct asymptotics of periodic solutions of Equation
(1.80) at n — oo. Let the initial conditions for Equation (1.80) be

x(0)=0, x0)=1. (1.81)
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18 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

The first integral of the Cauchy problem (1.80), (1.81) can be written as follows

dx\? 2t
() -1- 2

The replacement of x = A~*/2, 1 = 2/(n + 1), and integration gives us a solution in the fol-
lowing implicit form

<¢<l1
M= / L
After replacing & = sin* this implicit solution is transformed into an expression that con-
tains a small parameter in the exponent of the integrand, namely we have
0<0<r/2
MW= / sin~'**9do.
0
‘We now consider the integrand separately:
sin~1+g = g~ 1+ (i> — g1+ [i a2y ] .
sin 0 sin 0 sin 0

Expanding this function into a Maclaurin series, one obtains

—1+4
sin”1t49 = 971+ 4+ GT + -4 0(A).

The first term of this expression makes the main contribution, so in the first approximation
we can suppose
MWlrx 0%, i 0m AR

In the original variables one obtains
x & A7 2sint (A4 (1.83)

The solution (1.83) should be used on a quarter-period, which yields

r=af =Y 1.84
- <2 2172 ) ’ (1.84)

Let us analyze the solution (1.83), (1.84). At n = 1 one obtains the exact values x = sinf,
T = 2z, whereas for n — oo one obtains 7 — 4. Expanding the r.h.s. of Equation (1.83) into
a series of ¢, and restricting our considerations to the first term only, we obtain a nonsmooth
solution [67]. We estimate the error of the solution (1.84). For this purpose we use the
expression

/2
A / sin”!'*4 df = 0.54B(0.51,0.5) = A,, (1.85)
0

where B(...,...) is the beta function ([2], Chapter 6).
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Asymptotic Approaches 19

Table 1.3 Comparison of exact and approximate solutions

n 1 3 5 00
A x? 1.30 1.20 1
A, 7’ 1.25 1.16 1
A% 0 5 3 ~0

The approximate value of the integral on the 1.h.s. of Equation (1.83) is calculated as follows:
A, = (x/2)* . Numerical comparison of the values A, A, and error estimation A is given in
Table 1.3.

Thus, the first approximation of the asymptotics for n — oo already gives quite acceptable
accuracy for practical purposes, even for not very large values of n. Note that expression (1.83)
gives an approximation of incomplete beta function ([2], Chapter 6) from n = 1 (sinus func-
tion) to n = oo (linear function).

1.2.5 Application of Distributions

Asymptotic methods are based, generally speaking, on the use of Taylor series. In this con-
nection the question arises: what to do with functions of the form exp(—&~'x), which cannot
be expanded into a Taylor series for e — 0 via smooth functions [202]. The way out lies in the
transition to the following distribution [100]:

H(x) exp(—e~'x) = Z (=1)y"e" s (x), (1.86)
n=0
where 6(x) is the Dirac delta function, representing the derivative of the Heaviside function
H(x); 8™ (x), n = 1,2, ... are the derivatives of the delta function.
We show how formally the formula (1.86) can be obtained. Applying the Laplace transform
to function exp(—&~'x), one obtains:

-1 13
- dx = .
/exp( £7°X) p—
0

Expanding the r.h.s. of this equation into a Maclaurin series of €, and then calculating inverse
transform term by term, one obtains expansion (1.86). Thus, we again use the Taylor series,
but now in the dual space.

Here is another interesting feature of the approach using distributions: a singular perturbated
problem can be regarded as a regular perturbated one [100]. Suppose, for example, we deal
with the ODE:

e +y=0 x>0, y=1 at x=0.

This is a singularly perturbated problem: for € = 0 one obtains a smooth solution y = 0,
which does not satisfy the given initial condition. However, one can seek a solution in the
form of a nonsmooth function. Namely, assuming z(x) = H(x)y(x), one obtains

el = —z+€8(x). (1.87)
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20 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

A solution of Equation (1.87) is sought in the following series form

o0
n=0

As a result one obtains
70=0, 7, =60, 2z, =D"6", n=1,2,.... (1.88)

Note that expressions (1.88) allow us to reach smooth functions. To do this, it is possible to
apply the Laplace transform, then the PA in the dual space, and then one may calculate inverse
Laplace transforms.

We show other application of the asymptotic method using distribution [21]. Consider the
equation of the membrane, reinforced with fibers of small but finite width €. The governing
PDE is

[1 + 2eDy(0)]uy, + uy, =0, (1.89)
where .
()= D [Hy+kb—e)+Hy—kb+e)l.
k=—o00

Let us expand the function @ (y) in a series of €. Applying the two-sided Laplace transform
[241], one obtains

[se]

D(p,e) = / e P d(y, €) dy.

—0o0

Expanding the function E(p, €)in a series of €, and performing the inverse Laplace transform,
we obtain

Dy (y) = 2eD(y) + 2¢ Z e"D"(y), (1.90)

k=13,5....
where @(y) = Y. 6(y — kb).
k=—o0
Now, let us consider a solution to Equation (1.89) in the form
u=u0+£u1+£2u2+.... (1.91)

Substituting Ansatzes (1.90), (1.91) into Equation (1.89), and splitting the resulting equation
with respect to €, we arrive at the recursive sequence of BVPs:

[1 + 26®()]ugy, + gy, = 0, (1.92)
[1+ 26 ity + 11y, = —Ett, @ (Y), (1.93)

Thus, in the zero approximation, we obtain the problem with one-dimensional fibers (1.92),
and the influence of the width of fibers is taken into account in the first approximation (1.93).
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Asymptotic Approaches 21

1.3 Summation of Asymptotic Series

1.3.1 Analysis of Power Series

Here we follow [133], [242], [243], [245].
We assume that one obtains the following series as the result of an asymptotic study:

f(e) ~ Z C," for &—0. (1.94)
n=0

As it is known, the radius of convergence ¢, of series (1.94) is determined by the distance to
the nearest singularity of the function f(g) on the complex plane, and can be found using the
following Cauchy-Hadamard formula:

L _Tmic, .
€9 n—o00

If the nearest singularity lies on the positive real axis, then the coefficients C, usually have
one and the same algebraic sign, for example

~lte+eEl+El+ ..

1—¢

If the nearest singularity is located on the negative axis, the algebraic signs of the coefficients
C, are usually alternated, for example

1
1+e¢

3

~l—e+er—+....

The pattern of signs is usually set pretty quickly. If there are several features of the same
radius, which could happen to a real function with complex singularities necessarily occurring
in complex conjugate pairs, then the rule of alternation of signs may be more complex, such as

1+e¢ 2

1+2~1+£—£ 6 7
I3

—£3+£4+£5—£ —& ...

Here we have a pattern of signs + 4+ ——. To define g, it may be useful to apply the so-
called Domb-Sykes plot [133], [242], [243], [245]. Let the function f have one of the nearest
singularities at a point € = ¢, with an index of a, i.e.

(g x€)*Ineg+¢e) for a=0,1,2,...,

f(g)N{(eois)a for a#0,1,2,...,

then we get

C
n Nil<1—1+a>n

n—1 €0 n

Constructing a graph of C,/C,_, on the vertical axis and 1/n on the horizontal axis, one
obtains the radius of convergence (as the reciprocal of the intercepts on the axis C,/C,_,),
and then, knowing the slope, the required singularity. Figure 1.2 shows the numerical results
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-0.5
n=4 n=2
-1
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n=7 e —— e
—
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1/n

Figure 1.2 The Domb-Sykes plot for f(¢) = £(1 + £)(1 4 2¢)~!/?

for the function

fle)=e(l +e)1+2e)"1/% ~
5—£2+%e3— %£4+%£5—%66+%£7—%68

starting with n = 7 points arranged in a linear relationship.

If £ or a are known from physical considerations, they can be used for the construction of the
Domb-Sykes plot. If several singularities have the same convergence radius, so that the signs of
the coefficients oscillate, one way is to try to construct a dependence on the value (C,, / Cn_l)l/ 2,
If the radius of convergence tends to infinity and C,/C,_; ~ k/n, then the analyzed function
has a factor exp(ke), where C,,/C,_; ~ k/n'/P has a factor exp(¢). If the radius of convergence
tends to zero, then the analyzed function has an essential singularity and asymptotic expansion
diverges. If the coefficients behave like C,_,/C, ~ 1/(kn), then we can write C, ~ Ck"n!,
where C is a constant.

Knowledge of singular solutions can eliminate them from the perturbation series and thus
its convergence can be significantly improved. We describe some techniques for removing
singularities. If the singularity lies on the positive real axis, then it often means that the function
f(¢) is multivalued, and that there is a maximum attainable point € = g,. Then, the inverse of
the original function € = £(f) can be single valued. For example, consider the function

3

f(e) = arcsine = £ + ég%EsS + %gu..., (1.96)

- (1.95)

and the inverse of this function is

la, 1,0 1
~f—=f4+ =20 — ——f"+.... 1.97
eSS (197

Numerical results are shown in Figure 1.3, where the solid curve denotes the function
arcsing, the dotted and dashed curve shows the n-term expansions (1.96) and k-terms
expansions (1.97) for different numbers of terms. It is evident that the expansion (1.97)
achieves a good approximation of the second branch of the original function.
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0
0.0 0.5 1.0 1.5
Figure 1.3  Application of the inversion method of a power series

If
f~A(Eg—¢e)® for e >¢), O<a<l,

the transition to the function /% removes the singularity.
Consider the following function

_ 1 7 41 367 4849
=2\ 1 +2e~ 1+ g — g2 4 —g> - Lt 22 S5 4 1.98
fle)=e + 2e +2£ 85 +488 3845 +3840£ + ( )

The radius of convergence of this expansion is equal to 1/2, while the radius of convergence
of functions 3 5 . 3
2 2 3 4 5
~l+te—Ze+ e —— 4+ —+.... 1.99
! T2 T Tt Taf (1.99)
is infinite.

Numerical results are shown in Figure 1.4, where the solid curve denotes the function f(e) =
e~¢/24/1 + 2¢, the dotted and dashed curve show the n-term expansions (1.98) and the square
roots of k-term expansions (1.99), respectively.

In addition, knowing the singularity, one can construct a new function f,(¢) (multiplicative
extraction rule)

f(e) = (gg — )%y (e),
or f,(¢) (additive extraction rule)
f(e) = Agy — €)fy (o).

The functions f),(¢) and f, (¢) should not contain singularities at £,. In many cases, one can
effectively use the conformal transformation of the PS [145], a fairly complete catalog of which
is given in [52]. In particular, it sometimes turns out to be a successful Euler transformation
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24 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

1.5

0.5 - *
0.0 0.5 1.0 1.5

Figure 1.4 Functions, expansions and square roots (see text)

[38], [39], [242], [243], [244], [245] based on the introduction of a new variable

&
£ = ———. 1.100
- £/gg ( )
Recasting the function f in terms of &, f ~ > d,&" has the singularity pushed out at the
point € = co. For example, the function (1.95) is singular at the € = —1/2, which can be
eliminated with the Euler transformation £ = £ /(1 + 2¢). The expansion of the function (1.95)
in terms of € is

- 1. 1., 315 8954 22591 4
T B e e ey R
1® 2578 a8 T3sa" T 3840
Some numerical results are shown in Figure 1.5, where dotted and dashed curves show the
n-term expansions (1.95) and k-terms in the expansion (1.101).

A natural generalization of Euler transformation is

(1.101)

&
(1—¢/gp)*’

£ =

where « is the real number.

1.3.2  Padé Approximants and Continued Fractions

The coefficients of the Taylor series in the aggregate have a lot more information about the
values of features than its partial sums. It is only necessary to be able to retrieve it, and some of
the ways to do this is to construct a Padé approximation [244]. Padé approximation (PA) allow
us to implement among the most salient natural transformation of power series in a fractional
rational function. Let us define a PA following [29], [18]. Suppose we have power series

(S

fler=Y cie (1.102)

i=1
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0.0 0.5 1.0 1.5

Figure 1.5 Tllustration of Euler transformation

Its PA can be written as the following expression

ay+ag+---+a,E"

Fim®© = Ty g e (1.103)
whose coefficients are determined from the condition
(I +be+-+bue™(co+cie+cre” +..) =
ag+aje+ - +a,e" + O™, (1.104)
Equating coefficients of the same powers €, one obtains a system of LAEs
bChomir + Op1Cpomia + Cpi1 = 0
bmc,l._m+2+bm_1c'n_m+3 +C,H:2 iO (1.105)
b,.c, +b,_1¢41  FCum =0,

where ¢; = 0 for j < 0.
The coefficients a; can now be obtained from Equation (1.104) by comparing coefficients
standing by the same powers €:

ao = Co,
al = Cl + blCO;
: : (1.106)

where p = min(n, m).
Equations (1.104), (1.105) are called Padé equations. In the case where the system (1.105)
is solvable, one can obtain the Padé coefficients of the numerator and denominator of the PA.
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26 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Table 1.4 Padé table

0 1 2

Jioyo1(€) Ty (©) Ji2y01(€)
Joyn(® Jum© Jem(©
Jooyz(®) Juy2(©) Jioy2(©)

N>—‘07
S

Functions f, /m(€) at different values of n and m form a set which is usually written in the
form of a table, called the Padé table (Table 1.4). The terms of the first row of the Padé table
correspond to the finite sums of the Maclaurin series. In case of n = m one obtains the diagonal
PA, the most common in practice. Note that the Padé table can have gaps for those indices n, m,
for which the PA does not exist.

DN =

We note some properties of the PA (see [5], [7], [29], [18], [231] for more details).

If the PA at the chosen m and n exists, then it is unique.

. If the PA sequence converges to a function, the roots of its denominator tend to the poles

of the function. This allows for a sufficiently large number of terms to determine the pole,
and then to perform an analytical continuation.

The PA has meromorphic continuation regarding a given power series functions.

The PA on the inverse function is treated as the PA function inverse itself. This property is
called duality and more exactly formulated as follows. Let

qe)=f""(e) and f(0)#0, then gp,,(€)= f[;}m](g), (1.107)

provided that one of these approximations exists.

. Diagonal PA are invariant under fractional linear transformations of the argument. Suppose

that the function is given by their expansion (1.102). Consider the linear fractional trans-
formation that preserves the origin W = (ag)/(1 + be), and the function g(W) = f(¢). Then
qin/n)> Provided that one of these approximations exist. In particular, the diagonal PA is
invariant concerning the Euler transformation (1.100).
Diagonal PA are invariant under fractional linear transformations of functions. Let us
analyse a function (1.102). Let

a+ bf(e)
q(e) = ———.

c+df(e)
If c + df (e) # 0, then
. ) = a+ bf[n/n](s)
[n/n] c+ df[”/n](f)’

provided that there is fj,/,;(¢). Because of this property infinite values of PA can be
considered on a par with the end.

The PA can get the upper and lower bounds for fj, /, (€). For the diagonal PA one has the
estimate

f[n/n—]](‘c’) Sf[n/n](g) Sf[n/n+l](‘€)' (1.108)

Typically, this estimate is valid for the function itself, i.e. f;
be replaced by f(e) .

1(€) in Equation (1.108) can

n/n
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Asymptotic Approaches 27

8. Diagonal and close to it a sequence of PA often possess the property of autocorrection
[163]-[166]. It consists of the following. To determine the coefficients of the numerator
and denominator of PA one has to solve systems of LAE. This is an ill-posed procedure,
so the coefficients of PA can be determined with large errors. However, these errors are in
a certain sense of self-consistency, the PA can approximate the searching function with a
higher accuracy. This is a radical difference between the PA and the Taylor series.

Autocorrection property is verified for a number of special functions. At the same time,
even for elliptic functions the so-called Froissart doublets phenomenon arises, consisting of
closely spaced zeros and poles to each other (but different and obviously irreducible) in the
PA. This phenomenon is not of a numerical nature, but due to the nature of the elliptic function
[232]. Thus, in general, having no information about the location of the poles of the PA, but
relying solely on the PA (computed exactly), one cannot say that a good approximation for the
approximated function is found.

To overcome these defects several methods are suggested, and in particular the smoothing
method [35]. Its essence is that instead of the usual-term diagonal PA for complex functions
Jinym(€) = p,(€) /q,,(€) the following expression is used

4,(E)p,(€) + g1 (€)1 (€)
Qn(g)qn(g) + 9n—1 (‘E)qn—l (5)

Jinym(&) =

Wheref denotes complex conjugation of f.

Now consider the question: in what sense can the available mathematical results on the
convergence of the PA facilitate the solution of practical problems? Gonchar’s theorem [120]
states: if none of the diagonal PA f;,, /,,;(¢) has poles in the circle of radius R, then the sequence
Jinym(€) is uniformly convergent in the circle to the original function f(e). Moreover, the
absence of poles of the sequence of the f}, /,;(¢) in a circle of radius R must be original and
confirm convergence of the Taylor series in the circle. Since for the diagonal PA invariant
under fractional linear maps we have € — (€)/(ae + b), the theorem is true for any open circle
containing the point of splitting, and for any area, which is the union of these circles. The fol-
lowing theorem holds [87]: suppose the sequence of diagonal PA of the function w(g), which is
holomorphic in the unit disc and has no poles outside this circle. Then this sequence converges
uniformly to w(e) in the disc |z| < ry, where 0.583R < ry < 0.584R. A significant drawback
in practice is the need to check all diagonal PA.

How can we use these results? Suppose that there are a few terms of the perturbation series
and someone wants to estimate its radius of convergence R. Consider the interval [0, £, ], where
the truncated PS and the diagonal PA of the maximal possible order differ by no more than
5%. If none of the previous diagonal PA has poles in a circle of radius €, then it is a high level
of confidence to assert that R > g [9].

The procedure of constructing the PA is much less labor-intensive than the construction of
higher approximations of the PS. The PA is not limited to power series, but to the series of
orthogonal polynomials. PA is locally the best rational approximation of a given power series.
They are constructed directly on its odds and allow the efficient analytic continuation of the
series outside its circle of convergence, and their poles in a certain sense localize the singular
points (including the poles and their multiplicities) of the continuation function at the corre-
sponding region of convergence and on its boundary. This PA is fundamentally different from
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28 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

rational approximations to (fully or partially) fixed poles, including those from the polynomial
approximation, in which case all the poles are fixed in one, infinity, the point. Currently, the
PA method is one of the most promising nonlinear methods of summation of power series and
the localization of its singular points. This includes the reason why the theory of the PA turned
into a completely independent section of approximation theory, and these approximations have
found a variety of applications both directly in the theory of rational approximations, and in
perturbation theory. Thus, the main advantages of PA compared with the Taylor series are
as follows:

1. Typically, the rate of convergence of rational approximations greatly exceeds the rate of
convergence of polynomial approximation. For example, the function e in the circle of
convergence approximated by rational polynomials P,(¢)/Q,,(¢) is 4" times better than an
algebraic polynomial of degree 2n. More tangible it is a property for functions of limited
smoothness. Thus, the function |€| on the interval [—1, 1] cannot be approximated by alge-
braic polynomials, so that the order of approximation was better than 1/n, where n is the
degree of polynomial. PA gives the rate of convergence ~ exp(—@).

2. Typically, the radius of convergence of rational approximation is large compared with
power series. Thus, for the function arctan(x) Taylor polynomials converge only if || < 1,
and PA - everywhere in C\((—ico, —i] U [i, ic0)).

3. PA can establish the position of singularities of the function.

Similarly, the PA method is a method of continued fractions [136]. There are several types
of continued fractions. The regular C-fraction has the form of an infinite sequence, in which
the N-th term can be written as follows

€o
1 Cl€
+ 1 CHE
+
1+

(1.109)

v =a+

CN+1E
1 +cye
The coefficients ¢; are obtained after the decomposition of expression (1.109) into a

Maclaurin series, and then equating the coefficients of equal powers of €. When a = 0 one
obtains the fraction of Stieltjes or S-fraction. For the function of Stieltjes

exp(—1)
S(e) = dr,
© /1+£t
0

the coefficients of expansion (1.109) have the form: a =0,¢cy =1, ¢y, = ¢y, =n,n > 1.
Description of the so-called J-, T-, P-, R-, g-fractions, algorithms for their construction and
the range of applicability are described in detail in [136].
Continued fractions are a special case of continuous functional approximation [44]. This is
the sequence in which the (n + 1)-th term ¢, (¢) has the form n-th iteration of a function F(e).
For the Taylor series one obtains F(g) = 1 + ¢, for the continuous fraction F(e) = 1/(1 + €).
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If F(e) = exp(e) one obtains a continuous exponential approximation

c,(e) = agexp{a, e expla,e ... exp(a,€)]},

for F(e) =1 +¢

c,(e) = ao\/l + ale\/l + aze\/l +...a, 1e\1+a,e,

for Fe)=In1+e¢
c,(e) = ayIn{a e In[a,e ... In(a,€)]}.

In some cases, such approximations can converge significantly faster than power series.
As an example, we take a solution of the transcendental equation

x=¢elnx
for large values of € (see [23])

xg=¢lne; xy=¢€ln(elne); x, =€eln[eln(elng)];....

1.4 Some Applications of PA

1.4.1 Accelerating Convergence of Iterative Processes

The efficiency of PA or other methods of summation depends largely on the availability of
higher approximations of the asymptotic process. Sometimes they can be obtained by using
computer algorithms [188], but in general this problem remains an open one. Iterative methods
are significantly easier to be implemented. As a result of an iterative procedure a sequence of
S, is obtained. Suppose that it converges and has a limit value. We introduce the parameter a
defined by the ratio
. Sn+l B Sﬂ
a=lim ————.
n—oeo S —8

It is called superlinear convergence, if a = 0, a linear for @ < 1 and logarithmic at a = 1.
The biggest issues are, of course, logarithmically convergent sequences. Very often linearly
convergent sequences may also cause a problem. Therefore, it is often necessary to improve
the convergence. One method of improving the convergence is to move to a new sequence 7},
with the aid of a transformation so that

lim Tu= S =0.
n—co § —§

In such cases we say that the sequence 7, converges faster than sequence S,,. There are linear
and nonlinear methods to improve convergence. Linear methods are described by formulas

T,=) a8, n=0,12,..,

where the coefficients a,; do not depend on the terms of the sequence S,,.
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30 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Since linear methods improve the convergence of a restricted class of sequences, currently
nonlinear methods belong to the most popular ones. Among them the Aitken method [18]
stands out for its easiness, which is described by the formula

T =§ — (Sn+l _Sn)(Sn - Sn—l)
" " Sn+1 - 2Sn + Sn—l

, n=0,1,2,.... (1.110)

The Aitken method accelerates the convergence of all linear and many of logarithmically
convergent sequences. It is very easy to calculate, and in some cases it can be applied
iteratively. A natural generalization of the Aitken transformation is the Shanks transformation

[224] of the form 0

kp
T = 2| (1.111)
14 D]({l)
P
where
Sp_k Sp_k+1 e Sp
D(]) — ASp—k ASp—k+l ASp
kp ’
ASP_1 AS], ASp+k_1
1 1 1
D(z) — ASp—k ASp—k+1 cee ASP
ASp_1 ASp ASp+k_1
ASg = St = Sk

Equation (1.111) is called the Shanks transformation of the order k of the sequences S, to the
sequence S;. For k = 1 one obtains the Aitken transform (1.110). Shanks method requires the
calculation of determinants, which is not always easy. One can also use the Wynn algorithm,
which is described by the formulas

n _ m _ () _ 1) 1
=0 I7=S,. T =T+ o (1.112)
k Tk

The Wynn algorithm is related to the transformation of Shanks (1.111) in the following way
(n) _ lsh) (n) 1
L, =TS, T

= ——(AS).
2k+1 T]?h)

The Wynn algorithm is a quadratic convergent method for solving systems of nonlinear
equations [68], [74], [114]. There are many other techniques for accelerating sequences’
convergence. One can use them consistently, for example, to convert the original sequence
into a linearly convergent one, and then apply the method of Aitken. One can also use different
methods to improve convergence, at each stage by comparing the obtained results [67]. All
the described methods have a close relationship with the PA. The Aitken method corresponds
to the PA [n/1], the Shanks method to the PA [p/k], and for the method of Wynn one obtains
T = [n+ k/K.
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1.4.2 Removing Singularities and Reducing the Gibbs-Wilbraham Effect

Consider the problem of uniform plane flow of an incompressible inviscid fluid streamlines a
thin elliptic airfoil (|x] < 1, |y| <&, € < 1). The expression for the relative velocity ¢* of the

flow follows [244]:
A1 -2
p=d_UFovi-x (1.113)

Vo VT-2(0+e)

where V is the free-stream speed.
The splitting of the r.h.s. of Equation (1.113) in a series of € can be expressed as
1 2 )C2 _ 1 3 x2

q(x,s)=1+e—§e = 25 1_xz+....

(1.114)

This expression diverges at x = 1. No wonder it is not: the expansion (1.114) is obtained as
a result of the limiting process lin(1) q(x,€), x> 1, and to get the value of g(1, €), it is necessary
E—>

to perform the limit as 1in} q(x, ) for € > 0. Divergence of series (1.114), when x = 1 indicates
that the limit processes cannot be interchanged. Now, let us apply PA to the r.h.s. of Equation

(1.114) and then pass to the limit x — 1. After trying various options, we conclude that the
best result is given by the PA

(1-x)1+¢)

1.115
1 —x2 ( )

g (x,e) =

Numerical results for € = 0.5 are shown in Figure 1.6, where the dashed curve denotes the

solution (1.114), curves 1 and 2 the exact solution (1.115) and the PA (1.115), respectively. It
is seen that the use of PA significantly improves the accuracy of the approximate solution.

PA can be also successfully applied for suppression of the Gibbs-Wilbraham effect (see

discussion in references [36], [69], [95], [196], [218]). Consider, for example, the function

signx of the form
. {—1, -r < x < 0,
sign x =
.

1, 0 < x <

——

s
N
By
{ |

1 0.8 0.6 0.4 X

0

Figure 1.6 Removing singularities by the PA
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32 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Its Fourier series expansion has the form

oo

. 4 sin(2j + 1)x
= — _ 1.116
sign x FZO 21 ( )

Direct summation of series (1.116) leads to the Gibbs-Wilbraham effect in the neighborhood
of x = 0, while the defect of convergence reaches 18%, i.e. instead of 1 one obtains the value
of 1.1789797 .... Diagonal PA for series (1.116) can be written as follows

[(N=1/2)] )
> Grjv1 SI((Zj + 1)x)
Z
! : (1.117)

sign X/ = (/2]

1+ X 57; €08(2jx)]
=0

where

(N/2] 5o;

4 .
= QD) [+ Y ————
Dy = ;G + 1D (2 + 1)2 El (2 +1)? = (20

(ND*2N + 2i)!(2N — 2i)!
(N = DN + DIN = 2N + 2)[CN)1 2

Numerical studies show that the Gibbs-Wilbraham effect for PA (1.117) does not exceed 2%
[196].

2(=1)

$2i

1.4.3  Localized Solutions
We consider the stationary Schrodinger equation
V2(x,y) — u(x,y) + 1 (x,y) = 0. (1.118)

We seek the real, localized axisymmetric solutions of the Equation (1.118). In polar coordi-
nates (&, ) we construct a solution @(&), which does not depend on 6. As a result, we obtain
the following BVP

o"'E+ é(p'(é) - @)+ ¢ (&) =0, (1.119)
P(x)=0, (1.120)
Jim p(&)=0. (1.121)

BVP (1.119)—(1.121) can be regarded as an eigenvalue problem, and the role of an eigen-
value is unknown quantity A = ¢(0). This problem plays an important role in nonlinear optics,
quantum field theory, and theory of magnetic media. As shown in [191], BVP (1.119)—(1.121)
has a countable set of “eigenvalues” A, the solution ¢(&, A,,) has exactly n zeros, and the solu-
tion (&, Ay) has no zeros and decreases monotonically on &. That is the last solution, which
is the most interesting from the standpoint of physical applications, and we will focus on
obtaining it.
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The problem of computing the decaying solutions of BVP (1.119)—(1.121) is identical to
the problem of computing homoclinic orbits in the 3D phase space for the nonlinear oscillator,
or equivalently, for computing the initial conditions for these orbits (see [99]).

Since the solutions sought are expected to be analytical functions of &, they can be expressed
in the Maclaurin series about & = 0:

[Se]

P(&) = Ag + ), Cyé?. (1.122)
J=1

Substituting Ansatz (1.122) into Equation (1.119), producing a splitting of the powers of the
& and solving the relevant equations, one obtains [99]
c, M0

C, =025A0(1 —A}); C,=025C,C; Cg= T

Cy = é(é‘c{, —640C,Cy — C3);
Cio=—0.01(CCq + 64(C,Cg + 34,C3 +3C5C,);
Cpp= —ﬁ(—(i’c10 +64,C,Cy + 6A4,C,4Cq + 3C5c3),

where C =1 — 3A(2).
Then we construct PA for the truncated series (1.122) of the form

N
Ag+ X ayE¥
=)

p&) = — (1.123)

L+ 3 by
k=1

All coefficients in Equation (1.123) can be parameterized in terms of A, ay = a2j(A0)’
by; = b,;(Ap), and the PA becomes a one-parameter family of analytical approximations of
the searching solution. Then, we compute the value of A, for which PA (1.123) decays to zero
as ¢ tends to infinity. It gives us conditions

ay(Ag) = 0,  by(Ag) #0. (1.124)

One can compute the PA (1.123), then imposing the condition (1.124), the following
convergent values of A, for varying orders 2N is obtained

N 1 2 3 4

Ay +1/3 +2.20701 +2.21121 +2.21200

The numerical solution gives A, =~ +2.206208, the difference between numerical and
analytical solutions for N = 4 is 0.26%.
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1.4.4  Hermite-Padé Approximations and Bifurcation Problem

PA can successfully work with functions having poles. However, it often becomes necessary
to explore functions with branch points, and construct all their branches. In that case, one can
use Hermite-Padé approximations [94], [220], [221]. Suppose it comes to a function with the

expansion
oo

fe)= ue", (1.125)
n=1
and we managed to find the first few coefficients of this series
N
@) = ue"
n=1
If it is known that this function has a branch point, we can try to transform the original series

(1.125) in an implicit function
F(e,f)=0

and determine all required branches of it.
For this purpose we construct a polynomial F),(e, f) of degree p > 2

)4 m
~k £k
Fo(e.f)= D, ) Crps™f".
m=1 k=0
It was assumed C,; = 1, and the remaining coefficients must be determined from the

condition
F (e, fy(€) = 0" Y ate - 0. (1.126)

Polynomial F), contains 0.5(p* + 3p — 2) unknowns, the condition (1.126) yields N linear
algebraic equations, and hence, N = 0.5(p* + 3p — 2). Once the polynomial F ,» 1s found, one
can easily find p branches of the solution from the equation

F,=0.

For the analysis of bifurcations of these solutions one can use Newton’s polygon [237]. If a
priori information about the searching function is known, it can be taken into account for
constructing the polynomial F,.

1.4.5 Estimates of Effective Characteristics of Composite Materials

We consider a macroscopically isotropic 2D composite material consisting of a matrix with
inclusions. The aim is to determine the effective conductivity ¢ from the known matrix (g,)
and inclusions (g,) conductivities and the volume fraction (¢). As shown in [234], if we take
€ =(q,/q,) — 1 as a small parameter value, the required effective conductivity can be written
as follows

L _ 1 4 e —050(1 — )2 + O3 (1.127)
91
Using the first two terms of expansion (1.127), one obtains
! < 4 <1+ s,
L+@e ™ q
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hence the Wiener bounds follow

-1

-9 @

<—+—> <q 21 -9)q + @q;.
q1 q>

Three terms of the expansion (1.127) give a well-known Hashin-Shtrikman lower bound,
originally based on variational principles
P
nt T,

<4q (1.128)

92— 2q,

while ¢, > g,; for g, < g, the inequalities in Equation (1.128) should be changed to the
opposite.
Replacement g, < ¢, @ <> 1 — @ gives an upper Hashin-Shtrikman bound
-9
IS+ ——
a=a 24

(1.129)

The first three terms in the expansion (1.127) do not depend on the specific geometry of the
inclusions, so the estimates (1.128), (1.129) are the most common ones. Specifying the type of
inclusions, we can construct the following terms in the expansion and using the PA or continued
fractions, to get narrower and narrower bounds for the unknown effective conductivity.

1.4.6 Continualization

We study a chain of n + 2 material points with the same masses m, located in equilibrium states
in the points of the axis x with coordinates jaA(j = 0, 1,...,n,n + 1) and suspended by elastic
couplings of stiffness ¢ (Figure 1.7) [8].

According to Hooke’s law the elastic force acting on the j-th mass is as follows

6(1) = clyj1 (1) = (0] = ey = v, 1 (0] = el (1) = 29,0 + ¥y DL,

wherej = 1,2,...,nand yj(t) is the displacement of the j-th material point from its static equi-
librium position.
Applying Newton’s second law one obtains the following system of ODEs governing chain
dynamics
mo;,(t) = c(6,4 —20;+0,_1),j = 1.2,...,n. (1.130)

Let us suppose the following BCs

oo(H) = 6,,1(t) = 0. (1.131)
QLF

| ,

0 1 2 n-1 n n+1

Figure 1.7 A chain of elastically coupled masses
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36 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

For large values of n usually continuum approximation of discrete problem is applied. In our
case it takes the form of

me, (x,1) = ch*c_(x,1), (1.132)
o(0,)=0(Z,1)=0. (1.133)
Formally, one can rewrite Equation (1.130) as a pseudo-differential equation:
d’c .o iho _
mS3 +desin <_3£>6_0' (1.134)
The pseudo-differential operator can be split into the Mclaurin series as follows

.2<iha> 1 h* g%
sin | -——— | =—-2= ) ——
2 ox 2 & (2k)! ox?*
n? 9? n? 9? ot n 9°
= —\lt+t=—=+——4+———|. 1.135
4 ox? < 120x2 360 ox* 10080 0x6 ( )
Retaining only the first term in the last line of Equation (1.135), one obtains a continuum
approximation (1.132). Keeping the first three terms in Equation (1.135), the following model

is obtained 5 5 _— -
0o 2 0 h* 0 h* 0
|l —+—=—+-——]. 1.136
¢ (ax2 1204 ' 360 ax6> (1.156)
In the case of periodic BCs for a discrete chain one obtains the following BCs for
Equation (1.136):
c=0,=0,, =0 for x=0,7. (1.137)

XX XXXX

BVP (1.136), (1.137) is of the 6th order in spatial variables. Using PA we can obtain a modified
continuum approximation of the 2nd order. If only two terms are left in the r.h.s. of Equation
(1.135), then the PA can be cast into the following form
02
2 raet o
o 1206 @2 02

12 0x2

For justification of this procedure Fourier or Laplace transforms can be used.
The corresponding so-called quasi-continuum model reads

m 1 - _h - o, —CNh° O - 0 1.138
]2 axz 1t C. XX ( )
The BCS f()I EquathIl (1.138) ha\/e the fOIIIl (1.133).

1.4.7 Rational Interpolation

In this subsection we follow [108]. A simple way to approximate a function is to choose a
sequence of points
a=xy<x;<Xxp---<x,=b,
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and to construct the interpolating polynomial p,,(x)
Pax) =f(x), i=0,1,2,....n.

However, as is well-known p,,(x) may not be a good approximation to f, and for large n > 1
it can exhibit wild oscillations. If we are free to choose the distribution of the interpolation
points x;, one remedy is to cluster them near the end-points of the interval [a, b], for example
using various kinds of Chebyshev points.

A very popular alternative nowadays is to use splines (piecewise polynomials), which
have become a standard tool for many kinds of interpolation and approximation algorithms,
and for geometric modeling. However, it has been known for a long time that the use of
rational functions can also lead to much better approximations than ordinary polynomials. In
fact, both polynomial and rational interpolation, can exhibit exponential convergence when
approximating analytic functions.

In “classical” rational interpolation, one chooses some M and N such that M + N = n and fits
a rational function of the form p,, /gy to the values f(x;), where p,, and g, are polynomials of
degrees M and N, respectively. If n is even, it is typical to set M + N = n/2, and some authors
have reported excellent results. The main drawback, though, is that there is no control over the
occurrence of poles in the interval of interpolation.

In reference [51] it has been suggested that it might be possible to avoid poles by using
rational functions of higher degree. Authors considered algorithms, which fit rational func-
tions, whose numerator and denominator degrees can both be as high as n. This is a convenient
class of rational interpolants because such an interpolant can be written in so-called barycentric

form
n

T 2of )

i=0

for some real values 4;. Thus, it suffices to choose the weights 4; in order to specify r, and
the idea is to search for weights, which give interpolants r that have no poles and preferably
good approximation properties. Various approaches are described in [108], in particular, one
can choose A, = (=1)!, i=0,1,2,...,n.

1.4.8 Some Other Applications

PA is widely used for the construction of solitons and other localized solutions of nonlinear
problems, even in connection with the appeared term “padeon” (see [155], [156] for more
details).

As a simple model, we consider the nonlinear BVP

Y =y+2y' =0, (1.139)
y0)=1, y(e0) =0, (1.140)

that has an exact localized solution
y = cosh™ (x). (1.141)
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38 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Quasilinear asymptotics give a solution in the following form
y=Ce™ (1 —0.25C% > + 0.0625C*e™ + ...), C = const. (1.142)

It is easy to verify that with reconstructing the truncated series (1.142) in the PA, and with
determining the constant C from the BCs (1.140), we arrive at the exact solution (1.141).

It is interesting also to use the PA to problems with the phenomenon of “blow-up”, when the
solution goes to infinity at a finite value of the argument. For example, the Cauchy problem

%:ax+ex2, xX0)=1, O<exaxl, (1.143)

has the exact solution
aexp(atr)

() = (1.144)

a+ e — gexplat)’

which tends to infinity for  — In[(a + €)/€].
Regular asymptotic expansion

x(t) ~ exp(at) — ea”! exp(an)[1 — exp(at)] + ...

cannot describe this phenomenon, but the use of the PA gives the exact solution (1.144).
PA allows us to expand the scope of the known approximate methods. For example, in the
method of harmonic balance the representation of the solution of a rational function of the type

N
Y {A, cos[(2n + Dwt] + B, sin[(2n + Dwr]}

X(l) _ n=0 -

1+ Y {C,, cos(2mwt) + D,, sin(2mewt)}
n=0

substantially increases the accuracy of approximation [128], [187].

PA can be used effectively to solve ill-posed problems. This could include reconstruction of
functions in the presence of noise ([116]—[118]), various problems of dehomogenization (i.e.,
determining the components of a composite material on its homogenized characteristics) [81],
etc. We must also mention 2D PA being illustrated and discussed in [86]. For other applications
of PA see [22], [26], [27], [33], [40], [41], [45], [54], [82], [83], [85], [89], [90], [98], [102],
[125], [126], [127], [135], [172], [177], [190], [249].

1.5 Matching of Limiting Asymptotic Expansions

1.5.1 Method of Asymptotically Equivalent Functions for Inversion
of Laplace Transform

This method was originally proposed by Slepyan and Yakovlev for the treatment of integral
transformations. Here is a description of this method, following [229]. Suppose that the
Laplace transform of a function of a real variable f(¢) is

F(s) = /mf(t)e_” ds.
0
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In order to obtain an approximate expression for the inverse transform, it is necessary to
clarify the behavior of the transform in vicinity of the points s = 0 and s = o0, and to determine
the nature and location of its singular points, as well as whether they lie on the exact boundary
of the regularity or near it. Then the transform F(s) is replaced by the function Fy(s), allowing
the exact inversion and satisfying the following conditions:

1. Functions F(s) and F(s) are asymptotically equivalent at s — co and s — 0, i.e.
Fy(s) ~F(s)ats = 0 and s = oo.

2. Singular points of the functions F,(s) and F(s), located on the exact boundary of the regu-
larity, coincide.

Free parameters of the function F,(s) are chosen in such a way that they satisfy the conditions
of the approximation of F(s) in the sense of minimum relative error for all real values s > 0:

) { Fo(s,ap, oy, ..., ;) ’}
min { max -1| 7.

F(s)
Condition (1.145) is achieved by variation of free parameters ;. Often the implementation

of equalities
/ Fy(s) ds = / F(s) ds
0 0

or F (’) ~F (’) at s — 0 leads to a rather precise fulfillment of requirements (1.145).
Constructed in such a way function is called asymptotically equivalent function (AEF).
Here is an example of constructing AEF. Find the inverse transform if the Laplace transform
is given by the modified Bessel function [2], Chapter 9:

(1.145)

Ky(s) = 4mﬂmm+zpwwwpn) (1.146)

where W(z) is the psi (digamma) function [2], Chapter 6.

For pure imaginary values of the argument s(s = iy; 0 < |y| < oo0) function K;(s) has no
singular points. Consequently, we can restrict the study of its behavior for s — 0 and s — 0.
The corresponding asymptotic expressions are [2], Chapter 9:

%@=—h%+4+ma 5 =0,

Ko(s)=\/§e_s [1+0(%>], s = 00,

where y is the Euler’s constant (y = 1.781...)[] (note the typo in the first formula (1.147)
in [229]).

The analyzed Laplace transform has a branch point of the logarithmic type, branch point
of an algebraic type, and an essential singularity. These singular points need to be stored in
the structure of the zero approximation. The most simple way to obtain such a structure is to
combine of two asymptotic representations (1.147), so that they mutually do not distort each

(1.147)
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40 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

other and contain free parameters, which could be disposed of in the future. As a result, we
arrive at the zeroth order approximation

Fo(s)=e—5l1n”"‘+\/Z ! ] (1.148)
S 2 s+ f

where a and f are the free parameters. ) )
It is easy to see that expression (1.148) has the correct asymptotic behavior s — co. The

free parameters are determined from the condition of coincidence of the asymptotics of the
functions K, (s) and F(s) for s — 0, and the equality of integrals

/ Fy(s) dsz/ Ky (s) ds.
0 0

As a result of calculations one obtains a system of transcendental equations

Ina+ /2= =In2-y,
na+ 25 n y

Ina — e®Bi(=a) + 7 + Z=eP[1 — erf(v/2)] =
V2

T

7’

where Ei(...) is the the sine integral [2], Chapter 7. erf(...) is the error function [2] (note typo
in these formulas in [229]).

Solving the prescription system numerically, one finds & = 0.3192, § = 0.9927.

Then the approximate inverse transform can be written as follows:

1 —exp[—a(t— D] | exp[—p( — 1)]
(1) = + H(t—1). (1.149)
o { r—1 V2@ - 1) }

The exact expression for the function f(z) is

F(H) = ——H(t - 1. (1.150)

-1
Comparison of exact (1.150) (solid curve) and approximate (1.149) (dotted curve with
circles) inversions is shown in Figure 1.8. As can be seen, a satisfactory result is obtained
even in the zero approximation.

Figure 1.8 Comparison of the exact Laplace transform inversion with the treatment by the method
of AEFs
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Analogously, one can construct AEFs for inverse sine and cosine Fourier transforms, Hankel
and other integral transforms.

1.5.2 Two-Point PA

The analysis of numerous examples confirms usually implemented a sort of “complemen-
tarity principle”: if for e — 0 one can construct a physically meaningful asymptotics, there
is a nontrivial asymptotics also for € — oo. The most difficult in terms of the asymptotic
approach is the intermediate case of € ~ 1. In this domain numerical methods typically work
well, however, if the task is to investigate the solution depending on the parameter ¢, then it is
inconvenient to use different solutions in different areas. Construction of an unified solution on
the basis of limiting asymptotics is not a trivial task, which can be summarized as follows: we
know the behavior of functions in zones I and III (Figure 1.9); we need to construct it in the zone
II. For this purpose one can use a two-point PA (TPPA). We give the definition following [30].
Let
o0
Fe)= ) ce' ate—0, (1.151)
i=0
o0
Fle)= Y ce” at £ - co. (1.152)
i=0
Its TPPA is a rational function of the form
ag+ae+---+a,E"
1+be+---+b,em

Jinym(€) =
with k < m + n — 1 coefficients, which are determined from the condition
(L4+big+-+b,e™(co+cre+crg” +..) =ag+aye+ - +a,e",

and the remaining m + n — k coefficients of a similar condition for £!.
As an example of TPPA using for matching of limiting asymptotics, consider the solution of
the Van der Pol equation:
i+ex(x - 1) +x=0.

o(e) e—0 g—>oo

OREONIO

0 €

Figure 1.9 Matching of asymptotic solutions
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42 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Asymptotic expressions of the oscillation period for small and large values of & are [3],
[73], [133]:

€2 5¢*
T=2z(1+5 - te—0, 1.153
”( 16 3072) re (1.153)
T=e3-2In2) at & — oo. (1.154)

For constructing TPPA we use the four conditions at e — 0 and the two conditions at e — oo,

then
ap + aje + a,e* + aye’
T(e) = I (1.155)
14+ bie+be

where
72(3 —=21n2) 7(3 —21n2)?
ay=2m,a; = > 5. = 5 37
43 —-2In2)* — =& 2[4(3 = 21In2)? — 77|

B 723 -21n2) B 7(3-21n2)
T16[4(3 21022 — 221" 17T 2[4(3-21n2)2 — 2]’

az

2
b2 = .
16[4(3 —2In2)2 — #2]
Table 1.5 shows the results of the comparison of numerical values of the period, given in [3],
[6] with the results calculated by formula (1.155).

Table 1.5 Comparison of numerical
results and calculations using the TPPA

I3 T numerical TPPA

1 6.66 6.61
2 7.63 7.37
3 8.86 8.40
4 10.20 9.55
5 11.61 10.81
6 13.06 12.15
7 14.54 13.54
8 16.04 14.96
9 17.55 16.42
10 19.08 17.89
20 34.68 33.30
30 50.54 49.13
40 66.50 65.10
50 82.51 81.14
60 98.54 97.20
70 114.60 113.29
80 130.67 129.40
90 146.75 145.49
100 162.84 161.61
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Now we construct inverse Laplace transform with the TPPA. Let the original function be as

follows:
fo) =1+, (1.156)

Asymptotics of this function looks like

1-052+... at t—0,
f(t)z{

4 at f — oo.

TPPA in this case can be written as
1+ 0.5¢

HN= ———————.
o 1 +0.57 4 0.5
Numerical results are shown in Figure 1.10. An approximate inversion (1.157) (upper curve)
agrees well with the original (1.156) (lower curve) for all values of the argument.

Other examples on the effective use of the TPPA are reported in references [6], [75],
[112], [258].

(1.157)

1.5.3  Other Methods of AEFs Construction

Unfortunately, the situations where both asymptotic limits have the form of power expansions
are rarely encountered in practice, so we have to resort to other methods of AEFs constructing.
Consider, for example, the following BVP

ey — Xy =€y,y(0) = 1,y(0) =0, < 1. (1.158)
Solution for small values of x can be written as follows

y=1-aé+ %53 +0(&h, (1.159)

1
where & = xe™ 3, a is the arbitrary constant.
The solution for large values of x is constructed using the WKB method (see [62])

yzbf_él't exp <_§§§) [1_45_85_% +0(§_3)] , (1.160)

where b is an arbitrary constant.

0.8
0.6 \
(1)

04—

0.2

Figure 1.10 Exact and approximate Laplace transform inversions
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44 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Now we match these asymptotics. Because of the exponents occured in Equation (1.160),
using TPPA in the original form is not possible. Therefore, we construct AEF based on the
following considerations: for large values of the variable ¢ the exponent from Equation (1.160)
is taken into account in its original form, and for small values of the variable ¢ it is expanded
in a Maclaurin series. Constructed in this way AEF has the form

3

1—a§+§§%—§§g+2a§4 5
exp <—§§i>. (1.161)

. 5

@ 32a 7

1+ —==¢4

5 bé
The coefficients a and b in Equation (1.161) still remain undefined. For calculation of these
constants one can use some integral relations, for example, obtained from Equation (1.161)
by multiplying them with the weighting functions 1, x, x?, ..., and further integration over the
interval [0, 00). In the end, such values of the constants are found

_Ver(5) ()
r(g) 2z

3

Numerical calculations show that the formula (1.161) with constants (1.162) approximates
the desired solution in the whole interval [0, co) with an error not exceeding 1.5%.

When choosing the constants one can use other methods, in which case a lot depends on
the skill of the researcher. Of course, it is necessary to ensure the correct qualitative behavior
of AFEFs, avoiding, for example zeros of the denominator, which do not correspond to the
problem. To do this, one can vary the number of terms in the asymptotics and the numerator
and denominator constructed uniformly suitable solutions. In general, the method of rational
AEF can be described as follows [176]. Let us assume that function f(z) has the following
asymptotics:

(1.162)

f(@)=F(z)atz — oo, (1.163)

and -
f@ =Y cdatz—0. (1.164)

i=0

Then the AEF can be produced from the Equations (1.165), (1.166) as follows

Z ai(Z)Zi

f@~ e atz -0, (1.165)
2 i)
i=0

where «;, f; are considered not as constants but as some functions of z. Functions «a;(z) and
p(z) are chosen in such a way that:

1. The expansion of AEF (1.165) in powers of z for z — 0 matches the PS (1.164);
2. The asymptotic behavior of AEF (1.165) for z — oo coincides with the function F(z)
(1.163).
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In the construction of AEFs a priori qualitative information is very important. For example,
if from any considerations it is known that the unknown function is close to a power form,
you can use the method of Sommerfeld [144]. Its essence is to replace a segment of the power
series

f) =1+ax+ax>+... (1.166)

by the function
fx) = (1 4+ Ax)*. (1.167)

Expanding expression (1.167) in a MacLaurin series and comparing coefficients of this

expansion with series (1.166), one obtains
a? —2a, a%
a a; —2a,

Numerical approaches also can be used for the construction of AEFs. For example, in
reference [137] a computational technique for matching limiting asymptotics is described.

Sometimes it is possible to construct the so called composite equations, which can be treated
as asymptotically equivalent equations. Let us emphasize, that the composite equations, due
to [244], can be obtained in result of synthesis of the limiting cases. The principal idea of the
method of the composite equations can be formulated in the following way [244]:

1. Identify the terms in the differential equations, whose neglect in the straightforward approx-
imation is responsible for the nonuniformity.

2. Approximate those terms in so far as possible while retaining their essential character in
the region of nonuniformity.

Let us dwell on the terminology. Here we use the term “asymptotically equivalent function”.
Other terms “reduced method of matched asymptotic expansions” [144], “quasifractional
approximants” [75], “mimic function” [113] are also used.

1.5.4 Example: Schrodinger Equation

For the Schrodinger equation (1.71) with BCs (1.72) we obtained previously a solution for the
exponent, little different from the two (1.79). In [56] the following asymptotic solutions for
N — oo are obtained:

2 2
Ey(N) = %(2N)‘nvi+1r<NLH) . (1.168)

Using Ansatzes (1.79) and (1.168), we construct AEF

N 2
+r(—>
TN T

Eo(N) ~ >
42N + )N+

) (1.169)

where a = 72(1.25) — 2 ~ 6.946.
Numerical results are presented in Table 1.6. It is evident that formula (1.169) gives good
results for all the values of V.
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Table 1.6 Comparison of numerical and analytical
results of the energy levels for the Schrodinger equation

N E,; numerical [56] Equation (1.169) Error,%

1 1.0000 1.0 0

2 1.0604 0.9974 5.9364
4 1.2258 1.17446 4.1882
10 1.5605 1.5398 1.33
50 1.1052 2.1035 0.079
200 2.3379 2.3376 0.006
500 2.4058 2.4058 ~0
1500 2.4431 2.4431 ~0
3500 2.4558 2.45558 ~0

1.5.5 Example: AEFs in the Theory of Composites

Now let us consider an application of the method of AEFs for the calculation of the effective
heat conductivity of an infinite regular array of perfectly conducting spheres, embedded in a
matrix with unit conductivity. The following expansion for the effective conductivity (k) has
been reported in reference [215]

k=1~ 3¢

, (1.170)

10 3
= 1+ 3
—1+c+acs /2

14 2 2
7 +a,c3 +asc® +agcs +0<c3>
3

1—asc

where c is the volume fraction of inclusions. Here we consider three types of space arrangement
of spheres, namely, the simple cubic (SC), body centered cubic (BCC) and face centered cubic
(FCC) arrays. The constants a; for these arrays are given in Table 1.7.

In the case of perfectly conducting large spheres (¢ = ¢, Where ¢, is the maximum
volume fraction for a sphere) the problem can be solved by means of a reasonable physical
assumption that the heat flux occurs entirely in the region, where spheres are in a near contact.
Thus, the effective conductivity is determined in the asymptotic form for the flux between
two spheres, which is logarithmically singular in the width of a gap, justifying the assumption
[185]:

(ky==M;In y —M,+0(y™", (1.171)

1
where y = 1 — (¢/cax)? is the dimensionless width of a gap between the neighboring spheres,
x — Oforc = ¢,,, M| = 0.5¢c,,,.p, p is the number of contact points at the surface of a sphere;

Table 1.7 The constants a,, ..., ag in Equation (1.170)

a, a, as a, as ag

SC array 1.305 0.231 0405 0.0723 0.153 0.0105
BCCarray 0.129 -0413 0.764 0.257 0.0113 0.00562
FCCarray 0.0753  0.697 —0.741 0.0420 0.0231 9.14-1077
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Table 1.8 The constants M, M, and ¢,

M, M, C

max

SC array /2 0.7 /6

BCCarray  \3z/2 24  \/3z/8
FCC array 0vV2z 71 \2z/6

M, is a constant, depending on the type of space arrangement of spheres. The values of M|,
M, and c,, for the three types of cubic arrays are given in Table 1.8.

On the basis of limiting solutions (1.170) and (1.171) we develop the AEF valid for all values
of the volume fraction of inclusions ¢ € [0, ¢, 1

m+1
P+ PyeS +PyIn g

) 0(c)

(1.172)

Here the functions P, (c), O(c) and the constants P,, P are determined as follows:
10 - i
Qlcy=1-c—ac3, Pi(c)= Zalw, P, =0 for n=1,
i=0

P2 — _[Pl(cmax) + Q(Cmax)MZ] for n=2.

m+1
3
max

C

The AEF (1.172) takes into account leading terms of expansion (1.170) and leading terms
of expansion (1.171), and the corresponding coefficients follow

Q(Cmax)Ml _ Q(cmax)Ml
g COTUTT W

max 3
10¢;.x

O{0=1, O(3=2—

Q(Cmax)Ml
o=

jcr%ax

The increment of m and n leads to the growth of the accuracy of the obtained solution (1.172).
Let us illustrate this dependence in the case of SC array. We calculated (k) for different values
of mand n. In Figure 1.11 our analytical results are compared with experimental measurements
from [186] (black dots); details of these data can be found in [184]. Finally, we restrict m = 19
and n = 2 for all types of arrays, as they provide a satisfactory agreement with numerical datas
and a rather simple analytical form of the AEF (1.172).

Numerical results for the BCC and the FCC arrays are displayed in Figures 1.12 and 1.13,
respectively. For BBC array the obtained AEF (1.172) is compared with the experimental
results taken from [182] and [183]. For FCC array the experimental data are not available,
therefore we are comparing with the numerical results obtained by [183] using the Rayleigh
method. The agreement between the analytical solution (1.172) and the numerical results is
quite satisfactory.

, j=12,...,m—1m, j#3,10.
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Figure 1.11 Effective conductivity (k) /k™ of the SC array vs. volume fraction of inclusions ¢
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Figure 1.12  Effective conductivity (k) /k™ of the BCC array vs. volume fraction of inclusions ¢
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Figure 1.13  Effective conductivity (k)/k™ of the FCC array vs. volume fraction of inclusions ¢
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Asymptotic Approaches 49

1.6 Dynamical Edge Effect Method
1.6.1 Linear Vibrations of a Rod

We introduce the method of dynamical edge effect using a problem possessing an exact
solution. We consider free vibrations of a rod of length L governed by the following PDE:

o*w za%u_o 2 _ PF

+a =0, a ="—. 1.173
ox* or? EI ( )
Consider two variants of the boundary conditions:
a) simple support
*w
for x=0,L w=0, —=0; (1.174)
0x2
b) rigid clamping
for x=0,L. w=0, a(_)—w=o (1.175)
X

Since we consider natural vibrations, the process of looking for function w(x, ) is assumed
in the following form
w(x, t) = W(x) exp(iot).

The eigenfunction W(x) is yielded by the following equation

4
‘Z—XZV —d’0*W = 0. (1.176)

Observe that for @*> — oo Equation (1.176) is reduced to trivial one, therefore an application
of the boundary functions or of the matched asymptotic series does not belong to easy tasks.
A solution to Equation (1.176) with BCs (1.174) follows

szsin(%x>, m=1,23,...; (1.177)
2
,, = l<@) . (1.178)
a\ L

One may verify that the BVP (1.175), (1.176) does not allow us to obtain the solution (1.177).
However, if an eigenfunction rapidly oscillates with respect to x, i.e. we consider a sufficiently
high order vibration form, then we may expect that in this case a solution (1.177) holds for
an internal region located far from the boundaries (Figure 1.14). Even though the boundary
conditions are not satisfied, we may try to construct a solution compensating the occurred
errors on the BC and being rapidly decaying while approaching the internal region, and hence
the approximating formulas for eigenfunctions and frequencies can be derived.

We assume the following solution to Equation (1.176):

w(x — Xxp)

W = sin ——— (1.179)
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“ A

Figure 1.14 Curve 1 depicts the rapidly oscillating state, whereas curve 2 presents a sum of the
fundamental state and dynamical edge effect

where x;, A correspond to shift and length of the wave, respectively. Values of x, and 4 will
be estimated in the process of construction of the dynamical edge effect.
Vibration frequency

1/7\2
=—(=). 1.180
@ a ( A ) ( )
Let us present Equation (1.176) in the following way [240]:
d? d?

Therefore, its general solution has the following form
W = Wl + Wz,
where functions W, and W, are general solutions of the equations

d*w

dx21 +awW, =0, (1.182)
da*w,
R aoW, = 0. (1.183)
When the eigenforms change rapidly (aw > 1), the following estimations hold
ﬂ ~awW,, d& ~ awW,.
dx dx

Observe that W represents rapidly oscillating function, whereas W, presents a sum of expo-
nential functions with large exponents. Hence, here we deal rather with untypical situation,
since we do not have small and large real values of the routes of the characteristic equation,
which correspond to slow and fast changeable solution components. We deal here with split-
ting of two states, where one of them rapidly oscillates and the second is concentrated near
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the boundaries. In other words the characteristic equation has real and imaginary roots of the
same moduli order.

In what follows we construct the edge effect described by Equation (1.183). Taking into
account Equation (1.180), the following relations for the edge effects located in neighborhood
of the edges x = 0 and x = L are obtained:

Wi = C exp(—z A~ '),
W, = Cyexpl—zA~ (x = L)]. (1.184)

In order to define the eigenform and the associated frequency we need to find x;, 4 and
arbitrary constants C,, C, from the boundary conditions:

for x=0 Wy+ W, =0, di(WO+W1L.r):O; (1.185)
X
for x=L Wy+W,, =0, di(WO + W,.) =0. (1.186)
X
Substituting Equations (1.179) and (1.184) into Equation (1.185) and (1.186) one gets
C,—sin— =0, C;—cos— =0, (1.187)
A A
. L— X0 L—- X0
Cy+sin(7n p =0, C,+cos|(7m i =0. (1.188)
Furthermore, we obtain
L
A= m, m=12,...; x=AM0,25+n), n=12,....
Finally, the formula for eigenfrequencies of a clamped rod is as follows:
2
o, =20 (1.189)
al?

Formula (1.189) for fundamental frequency gives the error of 1%.

The method described so far has been proposed by Bolotin [58], [59]. On the other hand,
Keller and Rubinow [28], [146] have proposed the wave method for the Laplace equation. The
latter one has been generalized into biharmonic equation [76], and next the equivalence of both
Boltin’s and Keller-Rubinow methods have been proved [77], [78].

1.6.2 Nonlinear Vibrations of a Rod

In order to present the main ideas of this method for a nonlinear case, we use the Kirchhoff

equation: s
o*w EF ow\ 2 0*w 0*w
pdw _EE (—) ax| L8 4 pp2 W o, 1.190

o 2L [ /0 ox ) | a2 TP o0 (1.190)

Let the rod be elastically clamped, hence we have

2
for x=0.L w=0, LL_ 9% _ (1.191)
0x2 ox

where ¢* = ¢/(EI), and c is the coefficient of clamping.
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Zero order solution is approximated by the following form

. 7(x = Xp)
wy = Asin Tf(z). (1.192)
Substituting Equation (1.192) into Equation (1.190) we get
d*
- + @*(1+yE)E =0, (1.193)

where 5 )
aﬁ:y,ﬂ(%) , y=0,25(1+/11)<é> ,
r

27 (L — x, 27X,
= IJE, 4 = zﬂiL[sin M +sin %1.

Equation (1.193) with the initial condition

=1, L0 _, (1.194)
dt
has the following solution
&) =cn(ot, k), o=wy\1+y, (1.195)
where cn(...,...) denotes Jacoby’s cosine function of period T equal to 4K; K =

f ~/ 2(1 k2sin?)~03dg is the full elliptic integral of the first kind with the modulus

=4/0,57/(1 +y) ([2], chapter 16).

The solution of our problem far from edges is
w, = Wyx)en(ot, k), (1.196)

where W, (x) = A sin(z(x — xy))/ A
Solution (1.196) satisfies Equation (1.190) but it does not satisfy the BCs (1.191). In order
to construct states localized in the vicinity of edges, we assume the following solution

w=wy+ w,,. (1.197)

Substituting Equation (1.197) into Equation (1.190) yields

9o 0w0 ow,, 2
(wo +w,)—0,5(r"L) —(wo + wcr) + o dx
p 0%
+
EI 012

Observe that contrary to the earlier studied linear case, now functions w, and w,.. are coupled
due to nonlinearity of the problem. On the other hand, the fundamental state as well as the
edge effects differ strongly from the point of view of energy, since the latter one is localized
in a boundary layer of the rod edges [15]. In what follows we are going to estimate orders of
underintegral terms in Equation (1.198) with respect to L/4 > 1:

—(wy +w,,) = (1.198)
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L/ owy \? L\? Low, ow,, L
20\ g (LY, [ L0y L
0 ox A 0o Ox 0x A
k awcr :
— ) dx~1. (1.199)
0 ox

Taking into account only the term (/A)? in the first approximation in Equation (1.198), the
latter equation is recast to the following form

*w, 2w, L[ owy\* p Fw
—0,5(°L —1—0/ —2) dx+ =2
L) o \ox ) HrE e

ox* 0x?

+ D s2py1 Sl /L 000\ ey 2P (1.200)

—0,5(r — ) dx+ = =0. .

ox* oxz Jo ox El o2
Substituting Equation (1.196) into Equation (1.200) yields the following equation
tw, *w p Fw

L — Ben*(ot, k) —= + ———= =0, 1.201
ot 0% TE o (120D

where B = y(%)z.

Note that although we deal with the linear equation (1.201) but with time dependent coef-
ficients. Since we cannot separate time and space dependent variables, we apply here Kan-
torovitch method [142]. Namely, we introduce the following approximation

W, (x, 1) = W, (x)en(ot, k). (1.202)

Substituting Equation (1.202) into Equation (1.201) and reducing time the following ODE
is obtained

Do g (=) [(2) 4| w, =0 (1203
dx* Udx? A A o Ter = '
where
2k -1 V1—-k2
B, =A + . 1.204
! < 2k2 " 2karcsin k) (1204)
In relation (1.203) and further arcsin(..., ...) is understood in the sense of its main value.

The characteristic equation of (1.203) has four roots, and two purely imaginary roots can be
omitted here (they correspond to zero order solution). Real roots correspond to the following

solution
z\2 72
W, (x)=C,exp |— (z) +Bx| + Cyexp <;> +Bx| .

If the interaction of the rod edges can be neglected, then the condition of decaying of the
boundary effect implies C, = 0 yielded by x — 0.
Satisfying the BC for x = 0 yields

W,  dW,, | (dWo dWC,>

Wo+W. =0, + +
0 “r dx? dx? dx dx
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which allows to find the constant C;:

C, = Asin 22
= Asin —,
! A

A T
Xy = — arctan

T a[Cwsar+B) fer + P VB

Note that for ¢* — 0 and ¢* — oo formulas (1.204) yield also solution to the limiting cases
of both simply supported and clamped rod edges.
Proceeding in the analogous way one may also construct the dynamics edge effect localized
in the vicinity of x = L.
Forms of nonlinear rod vibrations can be separated into two groups with respect a symmetry
type. In the case of symmetry regarding the point x = L/2, the condition
dw,

EZO for x=L/2

(1.205)

implies
L-2xg=QCm+ )z, m=1,2,.... (1.206)

In the case of antisymmetric forms, the condition
Wy=0 for x=L/2

yields
L—-2xy=2nn, n=12,.... (1.207)

Equations (1.206), (1.207) are reduced to the following one
L—-2xyg=mn, m=12,.., (1.208)

where odd (even) m values correspond to symmetric (antisymmetric) forms with respect to the
point x = L/2.
Therefore, constants A and x, are defined via Equations (1.204), (1.205) and (1.208).

1.6.3  Nonlinear Vibrations of a Rectangular Plate
We begin with Berger dynamic equation [76],[48]

2
DV*w — TV w + ph% w=0, (1.209)

b a 2 2
2 . ow ow
Thab = 6D/0 /0 l(—ax ) + <_ay> ] dx dy. (1.210)

Let the plate be ridigly clamped along its contour

for x=0,a w:a—w:O, (1.211)
ox

for y=0,b w:‘)—wzo. (1.212)
dy
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The plate deflection follows
wo(x,y, 1) = Asink; (x — x;) sink,(y — y;)é(), (1.213)

where k;, x|, y, are constant quantities to be defined.

Substituting Ansatz (1.213) into Equations (1.209), (1.210) and reducing the space vari-
ables we obtain Equation (1.193) regarding time-dependent function &(f) with the following
coefficients

@’ = D(ph)™ (k] + K3)°,

| 5<A )2 k%(al + ),1)((12 - ),2) + k%(al - Al)(a2 + 12)
| h alaz(k% + k%)

Ay = 0,5ky " [sin 2k, (x — x4, Ay = 0,5k, ' [sin 2k, (y — y)II?.

y:

s

A solution to this time-dependent equation takes the form (1.195) for initial conditions
(1.194).
Therefore, the following zero order solution is found

wy = Asink;(x —x;)sink,(y — y)en(ot, k), (1.214)

being valid in the internal plate part located sufficiently far from the plate boundaries.
Let us now proceed to construction of dynamic edge effects localized in vicinity of the plate
contour. Substituting w in the form of (1.197) into Equations (1.209), (1.210) yields

2
DV*wy + w,,) — TV (w, + w,,) + ph— J S (wo + ) = (1.215)

b a
Thzab=6D/ / l(%) + <a(w°a—:w“’)> ]dxdy. (1216)
0 0

Let us apply further the energy approach used in the case of a study of nonlinear vibrations
of the rod. We estimate an order of the quantities standing on the r.h.s. of Equation (1.216)
with respect to nondimensional parameters ak; ~ bk, > 1. The following relations hold:

b a 2 b a 2
P P
LG wamen [ (5) wamre
o Jo X o Jo y
/b/aawoawudd k /b/aawoaw”dd ~ bk (1217
ox 0 vk dy 9 VR '

IAC RS

The given estimations imply that in relation (1.216) one may keep the solution components
of order an% ~ bzkg >> 1. In the first approximation, which depends only on the fundamental
state, Equations (1.215), (1.216) are cast to the following form:

>dxdy~1

2

V. — Ben(ot, bV2w,. + phD—1 -2 — 1218
cr B cr P 0[2 - Y ( . )

where B = y(kf + kg).
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56 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

The linear PDE (1.218) with time-dependent coefficients serves for construction of four
dynamic edge effects regarding the plate edges x = 0,a and y = 0, b. We assume again that the
plate sides possess sufficient length that their interaction can be neglected.

Let us consider an edge effect localized in vicinity of the edge x = 0 (the remaining cases
can be solved in a similar way). We take

W, (X, y,1) = ®(x, 1) sink, (y — yy),
and we obtain the following PDE

ot ] 0? <I>
ot

’d

— [Ben*(ot, k) + 2k; k3 [Ben®(ot,k) + 25| @ + phD™' — 7= =0. (1.219)

We apply Kantorovitch approach by assuming
O(x, 1) = p(x)en(ot, k).
Then, Equation (1.219) wields
d4 d*p
- (B, +2k5)— T + [5(B, +2k5) — (k5 + k5)(B, + ki +k3)] ¢ = 0. (1.220)

where
2 \/ 2
B, =B le 1 1-k ] .

2k2 2k arcsin k

Equation (1.220) is recast in the following equivalent form

4’ 2 d’ 2 2 _

We neglect the first multiplier describing the fundamental state, and the second equation has
a solution associated with the edge effect

@(x) = C, exp (—\/kf + 2kZ +B1x> + C, exp <\/k% + 2kZ +le> :
Finally, the edge effect in the neighborhood of the plate edge x = 0 can be written in the
following form
w!) = [C exp< ,/kf+2k§+31x>
+ C,exp <, [k +2k2 + le>] sink,(y — y,)en(at, k). (1.221)

Proceeding in analogous way, the edge effect in vicinity of the plate edge y = 0 is governed
by the following function

wy = [C exp< \/ K2 +2K2 +Bly>
+ C,exp <, [k + 212 + B1y>] sin k, (x — x,)en(ot, k). (1.222)
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Asymptotic Approaches 57

We express BCs (1.211), (1.212), taking into account Equation (1.197), in the following
form:

for x=0 wy + wilr) =0, ;_x (wo + wE?) =0; (1.223)

for y=0 wy+ w? =0, ;—y (o +u?) =o0. (1.224)
Conditions of decaging of the edge effects follow:

for x—> o0 wl -0, (1.225)

for y - o wﬁi) - 0. (1.226)

Then satisfaction of Equations (1.225), (1.226) implies C, = C, =0, and next from
Equations (1.223), (1.224) we get:
x; = k; ' arctan [kl (k2 + 2k + B, )_1/2] ,
(1.227)
2 2 -1/2
Ci=fk[2(kt+k5)+B,] '

-1 2 2 -1/2
vy =k arctan[k k% +2k; + B ],
b (ki + 2+ By) (1.228)

Gy =flo[2 (R +12) +B)] .

Let us split forms of plate vibrations into two groups with respect to a symmetry type regard-
ing the lines x = 0, 5a, y = 0, 5b. In the case of symmetric form in both directions we have

ow ow
—2=0 for x=a/2, —2=0 for y=>b/2.
0x ay
which implies
ki(a=2x))=C2m+ D, (1.229)
k(b -2y)=Qn+ Dz, mn=1.2,.... (1.230)

Analogously, in the case of an antisymmetric form in both directions we have
wy=0 for x=a/2, wy,=0 for y=>/2.
Relations (1.229), (1.230) yield
ki(a —2x)) = 2pr, (1.231)
ky(b—2y,) =2qr, p,g=1,2,.... (1.232)
Equations (1.229), (1.231) and (1.230), (1.234) can be cast into the following relations
ki(a —2x)) = mm, (1.233)
ky(b=2y))=nzx, mmn=12,.... (1.234)

It means that one may get all possible vibration forms through proper choice of m and n.
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58 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

1.6.4 Matching of Asymptotic and Variational Approaches

Asymptotic method of dynamical edge effect is generally devoted to determination of high
frequencies and associated forms, but it yields also correct results for low frequency spectrum
assuming that we deal with the kinematic boundary conditions. However, in the static problems
the accuracy of low frequencies estimation in the object contour decreases. Application of the
method described so far to estimate first fundamental frequency does not yield satisfactory
results.

However, there exists a prospective direction to increase the efficiency of the dynamical edge
effect method through matching it with one of the energetic approaches. The latter approaches
allow us not only to improve the accuracy of the results obtained, but also to extend its area of
application.

Let us consider the eigenvalue problem of a square (0 < x,y < a) of a plate simply supported
along its contour. The governing equation is obtained from Equation (1.209) putting N = 0.
The BCs have the following form:

Wy + VIO, =0, Wiy —2(1 = v)wxyy =0 for x=0,a; (1.235)

wyy, +vw,, =0, Wy, = 2(1 =vyw,,, =0 for y=0,a. (1.236)

In order to estimate the eigenfrequency the Rayleigh-Ritz method is applied [47], which
uses the principle of virtual displacements. According to this principle, the work of internal
and external forces acting on the plate on its virtual displacements is equal zero, which means
that

U+V+R=0. (1.237)

Potential (U) and kinetic (V) energies of the plate are as follows

=—= / / (w2, + w” + 2vw? w? W+ 201 = v)w )dx dy, (1.238)

== / / phw? dx dy. (1.239)
2 0 0

In this case, the work of external forces R is equal zero. Assuming the plate deflection in the
following form
w(x,y, 1) = W(x,y) exp(iot),

Equation (1.237) yields the plate frequency

h_
A2 = 24” [// (W2 + W2 + 20WA W2 +2(1 = W) dx dy| x

a a
[/ / W2 dx dy
o Jo

Application of the dynamical edge effect method yields the following formula governing the
plate deflection

-1
(1.240)

W(x,y) = Wy(x,y) + Wy (x) sin(Byy + L) + W, (y) sin(f,x + 1)),
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Asymptotic Approaches 59
where
Wy(x) = sin(fx + 1) sin(f, + 1), (1.241)
Wl(x) = Cll eXp[al (x - a)] + C12 eXp(—alx),
Wy(x) = Gy explay(y — a)] + Cpy exp(—ayy). (1.242)

Taking into account the boundary conditions, wave numbers are defined through the follow-
ing system of transcendental equations:

pa=2L+mrx, =12 m=0,1,2,..., (1.243)
where

p(FrC-viY
l; = arctan| - ————— ,
a; ﬂiz + vﬂ,f

1

a =P +2pD)"2 =12 k=12i#k

constants C; in Equation (1.242) are defined as follows

a? sin a? sin(fa + 1)
C; = - Cy = — i=1,2, k=12, i#k. (1.244)
a; — v, a; —vp,
Formula (1.240), taking into account Equations (1.241)—(1.244), allows to define the plate
frequency.

In Table 1.9 a comparison of the obtained nondimensional frequency A of the square plate
being free along its contour for v = 0.225 is reported (Rayleigh-Bolotin method (MRB) with
values obtained by Rayleigh-Ritz [121] as well as the traditional Bolotin asymptotic method
(AMB) are applied). We do not consider vibrations with respect to the cylindrical surface,
since in the latter case one may get the exact solution. This is why numbers corresponding to
the associated vibration forms are omitted in Table 1.9.

Results obtained via MRR of higher order approximations have the high order of accuracy
in the interval of lower eigenfrequencies. However, increasing the number of a vibration form
implies decrease of the obtained accuracy. Comparison of data obtained via different methods
shows that error of first frequency estimation through MRB (2.7%) is essentially less than that
using the traditional method of dynamical effect (13.6%). Increasing vibration form number

Table 1.9

Number of vibrations A, MRR[121] 4, MRB Error, % A, AMB Error, %

1 14,10 14,48 2,7 12,41 13,6
3 35,96 36,68 2,0 34,60 3,9
5 65,24 66,33 1,7 63,44 2,8
6 74,45 75,28 1,1 73,59 2,5
7 109,30 109, 10 0,2 106, 30 2,8
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60 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

both asymptotic solutions approach the exact value (MRB yield upper, whereas edge effect
lower bands estimation).

Consider now the problem of stability of a square clamped isotropic plate subjected to action
of uniformly distributed compressing load N, applied to the middle plate surface. BCs are
governed by (1.211), (1.212) (b = a), and in Equation (1.209) one needs to substitute 7 by
—T,. We apply MRB in order to find the critical compressing load. In this case the kinetic
energy of the plate equals zero, whereas the work of active forces follows

TO a a ) )
R=—-—— (wy + wy) dx dy.
2 Jo Jo

Equation (1.237) yields the following nondimensional critical value of the force

2 a ra a ra -1
P=(2) [/ [ (ko 2w, + ) a dy] [/ [ wirud)aa|
z 0 Jo ’ ’ 0 Jo
(1.245)
where P = Tya® /(Dx?).
A solution to the problem is taken in the form of (1.241). Due to the symmetry of the problem,
the wave numbers are detected from the following equation

pa = 2 arctan [th(0, 58a)] + «.
The constants [;, C; are defined as follows
[;=0,5(x — pa), C;; =Cyp=—cos(0.56a)/ch(0.56a), i=1,2.

This found solution is substituted into Equation (1.245), and then P is defined. The critical
compressing force obtained via MRR [253] is P = 5,31. The computational error associated
with the AMB (MRB) application reaches the value of 18% (8%).

The approach described so far also allows us to apply the method of dynamical edge effect
for plates of either complicated forms (rectangular, circle [17], [18]) or design (for instance
ribbed plates [16]).

1.6.5 On the Normal Forms of Nonlinear Vibrations
of Continuous Systems

It is known that while investigating linear vibrations of discrete systems with finite number
of degrees of freedom a key role is played by normal vibrations. Kauderer [141] has shown
that also in a nonlinear system there exist solutions playing a similar role to that exhibited
by normal vibrations of linear systems. He called them main vibrations and proposed a way
of constructing their trajectories in a configuration state. Rosenberg [213], in order to define
normal forms of vibrations of nonlinear systems with a finite degrees of freedom, formulated
the problem in the configuration space in an approximate way and succeded in finding a few
classes of nonlinear systems having solutions exhibited by lines teajectories (see [168], [171],
[170], [239]). Attempts to generalize the introduced concepts into continuous systems are asso-
ciated with separation of finite and space variables ([57], [171], [225]), i.e. they rely on the
possibility of the following representation

Ux,t) = X(x)T(¢).
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It is clear that the latter approach can be validated only for some boundary conditions.
Applying a concept of the dynamical edge effect one may introduce the following definition.
We say that a function U(x, t) is called a normal form of nonlinear vibration of a continuous
system if

Ux,t) =XX)T() + Y(x,1),

where T'(f) stands for a periodic function, Y(x, ) is a quasi-periodic function, and Y(x,t) is
small in comparison to X(x)7'(¢) in a certain energetic norm. The latter condition can be either
verified by a priori or posteriori approach.

1.7 Continualization

1.7.1 Discrete and Continuum Models in Mechanics

In mechanics of continuum media we deal with continuous objects described by continuous
functions. Although this is reliable, it is a common article of faith that somehow the average
of the microsystems is exactly described by the equations of fluid mechanics, but no one has
proved this for a realistic model of the fine structure: the best proofs are for idealized models
of a rarefied monatomic gas ([208] p. 217). A transition from a real discrete nature to its
continuum model requires the introduction of a certain averaging. On the other hand, the key
factors of the theory of elasticity, stress, strain and the rest are formally defined as limits, by
considering arbitrarily small parts of the body, but are only meaningful as representing average
behavior over regions that are large in comparison to atoms ([208], p. 286). The usually applied
methods of averaging and homogenization are described in chapter 6. Since continualization of
discrete relations has its own peculiarities, we have decided to illustrate them in this chapter. It
is appropriate to introduce the reader to this matter using relatively simple examples, since the
construction of mechanics of a continuum medium using only “first principles” and applied so
far only to molecular theory belongs to more difficult branches of physics [260], [150], [152].

The average approach works reasonably well for the determination of global characteristics.
As has been pointed out by Ulam ([236], p. 89, 90), the simplest problems involving an actual
infinity of particles in distribution of matter already appear in classical mechanics. A discussion
on these will permit us to introduce more general schemes which may possibly be useful in
future physical theories.

Strictly speaking, one has to consider a true infinity in the distribution of matter in all prob-
lems of the physics of continua. In the classical treatment, as usually given in textbooks of
hydrodynamics and field theory, this is, however, not really essential, and in most theories
serves merely as a convenient limiting model of finite systems enabling one to use the algo-
rithms of the calculus. The usual introduction of the continuum leaves much to be discussed
and examined critically. The derivation of the equations of motion for fluids, for example,
runs somewhat as follows. One images a very large number N of particles, say with equal
masses constituting a net approximating the continuum, which are to be studied. The forces
between these particles are assumed to be given, and one writes Lagrange equations for the
motion of N particles. The finite system of ODEs becomes in the limit N = oo one or several
partial DEs. The Newtonian laws of conservation of energy and momentum are seemingly
correctly formulated for the limiting case of the continuum. There appears at once, however,
at least a possible objection to the unrestricted validity of this formulation. For the very fact
that the limiting equations imply tacitly the continuity and differentiability of the functions
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62 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

describing the motion of the continuum seems to impose various constraints on the possible
motions of the approximating finite systems. Indeed, at any stage of the limiting process, it
is quite conceivable for two neighboring particles to be moving in opposite directions with
a relative velocity which does not need to tend to zero as N becomes infinite, whereas the
continuity imposed on the solution of the limiting continuum excludes such a situation. There
are, therefore, constraints on the class of possible motions which are not explicitly recognized.
This means that a viscosity or other type of constraints must be introduced initially, singling
out “smooth” motions from the totality of all possible ones. In some cases, therefore, the usual
DEs of hydrodynamics may constitute a misleading description of the physical process.

On the other hand, nowadays development in technology and industry requires inclusion
of micro-structural effects, which may play a crucial role when the characteristic magnitude
of an excitation is of order of the characteristic size of the analyzed micro-structure object.
In particular, we mention here modeling of crystal, polymer and composite materials, nano-
materials, dynamics of cracks, description of hysteretic effects, mechanics of failures, fractals
theory of phase transition and theory of plasticity [24], [55], [66], [91], [93], [111], [150],
[199], [201], [203].

Micro-structural effects can be investigated within the frame of discrete models [152], how-
ever, even modern computers do not allow us to get reasonably validated results matched with
the reasonably low computational time. Therefore, continuum description of micro- and nano-
effects belongs to a challenging research topic. In addition, in many cases, one may apply
modeling of mixed discrete-continuum systems, where its one part is continuous and the other
is discrete.

1.7.2  Chain of Elastically Coupled Masses

Let us consider a simple example of a chain consisting of n + 2 particles of the same masses m
lying in the rest in the points of axis x with the coordinates jh (j =0, 1,...,n,n + 1) and linked
by elastic couplings of stiffness ¢ (Figure 1.7).

According to Hook’s law the elastic force acting on the j-th mass is as follows:

o) = clyp (O = yi(O] = cly; () = y;_, ()]
= clyio1 () =2y, +y D], j=12,....n,

where y;(7) is the displacement of j-th point with regard to the equilibrium position.
Applying Newton second law the following ODEs are derived

my;, (1) = cly_1 (1) = 2y;() + y;., (O], j=12,....n (1.246)
System (1.246) can be recast to the following form:
moj,(t) = c(6j,) —20;+0;_1), j=1,....n (1.247)

Let the chain ends be fixed, then

Vo) = y,41(0) = 0. (1.248)
In general, the initial conditions have the following form
yi(1) = (p](.o), Vi) = (p]f” for t=0. (1.249)
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This model has been proposed by Newton in estimating sound velocity [70]. He assumed
that sound in air moves in the same way as an elastic wave moves along the masses chain.
Equation (1.247) has been studied by J. Bernoulli ([49], [205]) who considered the problem of
massless finite elastic string composed of particles of equal masses uniformily located along
the string.

As has been shown in [193], for an arbitrary solution to the problem (1.246), (1.248), (1.249)
the full chain energy is constant. Besides, the solutions to the problems so far stated are asymp-
totically stable in the Lyapunov sense.

A solution to the problem (1.246), (1.248), (1.249) can be expressed via elementary functions
with the help of a discrete variant of the method of variables separation. Therefore, normal
oscillation forms are constructed

yj(t) = C/T(t)7 J = 17 s,
where constants C; present the solution to the eigenvalue problem:
—AC;=Ci —2G+Cy, j=1,...,n, Cu=C, =0, (1.250)
and the function 7'(¢) satisfies the following equation
mT,, +cAT = 0. (1.251)

Solution to the eigenvalue problem (1.250) takes the following form [193]:

2 km
n"—
2n+ 1)

We assume a solution to Equation (1.251) in the form 7 = A exp(iwt). Relations (1.251),
(1.252) yield Lagrange formula for determination of frequencies w;, of the discrete system:

w, =24/ < sin L (1.253)
m 2n+1)

Since all values of 4, are different, they are simple, and each of them is associated with one
eigenvalue for Ck(CEk), C(zk)’ By,

kx

C, =Asin

Ay = dsi k=1,2,...,n (1.252)

n+1

kx ( kr . 2km . I’lkﬂ)
C, = cosec sin ,sin ,...,Sin s
n+1 n+1 n+1 n+1
k=1,2,...,n. (1.254)

Eigenvectors are mutually orthogonal, and a square of the moduli of eigenvector follows:

IC, I = %cosecznkfl, k=1,2,....n. (1.255)

Each eigenfrequency (1.253) is associated with the normal oscillations form:
W) = CPLA cos(ayt) + Bysin(@n], k=1,2,....n. (1.256)

A general solution to problem (1.247)—(1.249) is described by a sum of normal oscillations:

v = Y VA cos(ayt) + Bysin(ydl, j=1,....n. (1.257)
k=1
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Let us consider now the problem of masses chain movement, when a constant unit force acts
on particles with zero number. A solution to this system is described by Equation (1.247) with
the following boundary and initial conditions;

co)=1, 0,,,(t)=0, (1.258)
o) =0,(1) =0 for 1=0. (1.259)

The nonhomogenous BVP (1.247), (1.258), (1.259) is transformed to the BVP with respect
to Equation (1.247) with the homogenous boundary and nonhomogenous initial condition via
the following relationship il
o n+1

In order to find function 6;0)(2‘), we apply the normal form method:

+ O'O](t)

a]?"’(t) = c]?"’[Ak cos(wy) + By sin(w; )], k=1,2,....n.
As aresult, the following exact solution of the problem (1.246), (1.258), (1.259) is obtained:

.l n k.
oc(H=1- o1 Z sin 9 ctan mk cos(wyt),
J n+l n+l& n+l 2(n+1)

ji=12,...,n (1.260)

1.7.3  Classical Continuum Approximation

For large values n we usually apply the continuum approximation of the discrete problem,
which in our case (Equations (1.247), (1.258), (1.259)) takes the following form:

mo,(x,1) = ch’c (x,1), (1.261)
c(0,n=1, o(,1=0, (1.262)
6(x,0) = 6,(x,0) = 0, (1.263)

where [ = (n + 1)h.
Having at hand a solution to the BVPs (1.261)—(1.263), one may transit to a solution of the
discrete medium according to the formulas
oi(t) =o(jh,n, j=0,1,....n,n+ L (1.264)
Formally, this approximation can be obtained in the following way. Let us denote by D the
difference operator occurred in Equation (1.247):

mo;,,(t) = cDo(2). (1.265)
Using the operator exp(h;—x) one gets [152]:

D = exp (h(%) + exp (—h%) — 2 = —4sin’ <—%%) (1.266)

In what follows we explain the obtained relation. The Maclaurin formula for the infinitely
differentiated function F(x) takes the form
0 1 0°

d
FGx+1)= [1+a+2—!£+...] F(x)=exp<a)F(x). (1.267)
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Expressions of the form exp(d/ox) are called pseudo-differential operators. Using condi-
tions (1.265)—(1.267), we recast the system (1.247) in the form of pseudo-differential equation
[178]: 5 ’

m‘;T‘z’ + 4esin? (—%%)6 0. (1.268)

Development of the pseudo-differential operator into the Maclaurin series yields:

- ih0> o ot K of
SRy (Bl 9 2 ). 1.269
- ( 2 ox <4 ox2 | 48 0x* | 1440 00 (1209

Keeping only the first term in the series (1.269), we obtain a continuum approximation
(1.261). Application of the Maclaurin series requires a small difference in displacements of
the neighboring particles. Physically it means that we are investigating vibrations of a few par-
ticles located on the space period (see Figure 1.15), i.e. we proceed within the so-called long
wave approximation. Note that the vertical axis corresponds to displacements in direction x,
and we deal with the one-dimensional problem.

The continuum system (1.261) has the following infinite spectrum:

c k

(xk=7[ —_ N
mn+1

k=12,.... (1.270)

Although formulas (1.270) approximate reasonably good low frequencies of vibrations of
the discrete system (1.253), but the n-th frequency «; of continuum system differs from the n-th
frequency of discrete system w;, more than 50%. Accuracy of approximation (1.270) can be
increased, but the following general conclusion follows. Frequencies of the continuum system
@,41>®,42, ... do not have any relations to those of the discrete system (see [200, chapter 20]).

Observe that L.I. Mandelsshtam criticized the described method [167]; however today it is
rigorously approved mathematically with the help of the Fourier transform [152].

1.7.4  “Splashes”

It is not difficult to derive the exact solution to problem (1.261)—(1.263) using the D’ Alembert

method and operational calculus [154]:
oc(x,)=H (nh arcsin |sin (i £t> —x), (1.271)
2n '\l m

where H(...) stands for Heriside’s function.

Ry

Figure 1.15 Solution form ¢ = o(x,?) in the fixed time instant ¢ = const (points correspond to a
discrete system whereas solid curve represents a continuum system)
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Table 1.10  Splashes

n 8 16 32 64 128 256 n— o

P, 1,7561 2,0645 2,3468 2,6271 2,9078 3,1887 P, — o

n

Formula (1.271) implies that for all time instants the following estimation holds
lo(x, 0] < 1. (1.272)

It is tempting to extend the estimation (1.272) into a discrete system [261] using relation
(1.264). However, numerical and analytical investigations [154], [193], [105], [106], [107]
have shown that one needs to include a difference between the global and local characteristics
of a discrete system. Investigation the low spectrum of a discrete systems allows for a smooth
transition into an averaged description. However, in the case of external excitations solutions
of discrete systems do not smoothly transit into the wave equation solutions for 7 — 0 [178].
It has been numerically shown [154], [193], [105], [106], [107] that for certain particles in the
discrete chain the quantity P; = |o;(r)| can essentially overcome the bounded value 1 [105]
(see Table 1.10).

It is interesting to note that the magnitude of splashes does not depend on the parameter m/c.

Amplitude of chain oscillations becomes arbitrary large with increase of NV, but the system
energy is constant and does not depend on N. However we do not deal here with a paradox,
since oscillations amplitude is of order of the sum of o;(¢), whereas the potential energy is of
the order of square of those quantities [193].

Amplitude of vibrations of a particle with the fixed number is bounded for N — oo, but the
amplitude of vibrations of a particle with a certain number increases with the increase of N
and tends to infinity for N — oo in a way to that of In N [193].

Note that a rigorous prove of the above observations is achieved assuming that N + 1 is either
a simple number or a power of two. However, this result is of negligible meaning [193].

In the language of mechanics what we just said means that when analyzing the so-called
“local properties” of a one-dimensional continuous medium, one cannot treat the medium
as the limiting case of a linear chain of point masses, obtained when the number of points
increases without limit [ 154]. Physically, this phenomenon can be interpreted in a rather simple
way. Excited vibrations include both low and high harmonics, and the latter ones are defined
via the continuum approximation with relatively large errors.

It is tempting to construct an improved theory of continuum media including splash effects.
The mentioned theory should reasonably good describe harmonics of a solution with respect to
an arbitrary period associated with the problem. In mathematical sense, the problem is reduced
to that of approximation of nonlocal (difference) operator by the local (differential) one.

1.7.5 Envelope Continualization

It has been observed that asymptotics appear in pairs. Classical continuum approximation
yields reliable results with respect to low part of the spectrum of the finite chain of particles.
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Figure 1.17 Envelope continualization

On the other hand, the maximum frequency of vibrations occurrs in the case of the saw-tooth
vibrations (Figure 1.16)
In this case o, = (—1)*Q, and the equation yielding Q has the following form

m&,, +4cQ = 0.

In the case of oscillations close to a saw-tooth shape, one may use the so called short-wave
approximation (envelope continualization) [149] (Figure 1.17). A change of variables

o, = (=DrQ, (1.273)

allows us to transit from Equations (1.247), (1.258), (1.259) to the following BVP:

mﬂkn + C(4Qk + Qk—l - ZQk + Qk+l) = 0, (1274)
Q=1 9, =0, (1.275)
Q =Q,=0 for t=0, k=0,1,....n+1. (1.276)

Further, the following relation is used:

o ihd
Qu —20, +Q,, = —4 2(-’--)9:
k-1 k k+1 Sin 2 ox

2  nt ot s 08
Pt =+ ——+..|Q 1.277
< ox2  120x* = 320 9x® ( )

Substituting Equation (1.277) into Equation (1.274) considering 4> as the small parameter,
and taking into account only terms of zero and first orders with respect to 4%, we get

mQ,, +4cQ + ch’Q,, = 0. (1.278)
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68 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

It is not difficult to derive the boundary and initial conditions to Equation (1.278):
Q=1 for x=0, Q=0 for x=1,
Q=0Q,=0 for t=0.

The approaches described so far (classical continualization and envelope continualization)
can be treated as a discrete model with reasonably good accuracy, and it exhibits two continual
approximations, i.e. for a chain and for an envelope.

1.7.6  Improvement Continuum Approximations

In what follows we discuss the problem of the improved continuum approximations. If in the
series (1.269) we keep three first terms, then the following equation is obtained:

0’c 2 0 W ot h* 0%
m =ch <6x2 + 120x4+3600x6>6' (1.279)
The problem regarding boundary conditions of Equation (1.279) does not belong to triv-
ial ones (see the interesting discussion by Raman and Bohr regarding periodic conditions
for the chain [61]). One may define them only if we determine the chain movement for k =
—1,-2,-3,k=N+2,N + 3, N + 4. In other words, the boundary is substituted by the bound-
ary domain [152]. In particular, in the case of periodic extension (simple support), we get

0=0,=04,,=0 for x=0,L (1.280)

If we take 6, (1) =0 fork =—-1,-2,-3,k =N+ 2,N + 3, N + 4, then BCs (1.280) refer to
clamping
c6=0,=0,,=0 for x=0,L

Comparison of the n-th frequency of the continuum system (1.279), (1.280) with the corre-
sponding frequency of a discrete system exhibits the essential increase of accuracy (we have
2.1 instead of 2 in the exact solution, which yields the error of 5%). Note that the estimation of
the continuum approximation error with respect to maximal frequency of the discrete chains
is somehow conventional, but most simple.

In the general case, keeping in (1.269) N terms, one gets the so-called intermediate contin-
uum models [105]. It is assumed that for N = oo the exact input equation is obtained:

N
0%c h* 0%
90 7y 190 1.281
"or T sz 2! 92k (1281

BCs for Equation (1.281) have the following form:

0*c
— =0 for x=0,/, k=0,1,...,N—1 (1.282)
ox2k
or Ph-1g
c=0, Py =0 for x=0,I, k=1,...,.N—1. (1.283)

The corresponding BVPs are correct (they are also stable during the numerical realization)
for odd N. In this case Equation (1.281) is of the hyperbolic type [106]. Application of the
intermediate continuum models allow us to determine the splash effects [105].
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Observe that analogous ideas presented so far are used in the method of differential approx-
imations to estimate errors of difference systems [227].

Construction of intermediate continuum models is based on the development of the differ-
ence operator into the Taylor series. It seems that the more effective ones are continuum models
relying on the Padé approximations, which are called quasi-continuum approximations [84],
[211], [212]. In order to approximate the operator (1.269) within the Padé¢ algorithm, one may
also apply either Fourier or Laplace transforms. If one keeps only three first terms in the series
(1.269), then the Padé approximation follows

R AN TSR
ox? 126x4~1_ﬁi'

The corresponding quasi-continuum model takes the form
(1=, e =0 (1.284)
12 axz 1t XX . :

BCs for Equation (1.284) have the following form
c=0 for x=0,L (1.285)

Error estimation of the n-th frequency in comparison to the discrete chain is of the amount
of 16.5%. Equation (1.284) has lower dimension in comparison to approximation (1.279).

Now, having in hand both long- and short-wave asymptotes, one may apply two points Padé
approximation (see chapter 9.2). Let us construct two-point Padé approximation of differ-
ence operator, using the first term of series (1.269). Besides, we require that n-th frequency
of vibrations of the continuum system should coincide with the corresponding frequency of
the discrete system w, = 24/c/msin[nz /2(n + 1)]. For large values of n one may apply the
following approximation

a, = 24/c/m. (1.286)
Continuum approximation is governed by the following equation
2
m (1= )6, - ci’o, =0, (1.287)
0x?

with the BCs (1.285).
Frequencies of vibrations yielded by the BVP (1.287), (1.285) follow

ak=ﬂ,/£+, k=1,2,.... (1.288)
my/(n+1)? + a2k?
Application of formula (1.286) yields a®> = 0,25 — z~2. The largest error in estimation of the

eigenfrequencies is achieved for k = [0, 5(n + 1)] and does not overcome 3%. Approximation
(1.287) allows us to include the splash phenomenon.

1.7.7 Forced Oscillations

Let us begin with the classical continuum approximations. A solutions to the Equation (1.261)

is as follows X
c=1- 7+u(x,t),
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and functions u(x, f) are defined via the following formulas

0%u 50%u
— =ch"—, 1.289
"o T o (1.289)
w0, 1) = ul, 1) = 0, (1.290)
u(x,0) = —1 + ’—IC 1,(x,0) = 0. (1.291)

A solution to the BVP (1.289)—(1.291) is found using the Fourier method, and has the fol-
lowing form
2w 1
6_1—-—— —sn( >cos(akt) (1.292)
7 = k
where oy, k =1,2,3,....
Formula (1.292) describes oscillations either of a string or a rod. If we are aimed on approx-

imation of the particle chain oscillations, then we keep only n first harmonics in the infinite
sum, since the remaining ones have no relations to the chain movements:

=1 ————Z—sm( >cos(akt) (1.293)

Observe that solution (1.260) and (1.293) differ from each other not only regarding frequen-
cies a;, and w; (formulas (1.253) and (1.270), respectively). In order to overcome this drawback
one may use either equations (1.279), (1.284) or (1.286). However, also the coefficients of the
series (1.292) and (1.293) understood as pro_]ectlons onto the normal oscillation forms at a dis-
crete and continuum system —ctans ( D and —k differ strongly for k > 1. This phenomenon
appears due to the development into series regarding normal forms for a discrete system using
the summation of k from 1 to n, whereas integration with respect to x is carried out from O to
[ in the case of a continuous system. One may improve the results using the Euler-Maclaurin

formulas [100], [101]:

n+l

n+l1
3 f = / FO0dx+ SO +Fn+ D]+
k=0 0

(1.294)

Z( 1),+1 [d’f(n+1) 3 djf(O)]
B, .

= j+1 dx dx/

Here B, are Bernoulli numbers, where By =1, B, = —1/2,B, = 1/6, B; = 0.
One may also apply the following recurrence formula:

n
1 cHip
n+l1-n—Kk°

n+1 =

" —_

In order to introduce the development regarding normal forms of a discrete system, one may
apply formulas 4.4.2.6, 4.4.1.5 and 4.4.1.7 taken from handbook [209]

n+1 ki 1
3 sin? =L =21 (1.295)
prar n+1 2
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n+1 . ki | i
Z (1 S > sin J cotan J . (1.296)
= n+1 n+1 n+1 2(n+1)

The corresponding integrals follow

n+1 .
/ sin2 X gy = k1 (1.297)
0 n—+ ] 2
n+l .
/ (1 - i‘) sin X ge= 2. (1.298)
0 l n+1 j

The values of sum (1.295) and integral (1.297) coincide. Applying the Euler-Mclaurin for-
mula one may get the value of the continuum projection more closer to the sum value (1.296):

n+l . .
J . kxj

2 ] — —— ] sin =
n+1 n+1

k=0
n+l X ﬂ'j.x 1 ]ﬂ'
/0 <1 - f) sinn+ 1dx+ E[sin0+ sin(jz)] — CEE) cosO+...=
22
2oL | (1299
7 12(n + 1)2

According to formula (1.299), one may construct a simple relation relatively well, approxi-
mating the sum (1.296) for arbitrary values of j from j = 1 toj = n.

For this purpose, the second term in the r.h.s. of Equation (1.299) should be substituted by
the following approximation

’f i\ kn 2 7
1 — —— | sin ~—|1- .
n+1 n+1 zj (n+1)?

k=0

1.8 Averaging and Homogenization

We begin with a terminology background. We understand by averaging the process applied to
nonlinear problems in mechanics, whereas homogenization deals with the averaging process
regarding DEs with quickly changing coefficients. In both approaches the same idea of splitting
of fast and slow solution components is applied (see Figure 1.18).

1.8.1 Averaging via Multiscale Method

One may apply different forms of averaging procedure beginning with the Van der Pol method
of slowly changeable amplitudes [63] up to the Hilbert transformation [238]. However, these
methods cannot be interpreted in a simple way. Namely, the following question appears: why
should the averaging with respect to fast time be carried out and why should the slow time ¢
be frozen as well as the function of 7 while applying averaging with respect to fast time? The
multiscale method allows us to clarify this averaging approach ([257], p. 130).

In what follows we apply the multiscales method. It should be noted that all of the asymp-
totic methods yield the same equation, which has been pointed out by N.N. Moiseev [189].
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& 2(t)

Figure 1.18 Splitting of the input solution into a sum of slow (averaged) and fast changeable
components

The multiscale method presents the most regular approach to find higher order approxima-
tions. On the other hand, this method in many cases yields a solution in the form of convergent
series ([257], p. 144).

We begin with the Duffing equation with small nonlinearity:

i+x+ex’ =0 e<l. (1.300)
Linear equation (¢ = 0) has the following general solution:
Xy =Acost+ Bsint, (1.301)

where A, B = const.
It is tempting to assume that for 0 < € < 1 a solution to Equation (1.300) can be presented
in the form (1.301), where A and B are functions slowly changed in time ¢.
According to the multiscale method two scales we introduced the slow time 7 = et keeping
notation ¢ for the “fast time,” and hence
d 0 0
ai~ o Cor
A solution x is presented in the following series form

x=xy(t,7) +ex)(t, 7))+ ...,

and we have

ox, ox, ox
dx 0+£<—0+—1>+...,

dr— or or ot
2 2 2 2
% = aa;() +e <2;Txgt + aa;] > -
After splitting with respect to ¢, the following recurrent series is obtained
0x,
FY +x5 =0, (1.302)
0%x, 0’x, 5
s x| = 261 5 Yo (1.303)
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A solution to Equation (1.302) can be written in the following form:
Xxog = A(r)cost + B(r)sint. (1.304)
Equation (1.303) is cast to the form:

9%x
I =Pt r) = 2% int =298 cost — (Acost + Bsin1). (1.305)
0r? dr dr

Lack of secular terms in solution to Equation (1.303) requires
2 2
/ P(t,t)cost dt =0, / P(t,t)sint dt = 0. (1.306)
0 0

Condition (1.306) implies the following system of two first order ODEs with respect to
functions A(7), B(7):
dA 3 2 2 dB 3 2 2
—— =Z(A*4+B*)B, — =—=(A" 4+ B*)A.
dr 8 ( ) dr 8 ( )
Analogously, one may derive a system of averaged equations if the zero order solution of
Equation (1.300) has the following form:

x = a(t) cos(t + 0(r)) (1.307)
under the condition d
E)t‘ = —a(f) sin(t + 0(1)). (1.308)
Now functions a(?) and 6(z) have the meaning of an amplitude and phase of vibrations,
respectively.
Differentiating formula (1.307) regarding time ¢ yields:
% = —asin(t + 0) + i—? cos(t + 60) — Z—fa sin(z + 0). (1.309)

Substituting Equation (1.309) into Equation (1.300) and using Equation (1.308), one gets:
‘;—‘: sin(f + 0) + a‘fl—f cos(t + ) = ea’cos’(t + 0). (1.310)

Solving Equations (1.309) and (1.310) with respect to % and %, one obtains:

‘;—‘t’ = ea’cos’ (1 + O) sin(t + ), (1.311)
do
dt

Since a and 0 are slowly changed functions in time (e is small) then their changes within
the time 7 = 2z, being a period of the right-hand sides, is small. Averaging of the r.h.s. of

Equations (1.311) and (1.312) on the interval [¢, t + T], where the quantities a and # appearing

in the right-hand sides of equations are assumed to be constant, yields

= ea’cos*(t + 0). (1.312)

1 T 1 2 3
= / cos3(t +0)sin(t+ 0)dt =0, — / cos4(t + 0)dt = =.
T 0 271' 0 8
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It further follows that

da

~0. 1313
0 ( )
e 3
4 _3. p 1314
a8 (1.314)

Equation (1.313) implies that a is constant, whereas relation (1.314) yields 6 = gsaét +6,.
Hence, in the first order approximation we get

u = agcos (1 + %eAé) t+ O(e).

It is clear that zero order solutions presented by expressions (1.304) and (1.307) are
equivalent.

Improvement term to the vibration frequency coincides with that obtained via other methods
(for instance via Lindstedt-Poincaré method).

Observe that not only linear equations may serve as a zero order approximation. For example,
in reference [79], nonlinear DEs are taken from the beginning (zero order approximation)
allowing to achieve final solutions in the form of elliptic functions. Although the procedure
is more complicated, but the nonlinear effects are taken already in the first equation of the
successive series of equations.

1.8.2 Frozing in Viscoelastic Problems

The viscoelastic problems are associated with the integro-differential equations. As a typical
example one may consider equation governing vibrations of the viscoelastic rectangular plate
taking into account geometric nonlinearity:

[(V*w) - T(INVZw) + pyw,, = 0,

b
]\cvhi;e l—‘(;p) =t.(p 1 N Rl(t - D)(r)dr, N = bihz Jo Jy W2+ wddx dy, py = %’l and R stands
or the relaxation kernel.
If the plate is simply supported, then one may separate the variables, and applying

n
w = A(t) sin DX sin nry
a b

the following nonlinear integro-differential equation regarding A(?) is obtained

B(m,mT(A + 1,5h%A%) + p|A,, = 0, (1.315)

s ==((2)"+ (3]

Since an exact solution of Equation (1.315) cannot be achieved, therefore we are going to
simplify equation with respect to the low frequencies. Let us begin with a study of the following
integral

where

1) = / A(DR(t — )dx. (1.316)
0
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If the variable A(z) slowly changes with respect to the change of the kernel relaxation
R(t — 7), then one may introduce freezing for t = = assuming that

1(r) = AL (1),

where I,(1) = [, R(t — 7)dx.
The so far described approach is known as the method of freezing [103], [104]. Applying
this method to Equation (1.315) yields

B[l +1,(DI(A + 1,50724%) + p,A, = 0. (1.317)

Note that Equation (1.317) is an ODE one with variable coefficients. Now we apply the
averaging to solve it. Assuming

T
1
L) ~ lim — 1
L) TI—{Eo T /0 1(Ddt,
the following ODE with constant coefficients is obtained

B[l + L1(A + 1,5h72A%) + p,A,, = 0.

1.8.3 The WKB Method

The origin of this method requires further investigations [133]. However, we follow the tra-
ditional approach referring to Wentzel, Kramers and Brillouin. We consider the longitudinal
vibrations of arod (0 < x < /) with nonconstant stiffness EF¢,(x) and density pF¢,(x), where
E, F, p are constants [34], [235].

Input equation and BCs are as follows

d du
EF-- [(pl(x)a] + ppy(F e u = 0, (1.318)

u(0) = u(L) = 0. (1.319)
In the nondimensional variables, we get

d*u

2
a2 + q(&) E = +qy (A u = (1.320)
where ¢(¢) = Z 52 79 = Z?Eg 2= EL2’ ¢= {

Let us construct a solution with respect to hlgh frequencies 4> > 1. For this purpose we
apply the following change of variables

u = exp(Ay(§)). (1.321)
Substituting Ansatz (1.321) into Equations (1.320) one gets
2+ 'y + Aqy’ + g 42 = 0. (1.322)
We are looking for a solution to Equation (1.322) in the series form with respect to A~

W= w0+/1_1y/1 +/1_2u/2+...,
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76 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Terms of this series satisfy the following recurrent system of equations
wii+q, =0, (1.323)
2y +y +q=0, (1.324)

Equation (1.323) yields

Vo = £iVq, (7).

Approximating solution of Equation (1.318) follows

4 ¢
u = Cysin (/ \/ql('r)d1> + C, cos </ \/ql(r)d‘r> .
0 0
BCs (1.319) imply

1
C, =0,sin </1/ \/ql(r)dr> =0,
0

and hence

1
/1/ Vg (vydr =zn, n=12.73,....
0
Finally, the following formula allows us to find a frequency

nnL\/_
\/—/0 q,(7) dT

In what follows we show other modification of the WKB method using the example of vibra-
tions of a rod with variable transversal crossection, governed by the following equation

d2
2 [ T, (x ) ] — ppr()Fw’*w = 0. (1.325)
We study the clamped rod faces, and hence

dw

=—=0 for x=0,L. (1.326)
dx
The nondimensional form follows
2 2

4 d d-w
— | —p,w =0, 1.327
déz[ldéz] 2 (320
w = ‘fl—? =0 for £=0,1, (1.328)

where £* = s

El _
. @pFLY ¢= L . .
A solution to the Equation (1.327) is sought in the form

14
w = exp <5_1 / y/(f)df> [ (&) + €1, (&) + €2, (&) + ...]. (1.329)
0
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Asymptotic Approaches 77

Substituting the Ansatz (1.329) into Equation (1.327), after splitting with regard to &, the
following recurrent system of equations is obtained:

(@' — @uy =0, (1.330)
4oy uly + 60wy uy + 2y @l uy = 0, (1.331)

Equation (1.330) gives the following solution:

0 1/4 ® 1/4

2 [ P

ll/1,2=i<—> , W1,2=il<—> .
@ P

Equation (1.331) yields .

uy(§) = ———.
w32

General solution to Equation (1.327) has the following form (in the first order approxima-

tion):
¢ ¢
w = C, sin <e-1 / w(r)dr) uy(&) + C, cos (e_l / W(T)dr) up(&) +
0 0

Cy exp(—e_ly/(O)i)uO(O) + Cyexp(—e Ty (1)(1 = &)ug(1). (1.332)

In expression (1.332), for quickly decaging components, the function uy(¢) is frozen on one
of the interval ends.
BCs (1.327) allow us to define the vibration frequency

/ 14 72
w=ﬂ2(n+0,5)2\/p1€24 l/o [ngi] dx] n=1.23.... (1.333)

Formula (1.333) for ¢, = @, = 1 coincides with Bolotin formula (4.1.17). In other words,
the WKB method generalizes the method of Bolotin into the problems with variable coeffi-
cients.

1.8.4 Method of Kuzmak-Whitham (Nonlinear WKB Method)

Efficient generalization of the averaging method for ODEs has been proposed by Kuzmak
[153] and for PDEs by Whitham [256]. According to the latter method, a quickly oscillating
solution to a PDE has the following form:

w=wy(r,X,H) +ew(t,X, )+ ..., 7= s'lS(x, 1. (1.334)

Functions w;(7, X, t) are periodic with respect to 7. The Kuzmak-Whitham method can be
treated as a variant of the multiscale method, where 7 plays a role of a fast variable. Substi-
tuting Ansatz (1.334) into the input PDE, and after splitting with respect to &, the problem is
reduced to ODEs, where the first equation is nonlinear one, and the remaining equations are
linear and nonhomogenous. Solvability conditions of these equations are reduced to a system
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78 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

of nonlinear PDEs yielding a phase S(x, 7) and dependence of the functions being sought on
slow variables x, ¢. Therefore, the Kuzmak-Whitham method generalizes the WKB method
into a nonlinear case. We apply the method illustrated so far to construct simplified nonlinear
evolution equations of shallow shells, which yields Berger equation as the particular case (see
also [124]).

In what follows we consider the shallow shell with the curvatures R, and R, and dimensions
a and b. The governing nondimensional equations follow:

1 292 - 7 £ g oo -
me Vb — Vi F — e(Fesy, — 2F;, Wy + Fpss) + W, = 0,
VAF + Vil + (e B, — @7,) = 0, (1.335)
1 . . . . .
m=T1" [ite — €190 + 0, 5£w§ + (D, — &0 + O.5£w5)],
Fo = =10, — €@ +0, Setvy + (ii; — &0 + 0.57)], (1.336)

1
Fo=——
&n 2(1 +v)

1 02 h 1 = F
Here 7 = /202 )at V, = 520552 +el0g = 5 g = 1%_, {&n}=-{xyh F=o-,
{i, 0,0} = %{u, v, w}, F is the Airy function.

Let us introduce the fast variable €*0(&, n7) (parameter @ < 0 will be further estimated), and

therefore 3 2 3 3 9 3
= = +£%0 +£%0
08 0¢

(an + 0, + swgw,,).

960" on  on 100
Displacement and Airy functions are being sought in the series forms of a slow and fast
components, where the latter ones treated as periodic regarding 6 of a period 7, follow:

F=F&nt)+e"F'(&ne0,70), = w'(& n, 1)+ 2w (& n,e%0,7),
= uo(f, n,7)+ byl (&,n,€%0, 1), 0= 00(5, n,7)+ ! (&,n,€%0, 7).

Let us also introduce parameters of asymptotic integrations y; and 6 with the following

scaling:
FOnenul, ul~en, u®~e, o0 ~eh, ai(...) ~€%(..).
T

We carry out the asymptotic analysis of systems (1.335), (1.336) assuming £, ~ €59 ~ 1. As
a result, we obtain the following estimations for the parameters a, f;, y;, 6: « = —=0,5, f; =0
$y <0,p320,0,2-0,5y,=1y,=0,73>0,74>0,6=0.

The corresponding limiting system is

1
12(1 = 2)“);999(9? +0;) — (520952 +e1007)F 5, —

(F,0; +2F 0.0, + Fp, 0w, + w;, =0, (1.337)

9999(92 +6 )2 - (5209 + 6109 )wgg =0, (1.338)
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-1 0 = 1 1,2

- 1
€ Fpo0:0, + FY, = ﬁ(w;)%vfe,,, (1.340)
2(1—v?)

e 1Fl 0 2p
F,,0:0 F = 0,. 1.341
0, + 2(1 n )( g) 0, ( )

Derivatives of FO appeared on Equation (1.337) are defined via Equations (1.339)—(1.341)
after averaging with respect to 6. According to periodicity of function F!, the following relation

holds: T
1
/o Fy,df = 0.

T
1
0 p2 0 0 pn2 1 _ 1\2/n2 252
—(F2.02 +2F) 0.0, + F0,0 )w%_—z(l v2)/0 [(wg)* (82 + 6;)*~

Finally, we get

&&n ¢
2w' [610(6’§ +v07) + €500, + 0,)11d6. (1.342)

Taking into account relation (1.342), the following simplified equations are obtained:

2 2
Doy (LE 1o Vp __E
h R,dx2 " R, 0y? ab(1 —v?)

{0.5v2 //[w +w}| dx dy — w, //<—+—>wdydx—
//<—+—>wdydx}+pw,t=0, (1.343)

2 2
Dyap_ (L, 1), o (1.344)
h R,0x2 ' R, 0y?

Observe that for R; — o0, R, — oo Equation (1.343) transits into Berger equation, and in
the one-dimensional case we obtain the Kirchhoff equation.

1.8.5 Differential Equations with Quickly Changing Coefficients

In what follows we introduce the homogenization method using the following simple 1D prob-
lem [46], [138], [139], [140], [148], [169]:

d x\ du

£ 22 = , 1.345
dx [a(e>dx] 9 ( )
u=0 for x=0,L. (1.346)

Here a(x/¢) is periodic with respect to x, and has the period &.
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80 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Variation of the r.h.s. of Equation (1.345) is small, but the coefficient a(x/e) changes quickly.
Therefore, one may apply the method of two scales, and introduce fast # = x/e and slow y = x
variables. Then, the derivative follows:

=2 412 (1.347)

and instead of the input ODE we get a PDE.
Its solution is assumed to have the following form:

u=uy(n,y)+eu(n,y) +..., (1.348)

where ug, uy, ... are periodic functions with respect to # of period 1.

Substituting relations (1.347), (1.348) into input Equation (1.345) and BCs (1.346), and com-
paring the terms standing by the same powers of ¢, the following recurrent system of equations
is obtained

9 ouy
(3_'7 [a(n)a] =0, (1.349)
5 [a(n)aa—“y‘)] +aln) ;2?’ 5 [ (n)—] =0, (1.350)
(f—n [a(n)‘%] +a(n)f—y”;’ ; [ a—l] (n);y—i;‘n = 40, (1351)
;=0 for y=O,L,“;1“;(.),L/e, i=1,2,3,.... (1.352)

Equation (1.349), according to periodicity of functions u, with respect to 77, yields uy = uy(y).
It means that  stands for a certain averaged part of function u# and does not depend on a fast
variable. In a series of physical problems, the existence of averaged part is already implied
from the problem statement, and hence the first term of series (1.348) can be treated as not
dependent on the fast variable. Equation (1.350) takes the following form

()% _ _a(n) dug
o dy’

(1.353)

This equation is considered on the period (0 < # < 1) and hence it is referred to as a cell or
local governing equation. Solution to one cell problem is essentially simpler in comparison to
the whole space solution. In this case we obtain

oJu dau, C
duy _ 9 COY

= 1.354
on dy a ( )

Periodicity conditions of the first improvement term to the homogenized solution u, |(1) =
allows us to determine the constant C(y):
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Excluding du, /on from (1.351) yields
0 ou, 0 ouy d*u,
—|a—)+—|a— ) +a— = . 1.355
on ( on > on < dy dy? 4w (135
Now, in order to withdraw slow components from Equation (1.355), we apply the homog-
enization procedure acting on each equation term by the averaging operator fo (...)dn. First

two terms, in result of averaging, are equal to zero due to the periodicity condition, and hence
Equation (1.355) takes the form

U
a——-—- =q0). (1.356)

We apply the following BCs for Equation (1.356):
up =0 for y=0,L. (1.357)

In what follows we define the functions «; from conditions (1.354) :

d 1
uﬁﬂ a/ aldn-n),0<n< 1.
dy 0

Further, function u, is periodically extended with respect to coordinates with the period of
1. The found value u; does not satisfy, in general, BCs (1.346), and the associated errors are
of the order €. In order to remove them, the following problem is solved:

wle(G) &0

Mlx:O =A= ully:n:(];”lx:[ =B= ul'y:L, n=L/e"

Applying to this problem the homogenization approach again, the following first approxi-

mation is obtained: 5
L dug,

a
dy?

It is then tempting to apply the following solutions form:

=0, uy; |y=o = A, uy |y=L =B.

u = uy(y) + elug; (v) + ugy(y) + €21y (V) + .1+
elu (. y) + euy(n.y) + £2u3(n,y) + .. 1. (1.358)

where u;(7,y) are a function having averaged values with respect to a period equal to zero.
Let us consider one more example of the following nonlinear equation:

o (2) 2 () a0
u=0 for x=0,L. (1.360)

Introducing the fast and slow variables # and y, and approximating the function « in the form
(1.348), the following recurrent relations are obtained:
da(n) du,

9 a2 + =0 (1.361)
on | oy dn dy '
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82 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

2 [a(n)aaﬁ] +2 [a(rn%] ¥
n y

on on d
DI 1 B 4 i = g0 (1.362)
a3y TGS muy = q(y), :
uy=0 for y=0,1,
uy =0 for y=0,I, n=0,L/e, (1.363)

Equation (1.361) coincides with Equation (1.350), and the local problem is not changed,
when new terms are added without a change of higher order derivatives. Using the solution
(1.354), the following homogenized equation is derived:

dPuy 5 s p :
a—-+bu’ =q(y), b= [ bndn. (1.364)
dy? 0
BCs for Equation (1.364) have the form (1.363). It should be emphasized that
du dMO dul
M=M0+0(E), but a=d—y+a—n+0(£).

In other words, although the solution i to the homogenized equation approximates the func-
tion u with accuracy up to the terms of order ¢, in the relations for the derivative one has to keep
terms with u;. Their occurrence generates problems in the process of numerical computations
of the solution due to errors introduced by differentiations.

Let us now discuss the physical aspects of the coefficients of the homogenized Equation
(1.364). It is clear that both coefficients b and 1/a are averaged. Sometimes averaging of the
stiffness is referred to as Voigt averaging [60], [252], whereas the averaging of compliance is
called Reuss averaging [60], [210]. These estimations present averaged arithmetic and aver-
aged harmonic characteristics of the matrices and inclusions for composites. For a wide range
of problems true values of the averaged coefficients of the homogenized Equation (1.364) a;;
are located in between the averaged coefficients of Voigt (Eij) and Reuss (a;):

a;<a;<a (1.365)

i+

Estimation (1.365) is known as the Voigt-Reuss pitchfork or Hill pitchfork, although it has
been obtained first by Wiener [259]. However, the interval estimated in the mentioned pitchfork
is relatively large.

In Figure 1.19, as an example, results obtained via computation of the homogenized conduc-
tivity d of the composite material composed of the matrices and square inclusions are reported.
Input problem is governed by Laplace equations associated with a periodically nonhomoge-
nous medium.

A cell of periodicity presents a square of the side 1, whereas inclusions of the size 1/3 are
located symmetrically with respect to the square center, whereas the ratio of conductivities of
the matrix and inclusion is denoted by d,). Dotted (dashed) curve corresponds to Voigt’s (Reuss)
estimation. Solid curve corresponds to results of homogenization using numerical solution to
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1074 1072 1 102 104 do

Figure 1.19 Results of homogenization of Laplace equation associated with a periodically nonho-
mogenous medium, with the Voigt (dot curve) and Reuss (dashed) curve estimation

the problem on a cell [32], [63]. Figure 5.1 gives insight into application of estimation (1.365)
with respect to practical problems.
Let us consider now the eigenvalue problem

G g+ =0
esax (1.366)

u=0 for x=0,L.

We present the eigenform in the form of (1.358), and the eigenvalue A is presented by the
series
A=Ay +ed +E2 0+ ... (1.367)

Substituting series (1.358), (1.367) into the input BVP (1.366) and taking into account for-
mulas for the derivative (1.347), the following recurrent set of equations is obtained

da duo 0 aul
9af L 9 1,24 ~ o, 1.368
on dy 671[ on ( )
a auz a aul
—la=—=)+—=(a— )+
on \ on on \ 0y
02 d d?
o2 9 dion "0 4 dgug =0, (1.369)
dy on  on dy dy?
—(a—=)+—=(a— )|+ —=—+
on (“ an> on (a on ) " on " dy
Py o s (g, + 1) = 0 (1.370)
a a U U u) =0, .
dy on 4y 1Up T Ao\l 1
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84 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions
uy=0 for y=0,L, (1.371)
uy+uy =0 for n=0,L/e, (1.372)

The yielded value du, /on by Equation (1.368) is substituted into Equation (1.369) and into
BCs (1.371), and after averaging the following BVP with respect to u, 4 is defined:
d’u,
dy?
Now, Equation (1.369) yields

(3142 _ dul du()] + Cl(y)

a +10M0:O, MOZO for yZO,L

0_;1_ ady dy a

Due to periodicity condition of the function u, with respect to #, we get

_duy, oy . !
Ci=a +a—, for o = udn.
dy dy 0

Substituting the already found values u, u, into Equation (1.370), and applying the averag-
ing procedure, we obtain

L d7ug, L 0%y N
a dy2 + ),()MOI +a ayz + /10141 + A]MO =0. (1373)

BC for Equations (1.373) are obtained from BCs (1.372), and they have the following form:
ug; = —it; for y=0,L. (1.374)

Improvement term to frequency A, is defined via perturbation method, and then the slow
improving term to the homogenized solution 1, is yielded by a solution to the BVPs (1.373),
(1.374).

The approach described so far allows us to determine a solution in an arbitrary approxima-
tion regarding €. Its most attractive advantage is generality. Indeed, having found a solution to
alocal problem, one may also define a solution to the input problem, as well as solve the eigen-
value problem. If one adds into the equation nonlinear terms in a way not disturbing higher
order derivatives, then a construction of homogenized relations can be carried out in the simi-
lar way. The local problem remains the same as in the linear case, as well as the higher order
approximations being linear. The whole nonlinearity is located in homogenized BVPs with
smooth coefficients, which can be easily solved either via numerical or variational methods.

1.8.6 Differential Equation with Periodically Discontinuous Coefficients

We consider an application of the homogenization method to solve problems of DEs with peri-
odically discontinuous coefficients. They are also known as problems with periodic barriers
[251]. As an example we consider deformation of a membrane reinforced by threads.
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Equations of equilibrium in intervals kI < y; < (k + 1)/ are formulated as follows

’u  0’u
— + —5 = 00,y (1.375)
2 2
oxy  dy;
Condition of linking neighborhood parts, being also known as the matching of jump condi-
tions [251], have the following form

lim u=u"= lim u=u", k=0,+1,+2,...,
1 —ki+0 y,—ki—=0
+ - 2
<()_u> _ <ﬂ> =pﬂ’ (1.376)
oy, 9y, dxf

where p is the parameter characterizing relative thread stiffness.
BCs for x; =0, H follow
u=_0. (1.377)

Let us assume, that an external load is periodic with respect to y;, and its period L is essen-
tially larger than the distance between threads. Then, one may apply homogenization approach
by taking € = [/L as the perturbation/small parameter. Introducing, instead of y,, fast (y =
v1/D) and slow (y = y, /L) variables yields

o 1(d0  _ 0
—_— ===+ — . 1.378
o, L<® ¢ w) (1379

Function u is approximated by the series

u = ug(x,y) + € [ug (x, ) + uy (x, y, )] +
£ [ugp (%, y) + uy (X, y, M1 + ..., (1.379)
where 0 < a < @) < ...,x =x /L.

Substituting Ansatz (1.379) into Equation (1.375) and into condition (1.376), and taking into
account the formula (1.378), we get

v2y +£a—2 azul a—1 azul +8a1—282u2
0 on? dy on on?
%u
a1 2 4 0(e) = g, y), (1.380)
dy on
[ug + €% (ugy + uy) + ... 07 = [ug + € (ugy +uy) +...17, (1.381)
ou \ "t ouy \ %u
a—1 1 1 a 0 a
— ) - = + O = —+0 ,
‘ Kw) <w>] @)pdwz “4
where g = L*Q, p, = p/L, V?u, = Pug 4 g (.)r= lim u
q= »P1=P/Ls 0= 32 T e

It should be emphasized that a majority of the works devoted to homogenization of periodic
systems, in particular those purely mathematical, are carried out using the following implicit
statements: the occurred system parameters are of the same order. However, in our case a way

85UBO| 7 SUOWIIOD 8AReR1D) 8|edldde auy A peueob 818 s3I YO 188N JO SN 104 ARRIq 1T UIIUO AB]IA UO (SUORIPUOD-PUR-SLURYLIOD A3 | 1M ATRAG 18U UO//SARY) SUORIPUOD PUe WS L 8L} 88S *[£202/2T/TE] uo Arigiauluo AB|im ‘unssuibus jo Aiseaun exeya Aq /10p/woo A3 Im Arig1feuluo//sdny woy papeo umoa



86 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

0 2 a

Figure 1.20 Partition of the parameter quadrant plane into nine zones with different asymptotics

of construction of asymptotics essentially depends on the order of the relative thread stiffness
p; in comparison to parameter €. In what follows we introduce the parameter f characterizing
this order (p; ~ €”) and we study a possible character of limiting systems depending on a, f.

Owing to Equation (1.380), the following different limiting system occurs for 0 < a < 2,
a=2and a > 2:

02141
for 0<a<2 — =0, (1.382)
on?
2 Ou,
for ¢ =2 Vuy+—=gq, (1.383)
on?
for a>2 Viuy=q. (1.384)

Limiting relations are obtained from relation (1.381) for ¢ — 0, and they have the following
form

azuO
for pf<a—-1 — =0, (1.385)
ox?
ou; \ ™" ou; \ ™~ : 0u,
fi =a-—1 — ] - =) = e, 1.386
wpmant (%) (%) Bl
aul + ()ul -
for f>a—-1 — == . (1.387)
on on

The quadrant plane of the parameters f > 0, @ > 0 have nine different areas (Figure 1.20).
In what follows we are going to study them in some detail. Let f < « — 1, which means
physically that the threads are stiff. Equation (1.385) yields u, = 0 and hence we cannot apply
the homogenization approach here. For zones 1-3, we have the following governing limiting
equation
u,
on?

=q. (1.388)
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The case f > a — 1, corresponds to zones 4—6. Physically it means that we deal with weak
threads, and the limiting case is governed by (1.384).

Zones 7 and 8 are described by equations out of the physical meaning. A key role plays zone
9 (a =2, p = 1) associated with averaged thread stiffness. The limiting system is composed
of Equations (1.383), (1.386), and the transition conditions take the form

wh =y, (1.389)

o\ (ou\T 0% (1.390)
on on =P ox2’ '
where p, = p/l.
Equation (1.382) implies

u; =0,5(q - Vzuo)n2 + Clx,y)n + C(x, ).

Constant C(x,y) is associated with the term u;, which is defined through homogenized
equation of the successive approximations. Conditions (1.389) yield

C(x,y) = —0,5(q — V?uy) L. (1.391)

We have to satisfy one more condition (1.390), but there is a lack of constants. However,
condition (1.390) implies the looked for homogenization equation. Indeed, substituting the
found value u, into Equation (1.390), we obtain
azuo
0x?

Equation (1.392) should be integrated taking into account the following BCs:

Viuy + p, =gq. (1.392)

ug=0 for x=0,H/L.

Physically, a transition into Equation (1.392) is associated with a “smeared” of the threads
stiffness (transition into structurally-orthotropic theory). Finally, function u; can be approxi-

mated in the following way:
2

0 uo
u = 0-5172?’1(77 -1

In general, BCs are not satisfied. Boundary error quickly changes with respect to #, and
yields occurrence of a boundary layer u;,. We construct the latter through introduction of the
variable & = x, /I via the following series:

u, = €My (6,9, 8,m) + €2 (X, y,E,m) + ..,

where 0 <y, <y, <...
Equations yielding the function u,,, have the following form:

2 2
0 Upq d Upq

0&£2 on?

Upilyek =0, k=0,%1,....

’
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88 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

BCs (we consider only one edge) for x = £ = 0 have the following form:
Upp = —Up.

In order to construct boundary layer, one may apply the Kantorovitch method, taking u,,, in
the following form:

u,; = ©(En(n - 1).

and now the boundary conditions # = 0, 1 are satified. Furthermore, the standard Kantorovitch
technique can be applied [142].

Let us now describe more rigorously the notion of fast and slow changes of the load. Function
f(e, 0) is called oscillating with velocity £~! on the period 27, if [251]

2
0<C < / |f(e,0)|*d0 < C, < o0,
0

/ f(s,H)dH‘ <Ce¢ O0La<2nm,
0

where C, C,, C, are certain constants.

1.8.7 Periodically Perforated Domain

We consider the Poisson equation, which describes membrane deformation
Vu = f(x,y) (1.393)

in the multi-connected domain Q (Figure 1.21) [122], [123]. Small parameter € character-
izes a ratio of the characteristics size of the repeated part (cell) and the characteristic domain
dimension.

On the boundary of holes Neuman BCs are given

9% _0 on Q. (1.394)
on; '

where n; denotes an external normal to the contour of i-th hole.

L = Z 0[O
10|00 L
1 11O|0 |
" _@\@fg_/aza

Figure 1.21 Perforated medium
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Figure 1.22 Periodically repeated cell

Membrane edges are clamped
u=0 on 0RQ. (1.395)

We introduce fast variables & = x/e, n = y/e. The solution is assumed to be of the form

= uy(x,y) + eu (6,5, &) + e7uy(x, y, ) + ..., (1.396)

where u; (j = 1,2, ...) are periodic functions with period 1 with respect to &, 7.
Partial derivatives follow:
d 7} 1 0 d d 10
ox ox T oE oy oy ° oy (1.397)
A periodically repeated cell in fast variables is shown in Figure 1.22.
Substituting Ansatz (1.396) into BVP (1.393)—(1.395), and taking into account Equations
(1.397), the splitting procedure with respect to € yields the following recurrent sequence of
the BVPs:

u,  d*u, .
o + 6_;12 =0 in Q, (1.398)
ou;  OJu
Ty =0 on 0% (1.399)
Py | Pty o (Pun | P\ Py Py g (1.400)
= mn iy .
ox? 0y? ox 0 dy dn 082 on? '
0142 aul
E + E = 0 on in, (1401)
u;=0, i=0,1,2,... on 0Q. (1.402)

Here k denotes a normal to the hole contour in fast variables.
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90 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

We define the averaging operator in the following way:

d(x, y) = // O(x,y,¢&,n) dé dn. (1.403)

After application of the averaging operator (1.256), Equation (1.400) yields

02u0 02u0 a 2)+// 0%u, 0214] g dy -
o i oxoe " ayon )T

(1 — za®f. (1.404)

Homogenized BC takes the following form
uy =0 on 0Q. (1.405)

Now we proceed to the problem on cell (1.398), (1.399) taking into account the condition of a
periodic continuation, i.e. conditions of equality of the function «; and its first order derivatives
regarding the respective coordinates lying on contrary located cell sides are satisfied.

Reduction of the periodic problems to those of BVPs has been described, for instance in
monograph ([32], chapter 6). In both cases displacements on two contrary located external
cell boundaries as well as normal derivatives on two remaining sides are equal zero.

Assume that the opening diameter 2a is small in comparison to the cell dimensions. In the
first approximation u; (1, =~ u(ll)), one may transit into the infinite plane problem of the opening

6214(11) 0214(11)

IhL o, 1.406
P o ( )

2 2% 0 on 00 1.407
ok om = oM % (1.407)
W) >0 for &+n* - . (1.408)

In polar coordinates the BVP (1.406)—(1.408) can be cast into the following form
azu(l) 1 au(l) | azu(l)
1 1 1

1 =0, 1.409
or? + r or + r2 002 ( )
o, %0 059 — 20 ing, (1.410)
=—— — —sin .
or 0x o8 dy °
r=a
W) >0 for r— oo (1.411)
A solution to the BVP (1.409)—(1 41 1)is
0 0
WD = (20 050+ Z06ing (1.412)
1 ro\ ox ay

(1)

Observe that functions u, " do not satisfy the periodicity conditions. In order to avoid

compensating the discipancy, we obtain in the second approximation (u; ~ u(ll) + u(lz)) the
following BVP:

(2) =0in Q*

2(0.5.1) — P (<0,5.n) = u'"(=0.5.) — u"(0.5. ).
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u'?(£,0,5) - uP& -0,5) = ul"(£,-0,5) - u!"(£,0,5),
1 2(0,5,m) = u)(=0,5,m) = u)(=0,5,n) — ul (0, 5,m),
U (E,0,5) = u?)(€,-0,5) = u{)(,-0,5) — u{})(¢,0,5).

@ ;

Let us present «,™ in the form

M(lz) (12)+u(22>’ (1.413)

(12)

where functions u; = satisfy homogenous BCs with respect to & and nonhomogenous ones

with respect to #. The function u(lm can be obtained from u(llz) via change of the variables
Eenxey). "
The following BVP for ”(1 ) estimation is obtained:
Aul'? = 0in QF, (1.414)
u 20,5, = ulP(=0,5,m,uy. 20,5, m) = ul V(0,5 m), (1.415)

2(&,0.5) - uP(£.-0.5) = ul"(£.-0,5) - ul"(£.0.5).

(1.416)
Uy, (€,0,5) = ul V(€ =0,5) = uf )6, =0,5) = u[)(£,0,5).
A general solution to Equation (1.414) takes the following form:
(12) S
u, " =Ag+Byn+ Z[(Anch(Zﬂnn) + B, sh(2znn)) cos(2rné)+
n=1
(C,ch(2znn) + D, sh(2znn)) sin(zné)], (1.417)
where A,, B,, C,, D,, are arbitrary constants.
Let us present now BCs (1.416) in the following form:
0
0 2(6.0,5) — 1€, -0,5) = - S22 +0,25), (1418)
y
0
WD (.0.5) — (6, =0.5) = 2= L5 +0,25), (1.419)
X

Developing r.h.s. of relations (1.418), (1.419) into Fourier series and substituting solution
(1.417) into Equations (1.418), (1.419), we obtain

auo 2 auo "

A,=D,=0,n=0,1,...,B) = ——na" = —B,,
dy dy
aMO 2a2 —r . P . auo
= 2y shan [e7™ImE, (zn(i — 1)) — ™" ImE | (zn(i + 1))] = a—nyp
oug  Oduy
C, = B, including the change — = —,n=0,1,2,....
dy ox’
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92 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Here E(...) denotes integral exponential function ([2], chapter 5), i = v/—1.
Finally, we have

oy
7@ _ 2o
=g Byn+

D' B; ( =2shQznn) cos(2zng) + —>chQann) sin2zné) | .
~ dy ox

Function >~ is constructed in the analogous way.

Substitution of formula u; = u(ll) + u(lz)

nized equation:

(22)
1

into Equation (1.404) yields the following homoge-

Tty T (1.420)
q axz ayz - 9 .
where
8x2a*
=1—-7za®+ x
q a T
D Sh’:m (€™ ImE, (zn(i — 1)) — ™ ImE, (zn(i + 1))). (1421)

n=1

Series appeared in (1.421) is absolutely convergent with fastly decreasing terms |a,,, | /a,| —
exp(—x).

Homogenized BC for Equation (1.420) takes the form of (1.405).

In what follows we briefly discuss a paradox reported by Bakhvalov and Eglit [31]. They
considered two following cases. In the first case homogenization has been carried out for a
medium with holes. In the second case a certain medium with inclusions has been homoge-
nized, and then in the homogenized relations the characteristics of inclusions have been set to
zero. The corresponding limiting systems have not coincided. However, r.h.s. of the studied
Poisson equations regarding inclusions have been homogenized with respect to the whole cell
area, whereas in the case of the medium with holes — only on the cell area without opening.
The discussed paradox can be simply omitted. The r.h.s. for openings should be homogenized
regarding the cell area without holes, whereas coefficients of the 1.h.s. can be obtained via the
limiting transition applied to the problem on inclusions.

1.8.8 Waves in Periodically Nonhomogenous Media

The homogenization method for the problems on waves distribution in a periodically nonho-
mogeneous media is often defined via representation of its solution through a scalar product
of a periodic function and a certain modulated function. Mathematicians call this approach the
Floquet method [70], whereas among physicists it is known as the Bloch method [86], [143].

In what follows we recall how to find a solution to differential equation with periodic coef-
ficients. Consider the following Hill equation:

d?y(x)
dx?

where ¢(x) is the periodic function of period a.

- p(X)y(x) =0,

85UBD17 SUOLILLIOD) AA[IR1D 3|qedt|dde ayy Aq peusenob afe sapie YO ‘8sn JO Sa|nJ 10} Akelq1auljuQO AB|IAA UO (SUO N PUOD-PUR-SWLLBIWOY A3 | 1M Afeiq U1 [uo//SAny) SUORIPUOD pue sWwB | 3Y) 39S *[E202/2T/TE] uo AriqiTauliuQ A|Im ‘utsaulbug jo AiseAiun exeyq Ag /1op/wod Aa|im Azeiqpuljuo//sdny woly papeojumoq



Asymptotic Approaches 93
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Figure 1.23 Scheme of 1D composite material

A particular solution to Hill equation, owing to the Floquet theorem [70], has the following
form
y1(x) = @(x) exp(ipx),

where ®(x) is a periodic function of period a, and y is a complex characteristic exponent.
We demonstrate a use of the homogenization method via an example of the 1D lagered
composite (Figure 1.23) [80]. An equation governing motion of the neighborhood composite
parts follows:
Eup. — pity; =0, k=1,2. (1.422)

On the contact boundaries the following conditions hold:
uy =uy, Eju=Eu,,. (1.423)
In addition, the following quasi-periodicity conditions should be satisfied
u(x +d, 1) = u(x, t) exp(ird), (1.424)

where k = 1,2, r - wave number, r = 2z /L, L wave length.
The solution of the composite parts has the following form

up(x, 1) = Apexpli(pix + wt)] + B expli(—pyx + wt)], (1.425)

where p, = w/C,, C;, = \/E;/pi, k=1,2.

Substituting Ansatz (1.425) into BCs (1.423), (1.424), one gets a system of four linear
homogenous algebraic equations regarding unknown coefficients A;, B,. Comparing to zero
the system determinant yields the following Equation [37], [206]

b +1

cos(rd) = cos Q cos(Qa) — sin Q sin(Qa), (1.426)

oL, _ L, b= VEiIn

where Q = —L, a —

¢ T LG’ VEp,'
In Equation (1.426) parameter b presents a rotation of impedances of composite components,
whereas the parameter a stands for a time ratio associated with a wave transition.
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94 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Homogenized solution can be obtained from Equation (1.426) for small Q and small wave
number rd (long-wave approximation), and it is assumed that parameters a and b are of order 1.
Developing the right- and left-hand sides of Equation (1.426) into a Maclaurin series, and
retaining only the first terms, we get

(b—1)2a]?

Q=rd|(1+a)’+ -

(1.427)

In order to solve the transcendental Equations (1.426) one may apply perturbation method
different from the homogenization method. Let, for instance b = 1 + ¢, € < 1, then Equation
(1.426) can be cast into the form

cos(rd) = cos[Q(1 + a)] — €, sin Qsin(Qa), (1.428)

where £, = 0,5¢%/(1 + €).
In zero order approximation we have

cos(rd) = cos[Q(1 + a)],

and hence
Qo = (rd + 27k)/(1 + a).

Representing further the solution of Equation (1.428) in the form
Q=QO+£IQI + ...,

we get
_ sin € sin(2ya)
' (A +a)sintd)
In the case when neighborhood composite parts differ strongly with respect to stiffness, i.e.
b < 1, one may introduce a small parameter £, = 1/b, and hence Equation (1.426) can be
presented in the following form:

&, cos rd = g, cos Q cos(Qa) — %(1 + e%) sin Q sin(Qa). (1.429)

Possible simplification of Equation (1.429) may depend on an order of quantity a. If a ~ 1,
then L, /L, ~ &, (Iength of one composite part is essentially less than the length of the second
one), then a solution to Equation (1.429) can be predicted in the following form:

Q= \/5_290+£2S21 +.... (1.430)
Substituting series (1.430) into Equation (1.429) one gets (first approximation)
| .
cosrd=1-— 2—82 sm(\/gﬂo) sm(\/e_zgor). (1.431)
Developing the r.h.s. of formula (1.431) into series regarding €2, and keeping terms of sec-

ond and fourth orders, one may approximate with relatively high accuracy a chain of two
periodically repeated masses coupled via the same springs [192].
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2

Computational Methods for
Plates and Beams with
Mixed Boundary Conditions

2.1 Introduction
2.1.1 Computational Methods of Plates with Mixed Boundary Conditions

A computation of static and dynamic behavior of plates can be reduced to that of integration
of biharmonic equations with various BCs [5], [39], [72], [78]-[82], [85]. It is also clear that
an exact solution to that problem may be obtained only in rare cases, when the occurred BCs
allow separating the spatial variables [75]—[77]. Otherwise, a problem under consideration
should be solved approximately, i.e. numerically in majority of the studied cases. Mostly, the
Rayleigh-Ritz, Kantorovich, Bubnov-Galerkin, and Trefftz approximation methods (or their
various modifications) are used. The mentioned methods have been successively applied for
many years to solve various practical problems. However, efficiency of variational approaches
goes down when one studies mixed BCs, since a proper choice of functions satisfying different
BCs on different parts of a supporting contour does not belong to easy tasks.

The Finite Element Method (FEM) is one of the most popular and efficient variants of the
Rayleigh-Ritz approach. It has been widely applied to real world problems in mechanical and
civil engineering and beyond. Nowadays we have a wide spectrum of various FEMs allowing
us to solve any practical problem. However, even this so deeply developed method possesses
its own drawbacks. Namely, it is rather difficult to estimate the error associated with FEM
application, in many cases a computational instability occurs in BCs; also the computational
process is usually time costly and is not directly oriented to the particular problem that is being
studied.

FEM allows us to solve some problems devoted to static and dynamic behavior of plates
with mixed BCs. However, the problem associated with the error estimation that has occurred
belongs to a separate one and requires an additional and separate study.

Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions, First Edition.
Igor V. Andrianov, Jan Awrejcewicz, Vladislav V. Danishevs’kyy, Andrey O. Ivankov.
© 2014 John Wiley & Sons, Ltd. Published 2014 by John Wiley & Sons, Ltd.
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It should be emphasized that an interesting approximation method, devoted to computation
of plates with mixed BCs, has been proposed by V.A. Smirnov [72]. In this case a plate is
approximated via a set of coupled crossing beams. Moments on the simply supported beam
ends are equal to zero, whereas in the clamped beam parts the moment is unknown and is
defined by the method of forces. The problem has been studied in a matrix form. Vertical
displacements of beam on the contour equal zero. In the case of BCs change, a linear distribu-
tion of the boundary moment is assumed starting with zero (simple support) and ending on a
given value (clamping). This method has been also successively applied to solve the SSS and
eigenvalue problems of rectangular plates having mixed BCs of the form ‘“clamping-simple
support.” However, in the case of another mixed BCs, a direct application of this method is
rather complicated. In addition, a direct application of this method to estimate the critical load
values regarding stability problems is still open.

There also exists the V.A. Rvachev R-function method [53]. The R-function method allows
us to calculate eigenfrequencies and eigenforms of either natural or forced plate vibrations,
the SSS, as well as buckling of a plate with arbitrary BCs. In spite of that, this method seems
not to be widely known to the western community.

Analysis of plates with complex boundary conditions can also be carried out by the method
proposed by V.V. Bolotin [11]-[15], [21]-[22], [23], [24], [34], [35], [50]. This method relies
on the introduction of two components of a solution being sought: one is associated with the
plate internal domain, whereas the second one plays the role of a correction term of a boundary
layer type being localized in the small plate contour neighborhood. However, an application
of this method is rather limited and can be only applied to dynamic problems. In the case of
stability problems this method yields rather high inaccuracy.

Mixed BVPs of plates can also be attacked through methods associated with the use of inte-
gral transformations. For instance, in the case of half-infinite plates with various variants of
mixed BCs Shvabyuk applied the method of infinite integral transformations to solve problems
related to SSS of plates; whereas problems of SSS and vibrations of half-infinite plates with
various variants of mixed BCs have been studied by Zorski [93], [94].

The method of integral equation also has a wide spectrum of application [83]. In this case a
solution is sought in the integral form being equivalent to the initial-boundary value problem.
The obtained integral equation is solved approximately. Then, the method has been developed
to that of boundary integral equations. The obtained integral equation is reduced to an integral
equation regarding plate contour, which allows us to reduce the dimension of the problem, and
it can be easily solved numerically. If one approximates the contour via finite elements, then
the problem reduces to one that can easily be solved by FEM.

Most reliable results devoted to solutions of mixed BVPs of plates have been obtained
through the method of multiple series (or multiple equations). The basic idea of the method
follows. A general solution of the governing equations is sought, including a set of constants.
On each separated part of the associated BVPs the constants are chosen in a way to satisty
the BCs. Besides, if a solution is presented in the form of a Fourier series, then a number of
obtained different series overlaps with a number of BCs changes/variations. When a solution
is sought in the form of a Fourier integral, then a set of multiple integral equations is obtained.
Next, the obtained set of equations undergoes an action of a finite integral transformation
yielding eventually an infinite system of linear algebraic (integral) equations, which are then
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solved through known procedures. The method described so far has been successfully applied
to problems of SSS and vibrations of plates with mixed BCs ([37], [78]-[82]), to stability
problems of three-layered plates with mixed BCs ([6]), and also to contact problems of theory
of elasticity and bending of plates ([4], [92]).

For periodically mixed BCs the homogenization approach can be used [56].

An important role in application to various real structures with complicated BCs is played by
plates with free edges and lying on an elastic foundation. B.G. Korenev proposed the method
of compensating loads for their computation [51]. Instead of a domain occupied by a plate
the more wide (for instance, a whole plane) with two introduced loads is determined. First
one (fundamental) corresponds to that of the really acting load, whereas the second (compen-
sating) is chosen in a way to satisfy BCs on the plate contour. A solution governing infinite
plate behavior under the action of the first load is called the fundamental solution, whereas
the second is referred to as the compensating solution. A sum of solutions should satisfy the
differential equation and all BCs. In the general case, in order to define the compensating load,
a Fredholm integral equation is obtained. For many problems they can be reduced to a system
of LAEs. Other solution methods of plates with mixed BCs are analysed in [19], [33], [36],
[42], [45], [54], [57], [58], [59], [61], [70], [71], [73], [88], [91].

2.1.2  Method of Boundary Conditions Perturbation

The numerical and semi-analytical methods presented so far are oriented on application of
nowadays computational tools. However, their direct application to optimal design of struc-
tures is costly computation. Therefore, an important role in application is still played by the
development of approximate analytical methods devoted to computations of plates with com-
plicated BCs, allowing for getting simple and clear formulas, necessary for practical engineer-
ing computations with an emphasis on investigation of various factors (geometric and stiffness
characteristics, support conditions, etc.) on the structure behavior.

One of the possible approaches, directed to the solution of this problem, is an application of
the of perturbation of BCs. This method proposed by Dorodnitsin ([32]) may be treated as a
novel variant of the perturbation method. In what follows we briefly describe this approach.

Consider a BVP, governed by the DE

LWU)=0 (2.1)

and BCs
DU)=0 on 0G, (2.2)

where L(U) and D(U) are certain differential operators, and
D(U) = Dy(U) + €D, (U).
Parameter ¢ is introduced initially or in a way to simplify the operator Dy (U). If the BVP

LU)=0, DyU)=0 on 0G 2.3)
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is easily solved, then a solution for perturbed BCs can be sought in the form of a PS with respect
to €. In the final formula € = 1 should be taken. Let us note that the method so far described
and applied has been revised recently and is referred to as the HPM (see Chapter 1.2.2).

So, itis necessary to consider PS regarding € = 1. As arule they are divergent, which is man-
ifested by the occurrence of poles in the circle of » < |1|. In order to overcome this drawback
A.A. Dorodnitsyn proposed to use analytical continuation ([32]). The analytical continuation
([52], [66]) allows us to solve two fundamental problems: first, singular points of the function
using their approximation in powers of € are detected; second, computation of function values
in an arbitrary point of the interval 0 < & <1 is carried out. Unfortunately, no progress has
been made in that direction so far. A reason is mainly motivated by the fact that in order to
detect singular points it is necessary to get higher order terms of PS. In real problems it is
impossible. On the other hand, without the exact poles determining standard methods of the
parameter change during an analytical continuation procedure will fail.

Sometimes, the information regarding location of poles of a function being sought can be
achieved via coefficients of the differential operator L(U) associated with a studied BVP. How-
ever, it should be underlined that the quoted goals in the case of civil engineering have not been
achieved.

In what follows we demonstrate how to increase efficiency of the continuation procedure.
Let us consider BCs (2.2) in the following modified form:

Dy(U) + [D(U) = Dy(U)] =0 on 0G. 2.4)
Let us introduce the following new parameter € :
Dy(U)+ €,[aD(U) — Dy(U)] =0 on 0G, (2.5)

where « is a constant different from zero. BCs (2.4) and (2.5) allow us to obtain a link between

parameters € and £,:
ag;

T1-(I-a)e, 0

£

Function (2.6) transforms a circle of unit radius of the plane €, into a circle of radius 1/(2 —
€) with its center at ((1 — «)/(2 — «); 0) of the plane e. Therefore, if a solution to the BVP
(2.1), (2.4) does not possess singularities inside the circle in point (0.5; 0) of the plane ¢, and
the radius larger then 0.5 + &, where 6 is an arbitrarily small positive number, then for sufficient
small @ > 0, a solution to the BVP with BCs (2.4) will be analytical regarding ¢, for € < 1.
This is particularly the case for the well known Euler summation method (see Section 1.3.1).

The discussed variant of the BCs perturbation has been applied in [66] for solutions devoted
to the dynamics of viscous fluids.

A more general form can be obtained assuming a depending on ¢:

a(e))g; ac(P)e;
E=——— "  Oor e£= ,
1 —¢g/[1—a(e)] 1 —g[1—-ac(P)]

where o(P) is an arbitrary strongly positive function defined on the boundary 0G.

Unfortunately, a question regarding the proper choice of a coefficient & or the function a(e )
and o(P) remains open for many real problems. This is why an analytical continuation does
not guarantee an increase of the velocity convergence of a PS and does not remove the problem
related to the construction of the high order approximations.
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2.2 Natural Vibrations of Beams and Plates

2.2.1 Natural Vibrations of a Clamped Beam

Consider the problem having the exact solution. Namely, we are going to determine eigenfre-
quencies and the eigenforms of a clamped beam of the length /. The basic DE is

Elzg + pz, = 0, 2.7

where EI denotes beam bending stiffness, p is the mass per unit beam length, x is the spatial
coordinate, E is the Young modulus, / is the moment of inertia, —//2 <x < 1/2.
Let us introduce the following nondimensional coordinate:

x=Xx/L (2.8)
Equation (2.7) takes the form:
pl
Zox T Eztt =0. 2.9)

A solution to Equation (2.9) is sought through the variable separation of the form:
7= WX)T(@). (2.10)
After substitution Ansatz (2.10) into Equation (2.9) the following equations are obtained:
T+6’T=0, (2.11)
W —aw =0, (2.12)

where 67 is the circular frequency of the beam transversal vibrations, whereas A = p02[*(EI)™!
is the corresponding eigenvalue.
Solution to Equation (2.11) follows:

T(t) = C, sin 0t + C, cos 01, (2.13)

where C;, C, = const.
In order to obtain an eigenavalue problem we add to the Equation (2.12) the following BCs:

W=0, W =0 for x==+1/2. (2.14)

Let us introduce the parameter € to the BCs (2.14) in such a way that for € = 0 one gets a
simple support, and for € = 1 the clamped beam:

W=0, (1-eW' +eW =0 for x++1/2. (2.15)

For the remaining values of € (0 < € < 1) we apply conditions of elastic support with the
elasticity coefficient /(1 — €).
The mode W and the associated eigenvalue A can be cast in the PS:

W= Z(‘; We',  a= 20 s (2.16)
1= =
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110 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

We substitute Ansatzes (2.16) into Equation (2.12) and BCs (2.15). The following recurrent
sequence of successive BVPs is obtained after splitting with respect to powers of €

WY — 4Wy =0,

W, =0, W(’)’ for x==+1/2,

WY = 4oW; = ) AW,
j=1

_j7
l

i-1
W,=0, W'=xY»W for x=x1/2,i=12.3,...
j=0

Solution to the zeroth order approximation is as follows:

Ao = w*n?, n=1,2,3,..., (2.17)
cosznx, n=1,3,5,...
WO_C{sinzmx, n=2,4,6,...}' (2.18)

Let us consider the BVP of the first order approximation:

v _ cosznx, n=1,3,5,...

Wit =AWy = 4C { sinznx, n=2,4,6,... } ’ (2.19)
1 —(=Dr=b/2

W, =0, W/ =+Crn (=12 for x==x1/2. (2.20)

We rely on the observation that we cannot satisfy all BCs for arbitrary values of A,. This
drawback can be removed by adding certain conditions, which can be constructed following
the way reported in monograph [27].

Let us multiply Equation (2.19) by the further defined function u(x), called the adjoint solu-
tion. Integration by parts from —1/2 to 1/2 yields

1/2

” W@ = Aguydx + @W!" —u' W' +u" W —u"” Wl)ll_/f/z = (2.21)
1/2
j’l Woudx.
-1)2

We require that the integrand expression standing on the Lh.s. of Equation (2.21) will be
equal to zero,
u’ — dou=0. (2.22)

/1

Since both wy

and w'1 are unknown, we get
1/2

"W
-1/2

1/2

uw!” =0. (2.23)

—1/2
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Relation (2.23) can be satisfied if the coefficients standing by W|"” and W| are equal to zero.
BCs for u are as follows:

u=0, u"=0 for x==+1/2. (2.24)

Therefore, the function u represents the solution of the BVP for Equation (2.22) and BCs
(2.24). The given BVP with the accuracy of the assumed order coincides with the problem
of zeroth order approximation. Therefore, u = W), and Equation (2.21) takes the following
form:

1/2 1/2
-Wow'l =4 / Widsx. (2.25)
-1/2 -1/2
This yields the first correction term to the eigenvalue:
1/2
!/ 1"
WoWi ]
=———— = = dn’n?. (2.26)
W

Let us define the first order correcting term to the vibration mode:

(_1)(}l—|)/2

2ch(zn/2)
w, =< . 2.27)

n _(_l)n/Z
2sh(zn/2)

coshznx — xsinznx, n=1,3,5,...

sinh Zznx + xcoswnx, n=2,4,6,...

Function W, is defined with accuracy up to functions (2.18), but this additional term can be
removed because it has already been included in the zeroth order approximation.

Analogously are defined 4, and W,. The eigenvalue approximation truncated to three first
terms has the following form:

1 b 1
A=r*n* +4n°n’e + dzn |7n — = (coth ﬂ) —— 2+, (2.28)
2 2 2xn
Eigenmode W can be rewritten in the following form:
(=Hn=D/2 .
> cohn/2) cosh znx — x sin wnx
COS Tnx c | ~eostn
W=C< . + = €+
sin wnx A e
Tnh(en2) sinh znx + x cos znx
(_])(nfl)/Z
(—1);’+;C coshen/2) o — (coth H>(‘1)" 1 Cf)sh mnx |
27%n 1y 2 n sinh znx
sinh(zn/2)
sinh znx (=n+ic 1 ( >( DA | sin zZnx
X ——Z —|zn—~(coth Z2 - —x -
cosh znx 2n2 2 n COS Tnx
C COS Tnx 5 n=1,3,5,...
ﬂ2n2x{sin7mx} et {n=2,4,6,... ’ (229)
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112 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

The obtained truncated PS (2.28) can be transformed to the following diagonal PA:
ay+ae

_—, 2.30
1 +b1£ ( )

Apyn(e) =

Where Clo = Ao, al = il + blﬂo, bl = —/12/11

In what follows we are going to estimate an error associated with definition of eigenvalues A.

Since it is mainly influenced by BCs its main part is represented by the first eigenvalue of the
BVP (2.12)-(2.14). Solution to Equation (2.12) for symmetric modes is as follows

W = C, cos 2ax + C, cosh2ax, a = (1/2)(4)/4. (2.31)
Satisfaction of BCs (2.15) yields the following transcendental equation with respect to a:
4(1 — e)a cosh @ cos @ + e(cosh @ sina + cos a sinha) = 0. (2.32)

Numerical solution to Equation (2.32) for € = 1 gives the value of A = (1 .50567)*, truncated
PS (2.28) - 4 = (1.1542x)* (error of 23%), PA (2.30) - 4 = (1.5139x)* (error of 0.58%).

Dependence of the first eigenvalue versus ¢ is reported in Figure 2.1. Curves 1, 2, 3 are
obtained with the help of the truncated PS (2.28), PA (2.30) and numerical solution to tran-
scendental Equation (2.32), respectively.

It is evident that results associated with getting the first eigenvalue of the BVP (2.12), (2.15)
obtained through PA practically coincide with the exact solution for all values of the parameter
€, whereas the truncated series reliable results only up to € = 0.4.

In Figure 2.2 the change of the relative error in estimation of the first five 15 eigenvalues is
reported. Curve 1 corresponds to results obtained via the truncated PS part, whereas curve 2
is associated with results obtained by the PA.

Since for low frequencies a difference between the truncated PS and the PA is sufficiently
large, then it is advised to focus on the results obtained via the PA. For higher frequencies
(n > 10) the error associated with frequencies definition is less than 5% and it decreases with

Mr

02 04 06 08 0.9
€

Figure 2.1 Comparison of efficiency of different methods of determination of eigenvalues
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3 5 7 9 113 14
n

Figure 2.2 Comparison of efficiency of PA and truncated PS for first 15 modes of natural beam
vibrations

increase of the wave number. Besides, in the case of high valued frequencies estimation one
may get the upper (PA) and lower (truncated PS) values. Those estimations are of higher accu-
racy for higher frequencies.

Besides the numerical solution there exists a possibility of introduction of asymptotic sim-
plification of the transcendental equation for determination of the eigenvalues. Let us represent
@ in the form PS:

lw
a=> ; e, (2.33)

Substituting Ansatz (2.33) into Equation (2.32) and splitting with respect to powers of €, the
following system of transcendental equations is obtained

4a cos a coshay =0, (2.34)
4ay cos ag cosh ay + 4a; a(cos a sinh a; — sin a cosh a)—
(2.35)
4ay cos ag cosh o + sin  cosh a + cos & sinh ¢y = 0,
2 . . . (10
2§ 4a, cos ay + a;(cos a sinh &, — sin & cosh ay) + 2a; | { @, sinh > +
o 2 . o
> coshay |cosay — ay singgsinhay — | @, sinha + 5 cosha, | cosha — (2.36)

4[a; cos a cosh o + aga; (cos a sinh a — sin & cosh a)] = 0.
Equation (2.34) yields

cosay =0, ay = 27nn, n=13,5,....
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Furthermore, Equations (2.35), (2.36) give

R (2.37)
n
2 1 n 1
=2 (1oL @ ® — ) 238
% ﬂn( 27n an 2 w2n? ( )

Analogously, are constructed transcendental equations regarding antisymmetric modes, and
finally we get

o =7xn+ ie+ 1 1- L(cothﬂ)(_l)n _
n n 2 m2n?

e+ ..., n=13,5,... (239

Note that the truncated PS in Equation (2.39) is a fourth root from expression (2.28).

While constructing vibration modes we find a for € = 1; in addition we carry out the recon-
struction of the truncated PS into PA according to formula (2.30). Computational results are
given in Figures 2.3 and 2.4. Curve 1 corresponds to W, curve 2 — W, curve 3 — W,, curve
4 —Wy+ W, + W,, curve 5 — PA, curve 6 — exact solution.

2.2.2  Natural Vibration of a Beam with Free Ends
In what follows we study natural vibrations of a beam with free ends governed by the follow-
ing DE:

Wl —aw =o0.

BCs follow
w" =0, w" =0 for x==1/2. (2.40)

1.0

0.8

0.6

0.4

0.2

0 3

0.1 0.2 0.3 0.4 0.5
X

Figure 2.3 First symmetric vibration mode
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Figure 2.4 First antisymmetric vibration mode

In the rewritten form BCs are
W"=0, 1—-eW +eW” =0 for x==+1/2. (2.41)

Eigenmodes W and eigenvalue A can be presented as PS (2.16). Substituting PS (2.16)
into Equation (2.12) and BCs (2.41), after splitting with regard to €, the following recurrent
sequence of BVPs is obtained:

WY — 2oW, =0,

W(’)” =0, W(’) =0 for x=+1/2,

1

P
1 J

w'"=0 W=z Wj” for x=+1/2, i=1,2,3,....

Solution of the zeroth order approximation follows:

Ao = m*n?, n=273.4,.., (2.42)
COS TNXx, n=24,6,...
Wo=C {sin TNX, n=3,5,7,. } ) (2:43)

Eigenform with number n = 1 should be rejected, since this case corresponds to a kinemat-
ically modified structure.
After defining of W,,, the BVP of the first approximation has the following form:

(2.44)

W{V—AOWI =/11C{COS7mx’ n=2,4,6,...}’

sin znx, n=23,5"17,.
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m / 2o [ (=172
The solvability conditions yield
12 1/2
-Wow/'| =4 Wpdx. (2.46)
-1/2 -1)2
The first correction term of the eigenavalue follows:
A = —4x*n?, (2.47)

whereas the first correction form of the vibration mode is

12

2 sinh %
W, =Czn . (2.48)
(_1)(7!71)/2

2 cosh %

coshznx + xsinznx, n=2,4,6,...
sinh znx — xcosznx, n=23,5,7,...

Here the zeroth order component in the expression for w, should be rejected.
In an analogous way a second order correction term of the eigenvalue 4, is constructed, and
finally we get

A =r*n* — 4nx*n*e + 22*n* 3 + 7nCtanh=V"0.57n)e + ... (2.49)

Note that for the truncated series (2.49) the PA takes the form (2.30). In order to compare the
results obtained via the truncated series and PA we use a transcendental equation. We take a
symmetric mode like that governed by Equation (2.31). Satisfaction of the BCs (2.41) reduces
the problem to the following transcendental equation:

2(1 — ¢)sinh a sina + ejl(cosh asina + cos a sinh ) = 0. (2.50)

The first root of the transcendental Equation (2.50) for € =1 gives the eigen-
value A = (1.50567)*. Truncated PS (2.49) for n=2 gives the value A= (3.96967)*
(error — 163.54%), PA (2.30) for n = 2 gives A = (1.4670x)* (error — 2.56%).

In Figure 2.5 the dependence of the first eigenvalue versus € is reported.

The following notation is applied: curve 1 — truncated PS (2.49), curve 2 — PA (2.30), curve
3 — numerical solution. It is clear, that the first eigenvalue of the BVP (2.12), (2.41) that is
obtained with a help of PA coincides with the exact solution for all values of the parameter
€ < 1. At the same time threshold for truncated series € < 0.05.

In Figure 2.6 is shown the change of relative error regarding the first fifteenth eigenvalues.
Curve 1 — truncated series (2.49), curve 2 — zero approximation (2.42), curve 3 — PA (2.30).
One may get an upper (truncated PS) and low (PA) error estimations for the eigenvalues associ-
ated with this problem. However, it should be emphasized that the first and second term of the
truncated PS (2.49) exceed zero term with respect to their module, therefore numerical results
obtained with a help of the truncated PS essentially differ from exact values of the eigenvalues.
This difference may increase with the increase of eigenvalue number; therefore only the zeroth
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Al

Figure 2.5 Dependence of first eigenvalue of the symmetric vibration mode on &
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Figure 2.6 Relative errors in definition of first fifteenth eigenvalues for a symmetric vibration form
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118 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

order term should be kept in order to get the efficient upper estimation in the series part for A
in formula (2.49).

Let us construct an analytical solution of the transcendental equation (2.50). We assume for
a the PS (2.33). Substituting Ansatz (2.33) to Equation (2.50) and splitting it regarding &, the
following recurrent system of transcendental equations is obtained:

2sinag sinh o = 0, (2.51)
2a;(cosh o sin oy + sinh & cos &) — 2 sinh & sin oy + 2.5
22y(cos ag sinh o + sin & cosh ay) = 0,
2[a,(cosh ay sin &) + sinh a cos a) + a% cosh o cos o] —
2a,(cosh  sin ) + sinh o cos a;) + 4aya; cosh a, cos o + (2.53)
2q (sinh &g cos a + cosh a sin ) = 0.
Equation (2.51) yields
ay = 27n, n=24,6,.... (2.54)
Furthermore, Equations (2.52) and (2.53) allow us finally to get
a) = —2zn, (2.55)
a, = n°n” coth0.57n. (2.56)
The final « form follows:
a = 7n— zwne + #coth(_l)n%nez o (2.57)

2.2.3  Natural Vibrations of a Clamped Rectangular Plate

In this section we are aiming at generalization of the method so far proposed for the two-
dimensional BVPs. As an example we consider the natural vibrations of a rectangular plate
clamped on its contour (—0.5a < x < 0.55a,—0.5b <y < b). The governing equation is

DV*W + pW,, = 0, (2.58)

where D = Eh3 /[12(1 — v?)]; p is the plate mass per its unit; X, y are the spatial variables; v is
the Poissons ratio; V2 = 9%/0x" + 92 /dy".
Let us introduce the following notations:

y=y/b, x=Xx/b, k=a/b. (2.59)
After substitution of variables (2.59) into Equation (2.58) we get
b4
VAW + %W,, =0. (2.60)
A solution to Equation (2.60) is sought in the following form:

W= W(,y) - T@®. 2.61)
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After substitution of Ansatz (2.61) into Equation (2.58) we get
T"(t) + 6°T = 0, (2.62)
VAW — AW = 0. (2.63)

where @ is the circular frequency of transversal plate vibrations, and A = pf”b*D~! is its eigen-
value.
In order to get the eigenvalue problem, we attach the following BCs to Equation (2.63):

W=0, W,=0 for x==0.5%, (2.64)

W=0, W,=0 for y==05. (2.65)

BCs (2.64), (2.65) are introduced via € in the following form:

W=0, (1-e)W,+ekW, =0 for x==+0.5k, (2.66)

XX —

W=0, (1-eW,+eW,=0 for y==0.5. (2.67)

For € = 0 one obtains a simply supported plate, whereas for € = 1 one obtains BCs (2.66),
(2.67).

Further, we represent an eigenvalue A and eigenform W in the form of PS (2.16). The fol-
lowing recurrent system of the BVPs is obtained by substituting PS (2.16) into Equation (2.63)
and into BCs (2.66), (2.67), after splitting regarding €:

Wy=0, Wy,=0 for x==0.5k,
WO = 0, Woyy =0 for y= 105,

J
4 —
VIW; = AW = 2 AW,

i=1

W,=0, Wy =%kY W,

X

for x = +0.5k,

In what follows we present the construction of eigenvalues and modes for the case, where a
symmetry in directions of x and y is exhibited by eigenforms.
In zeroth order approximation we have

2
do= 7T 42 =1,3,5 2.68
o=\ F ) n,m=13,5,..., (2.68)
Wy = ccos %x cos zny. (2.69)
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The problem regarding first order approximation can be rewritten in the form:

VAW, — 2oW, = A, cos %x cos zny, (2.70)
m—1
W, =0, W,,=+mm(=1)"2 coszny for x==+0.5k, (2.71)
n-l Tm
W, =0, W, =xrn(-1)2 cos = for y==+025. (2.72)

A solution is sought by the method of variable separation assuming the function W, in the
form:
W, = Ylycos T x+X1xcos ny. (2.73)

Eigenvalue A, can be presented as the following sum:
Al = A+ Ay (2.74)

After substitution of Ansatzes (2.73) and (2.74) into Equation (2.70) and BCs (2.71)-(2.72),
the two following BVPs are obtained:

m2

Yl —2n 2k v/ -z 2(2§+n2 Y| = Ay, cos zny, (2.75)
n—1

Y, =0, Y'=xan(-1)Z for y==x05, (2.76)

m2 Tm

XV —2r*n?xl - 4ﬁ =z C o Xy = Ay 08 =%, (2.77)
m—1

X, =0, X'=xmm(-1)z for x==0.5k (2.78)

We present a construction of solvability conditions regarding the BVP (2.75), (2.76). Mul-
tiplying Equation (2.75) by a function u(y), to be defined later, and integration with respect to
y from —0.5 to 0.5 yields

0.5 2
m m
/ u(y) [Y{V - 2”k2 Y — ztn? <2—k2 + n2> Yl] dy =
05 (2.79)

/lly/ u(y) cos Znydy.
-0.5

Integration of Equation (2.79) by parts gives

0.5 2
/ V| 0) - 222y -t (225 4 ) | dy +
—-0.5 k2
uY{"% 5 —u’(y>Y”°55+ " @Y{1% s = u" 1125 - (2.80)
7[2 0.5
2= (WOIYIZG s = OMI%G5) = Ay / u(y) cos znydy.
-0.5

Comparison to zero of the integrand expression in the Lh.s. of Equation (2.80) gives the
following equation with respect to u(y):

2 2
u' (y) — wn ul (y) — z*n? (2’%2 +n2> u(y) = 0. 2.81)
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Computational Methods for Plates and Beams with Mixed Boundary Conditions 121

The following condition should be satisfied:

),111_2752'712 y!| 03 Tyl 105 — 282
u(y) ¥ 2 “os T MY 55 =0. (2.82)

Equation (2.82) is satisfied when the coefficients standing by ¥{ and Y{' are equal to zero, i.e.
uy)=0, u'(y)=0 for y==+0.5. (2.83)

The general solution to Equation (2.82) follows:

[2
u(y) = ¢, cosh 2% + n2y + ¢, cos ny. (2.84)

BCs (2.83) are satisfied by the second term, and hence:
u(y) = ¢, cos wny. (2.85)

Equation (2.80) yields the following solvability condition:

Ay, = 4nn’. (2.86)
We define also Y7, namely:
D7
n —1) 2 .
Y, =— | ————coshx —ysinzny| , 2.87
1= l2cosh ) Py—=y y] (2.87)

2 2
wherea=n2+';:—2;ﬂ1 = \/2'/':—2 +n2,n=13,5,....

BVP (2.77), (2.78) is solved in the analogous way, and we get

2
b, =427 (2.88)
m—1
r NS
L= ﬂ k(i cosh zf,x — x sin N (2.89)
ma | 2cosh 3 f, k

where f, = \/ %5 + 212, m = 1,3.5,.....
The first correction term of the eigenvalue A, and of the eigenmode W, regarding the sym-
metric form is
A = 4n’a, (2.90)

n—1
1 -hH=2 . Tm
W, =— < n|————coshr —ysinzny| cos — +
'™ za { lZcosh gﬂl Py =y y] k

m K-1)"T
k

—— cosh 7 f,x — xsin I cos Ty ¢, (2.91)
2cosh 2, k

n,m=1,3,5,...
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122 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

We define in a similar way also 4,. Truncated PS for the egenvalue reads

n2m_22 1
4 =r%a® +artae +drdma +2—5 — — —
ra? 2rm
1 m? T Iz
% <kﬁﬂlcoth( 1y ﬁﬂl +n2ﬂ2COth( by §ﬂ2> €2+ cees (292)
nm=1,3,5,....

Then, the truncated PS is transformed into the PA (2.30).

Let us now compare results obtained using the truncated PS (2.92) and PA (2.30) with the
numerical solution [39] for the first eigenvalue 4,. For the rectangular plate (for n =m = 1)
the numerical method yields A"V = (1.90937)*, whereas the truncated PS (2.92) gives
A = (1.53517)* (difference of 19.61%), the PA (2.30) gives the value AV = (1.91427)*
(difference of 0.26%).

In Figure 2.7 the dependence of the first eigenvalue of the studied problem A" versus & for
the truncated PS (2.92) (curve 1) and PA (2.30) (curve 2) are reported. It is clear that a threshold
value of €, for which a difference between results obtained via the PA and truncated PS will
be within 5% (e = 0.4). For € = 1 results obtained with a help of truncated PS (2.92) are far
from the numerically obtained values, and they can be used for the eigenvalue estimation from
below. Although results obtained through the PA are located higher than those of numerical
solution, they can be used for all values of the parameter 0 < € < 1.

Mn

02 04 06 08 09
€

Figure 2.7 First eigenvalue of the square clamped plate
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2.2.4 Natural Vibrations of the Orthotropic Plate with Free Edges Lying
on an Elastic Foundation

We consider the problem of free vibrations of the lying on the elastic Winkler-Fuss foundation
orthotropic rectangular plate (—a/2 <x < a/2;—b/2 <y < b/2).
PDE governing behavior of free vibrations of the orthotropic plate follows:

D\ W + 2D3Were + Dy Wi 4 pW,, + CW = 0, (2.93)

0 xxyy Wy

where D = E\h*/(12(1 — v;v,)), D, = E,1* /(12(1 — v;v,)), Dy = Dyv, + Gh3 /6, C is the
elastic foundation coefficient; D,;, D, are the cylindrical stiffness in directions x and Yy,
respectively; Dj is the rotational stiffness; E;, E, are the elasticity modulus in directions x
and y, respectively; G - shear modulus; v, v, are the Poisson’s ratios in directions of x and Yy,
respectively.

After separation of time and spatial variables (2.61), and introduction of the non-dimensional
variables (2.59), Equation (2.93) can be rewritten in the following form:

W + 203 W, + W, — AW =0, (2.94)

xxyy Yy
where @y = Dy/D,, @y = D, /Dy, 4, = (b*(mb* - ¢))/D,.
Let us add the following BCs to the Equation (2.94):

Wy + (2 = vW,, =0,

(2.95)
(1 —e)W, Fke(W,, +v,W,)) =0 for x==05k
Wi+ 2 =v)W,,, =0,
Y xxy (2.96)

(1 —-eW,FeW,, +w,W,,)=0 for y==05.

Eigenvalues and eigenforms are represented in the form of PS (2.16). Substituting these
series into Equation (2.94) and BCs (2.95)—(2.96), and splitting with respect to €, the following
recurrent sequence of BVPs is obtained:

WOxxxx + 2“3 WOxxyy + a W()yyyy - ’{0 WO = O’
Wy, =0, Wy =0 for x==0.5k
WO}’ = 0, Woyyy = 0 fOI‘ y = 105,

J
Wiveee + 203 Wiy, + 0o Wiy = AW, = 2 AiWiis
i=1

Wiger + (2 = v) Wy, =0,
for x = +0.5k,
-1
VV/-X =€k Zj;:()(Wixx +v Wiyy)’
Wiy + 2 =)Wy =0,
for y==+0.5.

-1
Wiy =€ Xioo(Wyy + 12 W),
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124 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

In zeroth order approximation we have:

2
+ a,nt|, (2.97)

4
m
Ao =7t [F + 20310 — 2

sin%x, n,m=23,5,17,...

Wy =X, Y, = {2:)‘;’;’;3; } . (2.98)
Tm _
cos ==X, n,m=2,4,6,...

Construction of further approximations will be illustrated and discussed for the symmetric
modes n,m = 3,5,7,.... We have the following BVP for the first order approximation:

Wi + 203 Wy o + 0 Wy0 — 20W) = 4, sin znysin %x, (2.99)
Wi + 2 = V)W, =0,
for x = +0.5k, (2.100)
W, = tk’z 2( +vin ) stmirny
leyy + (2 V2) O
for y=+0.5. (2.101)
W1y=iﬂ2 (n +v2k2 >( 1) iy sme
Solution to the BVP (2.99)—(2.101) is sought in the form
W, = X, (x) sinzny + Y, (y) sin ﬂ%x, (2.102)
A=A+ Ay (2.103)

Substituting Ansatzes (2.102), (2.103) into Equation (2.99) and BCs (2.100) and (2.101), the
problem is reduced for two one-dimensional problems:

m
XY () + 2032w X | (x) - 7 [— + 250 ] X, (x) =
1 3 1 3 1
k* K2
Ao sin EM (2.104)
1x k i . |
X100 = ahor® (45 + vy ) (DT
for x = +0.5k, (2.105)
X{”(x) - n*n2 - vl)X{(x) =0
A4 2 2m_2Y11 _ m? oy Yily) = (2.106)
VO) + 2037 7 T(y) — z* [2a3n o ) = ‘
Ay sinzny,
Yi(y) =+ (n +w )( HT
for y=+0.5. (2.107)

2
YI(y) = 2252 = v,)Y! () = 0
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Construction of solvability conditions is carried out by means of the previously described
algorithm. In what follows we give only final results:

2 2
Ay, = 4zt <% + v1n2> [n2(2 — v, = 2a3) — ’;’:—2] , (2.108)
2 2
Ay, = dx* <n2+v2%> [%(2—v2—2a3)—n2]. (2.109)

First correction to the eigenform W, follows as

[ m—1
(-H 2 i
X k ><n2(2—v1)+%>
m- 2 m
e ﬂ(kz +vn ) (=1)2 ) { sinh 7 f,x }
1= _ i
(%22 + a3n2> cosh %ﬂzk cosh zfk,x
205 1
sinh Z gk
2
cos Z-x
2 k .
(—l)mﬁ <n2(2—v1—2a3)_m_>x {Slnrrny}+
" k? . m cos zny
sin ==x
n=1
(=D ,
(I;:_z(z - V2) + i’lz)
2 n .
" <n2+v2']:‘—2> (=12 sinh zf;y
2 m? e - (2110)
<n * a3k_2) cosh 4, coshzf,y
28,
sinh %ﬂl
: Tm
1 [ m? cos ny sin ==x
=1"= <ﬁ(2_‘/2—2a3)—n2>y i
! sin ny cos %x
n,m=1,3,5,...
n’m = 2’4,6, e
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126 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

In the case of the second order approximation we get

m? P
2 2 (_2+V1" )
Ay = 4t [n2(2— Vi —203) — ’l%] {<m_ + v1n2> - ](2— X

2
k 2 i 2
l%(nz(z—vl)#;:—z) coth™D %ﬂ2—2<n2(2—v1 —2a3)—m—>] _

12 2
(”2""’2:_2) m n2+v2%>
2, x <ﬁ(2—v2—2a3)—n2> R Y @2.111)

2
<n2+a3']:l—2>

('Z—;(Z—vz)+n2><']:’—22(l—2v1a3)—n2) L<m—2 B 2>X

> 2
<n2 +a3'Z—2> 2n

m? b 209 m?
<m_2+vn2>]}_ﬁ(k_2+vln) k(n( _V1)+k_2>
K2 1 2(2

>
rl':—2+a3n2) <%+a3n2>

1 2
) <%(2—v2—2a3)—n2>},

2 2
m 2 2 m
</12y’ 2 11 ’Vl’v2’ﬁl> - </12x’” 2 "Q"’bﬁz)-

In the orthotropic case (D = D, = Dy = D, v, = v, = v) formulas for A and W take the
following form

o(m 5\ 4 m 2
A=rx ﬁ+n —4z"(1 +v) k—2+n €+ (Ao + A e + ..., (2.112)
( et
(=12 5
k <n2(2 —)+ ’;{%)
sin zrny sin %x . (-2
W = + > 4 — X
COS 71y COS %x (n2 + 'Z—2> cosh 7B,k /2
20,3
sinh 7 f,k/2
sinh 7z f,x X 2 cos %x sin rny
+ (== <m—2+vn2>x S + (2.113)
cosh 7 f,x m\ k sin Z=x | | | cos wny
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[ nt
D7,
('kn—z(Z -v)+ n2>
2 (=12 sinh zf,y
<}’l2 + k_2) +
cosh zf, /2 cosh zfy
sinhzf, /2
! ) cos zny| | | sin Zx
(=)= n? 4+ y e+ ...,
n k2 : m
sin zny cos ==X

o) e

m m?

NS
N
=
Il
o0
S
~
~~~
—
+
<
N
VR
IS
+
<
S
N~~~
| =
|

n? +

<ﬁ+n2> 2n?

m2 le
(ﬂzy;nz;ﬁ;la) - </12x;ﬁ;n2;ﬂ1>-

Results verification is carried out for the first eigenvalue of the free square isotropic plate. The
PA of the truncated PS (2.112) has the form (2.30). First eigenvalue of the BVP (2.94)—(2.96)
for obtained via the PA for v = 1/6 is equal to A = (1.1007)*, whereas the Bubnov-Galerkin
method [39] gives 4 = (1.22957)* (error - 10.51%).

For v = 0.3 the PA gives 4 = (1.1198x)*, the Bubnov-Galerkin method - 1 = (1.16837)*
(error 4.15%), the Southwell method [39] 4 = (1.14247)* (error 1.14%). It should be empha-
sized that both Bubnov-Galerkin and Southwell methods yields upper estimation of the eigen-
value. Zero order approximation yielded by the truncated PS and PA for € = 1 gives upper and
lower bounds of eigenfrequency, respectively.
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128 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

2.2.5 Natural Vibrations of the Plate with Mixed Boundary Conditions
“Clamping-Simple Support”

Lets consider the problem of natural plate vibrations (0.5k <x <0.5k,0.5 <y <0.5).
The plate is simply supported for x = +0.5k, and on edges y = +0.5 it has mixed BCs of
the “clamping-simple support” type. In what follows we study a symmetric problem first
(Figure 2.8a).

The original PDE has the form (2.63). We apply the BCs through the parameter € in such a
way that for € = 0 we have BCs of simply supporting on edges y = +0.5, whereas for € = 1
we apply the given BCs:

W=0, W,=0 for x==0.5, (2.114)
W=0, Wy,=HweW,+W,) for y==05 2.115)

y =

where: ﬁ(x) = H(x — puk) + H(—x — uk); H(x) is the Heaviside function.

| LI — — — —Lf///)’ffl
: s
| 0 | v ).(.
| [ 7 Y—
I I
| | 0.5
| | Y
y/rr7r7 — e v el JE AT
P, O LT
i —k/2 . | k/2 5
yy

(a)
I————V/f//////}ffiffl A
| I 0.5
Iy |
| | v X
| | I Y .
I | 0.5
| |
| |
Ce=—=—=—=p77777777777777

K
< K
y v
(b)
Figure 2.8 Schemes of plates with mixed BCs (— — — simple support, //// clamping)
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Computational Methods for Plates and Beams with Mixed Boundary Conditions 129

For this purpose eigenvalues and eigenforms are rewritten in the (2.16) form. Substituting
them into Equation (2.63) and BCs (2.114)-(2.115), and carrying out the splitting procedure
regarding &, the following recurrent sequence of the BVPs is obtained:

J
4 —
VAW, = dgWy = 3 AW
i=1
w. =0, Wiy =0 for x = 0.5k,
j-1
W;=0, W, =%H®x ) W, for y=z05
i=0
Let us study a solution to the problem for the symmetric with respect to eigenform axes x
and y case. In zero order approximation we have

Wy = XY, = cos %x cos zny, (2.116)
o\ 2
Ao=n4<n2+%> . mm=135,.... (2.117)
In the first order approximation, the following BVP is obtained:
VAW, = AWy = 4, W, (2.118)
W, =0, Wi=0 for x = +0.5k, (2.119)
Wy=0. Wy, =mn(-)T Hecosmmy for y=x05.  (2120)

A solution is sought in the following series form:
7i
W = Y,;cos —x. (2.121)
EZI;,”. 1i k

After substitution of Ansatz (2.121) into Equations (2.118)(2.120), the following two BVPs
are obtained:

for i=m: - 5
YV - z”k’f Y — ztn? <2’;€i2 + n2> Y,,, = A, cos zny, (2.122)
Y,, =0, Yl = iirn(—l)% Yo (v ==20.5); (2.123)
for i#m 5
Y{Y—Z%Yﬁ—ﬂ“ l<n2+’]%2> —g] Y,; =0, (2.124)
Y,; =0, Y= inn(—l)?yim (v = +0.5), (2.125)
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130 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

where
20.5 - u) — —sin2zmy  for i=m,
Yim =
4
7 (m 2 —i2)

[isinzwpicos mum — msin xumcos rui] for i+ m.

Removing secular terms, we define the first correction term:

A =4xny,, . (2.126)
After A, determination, we construct Y,
n—1
n GUES . .
Yi,, = —Ymm | ——coshzfy—ysinzny|, i=m, (2.127)
a 2chzp,

where a = n® + m?/k?, B, = \/2m2 [k? + n2.
Solution to the BVP (2.124)—(2.125) does not yield any correction terms to the eigenavalue,
but it gives some additional corrections to vibration modes, i.e.

el coshyy;y 2> m? 4+ n2k2
v n(-1)7 cosha,;y cos By;y 2.128)
1i= ) Yim - > 5 .
' 2”<%+n2> ™| coshay;/2 coshy,;/2 2 < m? 4+ n2k2
k cos f;/2

_ i24+m? P _ m2—i2 ) _ m2+i2 P
where ay; = 7/ —5— +n%, fy; = n\[ 5= + 0’y =\ 5 — 0t

Summing up expressions in (2.126) and (2.127), the following first correction to the eigen-
form is obtained

= i {ymm l (_ ) Coshﬂﬁly—ysinimy] Cos %X +
T

2cosh 2 5h
coshyy;y
cos By
coshay,y ! zm
(- 1) 5 2 Yim e ]’/2 - cos Tx - (2.129)
i=1,33,. li coshyy;/2
cos f;;/2

Here operator )|._, ;s denotes summation procedure without the term i = m
Proceeding in the analogous way, we get the formula for the second correction term to the

eigenvalue:
Yo | 7P 75/31 n? 3
Ay = 4n’n? l-—|—tanh— + ——=| » —
2= Ymm{ p 20 [ P * a 2

2n’ 2 % | —@tanhgy;/2
7 _ Z Yim I:(Xi tanh 5 + { ﬂlitanﬂli/z .

(2.130)
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In this case the truncated PS has the following form:

i=rtat +4n%n?y,, € + {4n2n2ymm <1 -z [ 2ﬁ Lcoth™ 1>’"”Tﬂl+

m’a
n 3 ont 2 -1 i
23 X oo S+
{l = 1,3,5,...}
i =2.4.6. ...
i (2.131)
—(PliCOth(_l.)l(p”/z e+ ...
pyicoth="'g,./2 ,
n—1
. (—=1)2 coshzp,y
COS =X COS 7rny n (=1)2 sinhzp,y
W = T —Yum
sin 2 sin 7y o cosh zf, /2
k sinh 7, /2

n—1
. {(—I)ET } {cgshal,.y}
{ sin ny }) {COS Tx} N (—=1)2 Z . sinh &,y .

cos zny sin ”me 2ra 155 im {COSh(x“/Q}
{i=2,4,6,...} sinha,;/2
cos §:x nom=1,3,5,...
k ’ s dy
{sm’;’x} et {n,m=2,4,6,...}’ (2.132)
1- 2M+( 1) sin2zmy  for i=m,

4 1 i\ . .
yim=<;.m l{m}slnﬂﬂlCOSﬁﬂm— (2133)

- {m} sin 7z um cos 7[/41'] for i#m,
i
Ay cosh @;y
Ay, sinh @,y
B coshg,;/2
sinh @;/2

Ay; cos f;y
Ay; sin B,y

Ay
Ay
i)
By;

where

for >m +nzk2

= for % <m®+n’k>.

cos f,;/2
sin f,;/2
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132 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

We solve the problem regarding computation of the natural frequencies for the plate with
nonsymmetric located parts of mixed BCs (Figure 2.8b). Formulas regarding eigenvalues and
eigenforms (2.131) and (2.132) remain valid assuming that the following transformations are
applied:

(-UmT_I - (=1, {COS ﬂmx/k} — sin 22y, {COS mx/k} — sin %x,

sin zmx [k k sin wix/k
m=12,3,..., i=12.73,..,

and y;,, follows

u— ﬁ sin2zmu  for i=m,
Yim = (2.134)
2 1 . . . . .
Pl [isin zumcos ui — msinwpicos rum]  for i+ m.

Further, we use PA (2.30), and we compute the value of the first eigenvalue associated with
the BVP (2.63), (2.114), (2.115) for € = 1. Computational results are reported in Figure 2.9.
A solid curve represents the dependence of the eigenvalue versus the parameter y for the plate
with symmetrically located clamping, whereas dashed curves correspond to the nonsymmetric
problem. In the limiting case (edges y = +0.5 are completely clamped) the first eigenvalue
obtained numerically A = (1.70507)*, whereas the PA (2.30) yields A = (1.7081xz)* (error -
0.18%). A dashed curve is associated with results obtained through the method of integral
equations. One may see that the difference in results is small.

In the frame of the proposed method, we may include an influence of the support stiffness on
the clamped plate parts. The dependence of the first eigenvalue of BVP (2.63), (2.114), (2.115)
versus the parameter € for various values of u is shown. One may conclude that the influence
of clamping stiffness onto the eigenvalue is mainly exhibited for elastic supports being similar
to completely developed supports.
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Figure 2.9 Influence of plate clamping parts on the first eigenvalue

85UBO| 7 SUOWIIOD 8AReR1D) 8|edldde auy A peueob 818 s3I YO 188N JO SN 104 ARRIq 1T UIIUO AB]IA UO (SUORIPUOD-PUR-SLURYLIOD A3 | 1M ATRAG 18U UO//SARY) SUORIPUOD PUe WS L 8L} 88S *[£202/2T/TE] uo Arigiauluo AB|im ‘unssuibus jo Aiseaun exeya Aq /10p/woo A3 Im Arig1feuluo//sdny woy papeo umoa



Computational Methods for Plates and Beams with Mixed Boundary Conditions 133

1.70

1.65

1.60

A

1.55

1.50

1.45

1.40

Figure 2.10 Influence of support stiffness on first eigenvalue

'— — VSN — —

0.5

0.5

|
I I
I I
I I
I %
I I
I I
I I
L ")

— — —V/ N —

DL P L

L

05k |. 05k

A
A
y

A
v
r
A

<
4
+&

Figure 2.11 Scheme of the plate with mixed BCs

2.2.6 Comparison of Theoretical and Experimental Results

In this section we study the problem regarding natural vibrations of the plate (—0.5k < x <
0.5k; —0.5 <y <£0.5), simply supported for x = +0.5k, and having on y = +0.5 mixed BCs
of the “clamping-simple support” type, where clamping parts are located symmetrically with
respect to plate sides y = +0.5 (Figure 2.11). .
The governing PDE has the form (2.63), wheres in BCs (2.114), (2.115) function H(x) should
be taken as follows:
H(x) = H(—x + pk) — H(—x — pk).
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134 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Applying this to the problem so far defined in our approach, one gets formulas for eigenval-
ues and eigenforms of (2.131) and (2.132). Formulas for y;,, in this case follow

Yim = 3

-

2u — 1) sin2zmu  for i=m,

1 i

— Sin 7 i Cos wum
(m2—i2) —-m H i+

(2.135)

4,
V1
-m .
Sin 7z jm cos 7 ui for i# m.

Furthermore, the truncated PS is transformed into the PA (2.30), and the first eigenvalue
is computed. Computational results are shown in Figure 2.12. A solid curve corresponds to
the obtained result, whereas the dashed and dash-dot curves correspond to theoretical results
reported in references [49], [65]. It is evident that all three curves almost coincide with each
other for all values of the parameter y. Experimental data [65] (points) are also close to

computed ones.

Observe that the graph of eigenvalue dependence on the parameter u possesses two zones:
0.0 < u <0.3and 0.3 < ¢ <0.5. On the first part an increase of the parameter y implies an
essential increase of 4. In the second zone the parameter y variation does not practically influ-
ence the eigenvalues positions.

Therefore, a plate having clamping parts of length being larger than y = 0.3, may be treated
as that clamped on edges y = +0.5.

In Figure 2.13 the dependence of eigenvalue A versus parameter € for various y is reported.
It is clear that the influence of support stiffness is strongly exhibited for € > 0.7.
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Figure 2.13 Influence of clamping lengths on the first eigenvalue
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Figure 2.14 Plate with mixed BCs

2.2.7 Natural Vibrations of a Partially Clamped Plate

We consider now the more complicated case of the BCs, i.e. partially clamped plate along
its rectangular contour (0 < x < k; —0.5 <y < 0.5). It is simply supported on the side x = k,
clamped on the side x = 0, and has mixed BCs of the type “clamping - simple support” on
the sides y = +0.5 (Figure 2.14). Plate vibrations are governed by the PDE (2.63), and the
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136 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

following BCs are attached:
W=0, W,=eHx)(W,FW,) for y=z05
W=0, W, =W, +kW,) for x=0, (2.136)
W=0, W, =0 for x=k,

where H(x) = H(x) — H(x — uk).
Substituting PS (2.16) into the BVP (2.63), (2.136) yields the following system of equations:

VAW, — 4,W, =0,
Wo, W()yy =0 for y= iOS,
W(), WO)OC =0 for x= 0, k,
J
4 —
\ ij_/’{o‘/vj—Z/liVVj_i,
i=1

j—1

W;=0, W, ==%Hx) Y W, for y=zx05,
0

j—1
W;=0, Wy =k) W, for x=0,
=0

Wj:O, W.. =0 for x=k.

Jxx

In zero order approximation the problem is reduced to that of the plate simply supported
along its contour, and hence its solution follows:

Cam Cf)szmy, n=1,3,5,...
W0=XOY0=sm7x sinzny, n=2,4,6,...¢, (2.137)

2
z—“”iz ) =7 2.138
0=T k2+n = 7*a. (2.138)

First we consider the BVP of the first order approximation:

n—1
(=1 — m
Wy =0, W, =% 7nH(x) sin Tx for y=+0.5, (2.140)
(-1
_ _ Cos zny _
W, =0, W, ,=7mm { sin nny} for x=0, (2.141)
H(x) = H(—x + pk) — H(—x — pk), (2.142)

where il = ’le + /Ily’
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Computational Methods for Plates and Beams with Mixed Boundary Conditions 137

Its solution has the following form:

_ Cos zny = Tl
W, =X, { sin oy } + ; Yy;sin -x. (2.143)

Substitution of Ansatz (2.143) into Equation (2.139) and BCs (2.140)—(2.141) yields the
following three BVPs:

2 2
XV — 222X - n“% <2n2 + ’Z—2> X, = Ay, sin %x, (2.144)
X, =0, X'=zam for x=0, (2.145)
X, =0, X'=0 for x=k, (2.146)
fori = m:
2 2
v 2m” o 4. 2 [ A 2 _ COs wny
X, — 27 ﬁYlm —7'n <2§ +n > Yy, =4y {sin ﬂny} , (2.147)
n—1
YV =0, vyl =54 D> for y==+0.5 2.148
1m — Im =+ (_])g TNY ym or y==®U.), (2. )
for i # m:
. 2 .
Y’V—2n2ﬁy’(—n4 ’"—2+n2 _2 Y,; =0, (2.149)
1i k2 1i kQ k4 i
n—1
yV=o, yl=gz{ CDZ for y==+0.5 2.150
i =0 L= (—1)5 nny,, for y==+05. (2.150)

where y;,, is defined through formula (2.134).
BVPs (2.144)—(2.146) and (2.147)—(2.148) possess secular terms, and their removal allows
us to define 4;, and 4,

z*m?
Ay =2 2 (2.151)
Aty = 472177, (2.152)
Eigenfunctions of BVPs (2.144)-(2.146) and (2.147)-(2.148) follow:
X, = % [cosh prx — coth frk sinh f,x — cos %x + %x cos %x] , (2.153)

()
_1\yn+l -1 3
Yl _ (=D Y m (=12 COShﬂly} _ (2.154)

" o 2{coshﬁ1/2} {Sinhﬂ1y

sinh g, /2

y sin zny n=1,3,5,...
coszny ||’ n=2,46,..."
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138 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Solutions to the BVPs (2.149)—(2.150) do not influence the eigenvalues but they bring in
corrections to the eigenforms, i.e. we get

=l {COShaliy} {Au}
Y, ="y, e sinhay ) LA . (2.155)
2ra’ ™ (—1)5 {coshali/Z} {Bli}

Summing up formulas (2.151) and (2.152), the first correction term is found:

2 [(m? 2
A =27 5l + 20 Ym | - (2.156)
The first correction term of the eigenform is defined by formulas (2.143), (2.153)—(2.155):
W, = 27% [cosh prx — coth f,k sinh f,x — cos %x + %x cos %x] {Z?ﬁ:;g} +

-7
n (=13 cosh f,y sin zny Tm
(—1)”+1 —7, I — . 1 -Y sin —x +
za'™ 5 [cosh /2 sinh By cos zny

sinh g, /2

el coshay; Ay
n JEDTQ sinhay; A ) | . mi

£ . - —x. 2.157
2ra N ; im cosha,;/2 By o ( )
(=D2 sinh a;;/2 B,,
In an analogous way we find second correction to the eigenvalue. Finally, the eigenvalue
being estimated has the following form:

2
4= r*a® + 272 (% + 2n2ymm> €+ (o, + Ap el + ... (2.158)

where

2.2 2
/12x=2”m {1+ k (%—ﬁzcothﬁzk)— Yo <n2—m—>+

k? 2n2a 272a
4 n? - 1 A m?
_2'_27/"’" 22 242 - 2 y2 _2_"2 ’
T m =1 (l—;n ><t+2m +2n2) 2rta k
k k

+

j'2}' = 471'21’12 {ymm L [ !

1 . .
% % . E (ﬂZ Slnhﬂzﬂk SlIlﬂ'[lk -
% cosh f, uk cos my + % — coth f,k(p; cosh f, pk sin xmu —

M Ginh f mk cos nmy)) + L (L sin2zmy +
k 2zm \2zxm
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2
(1—/4)00827rmﬂ—1)]—m—m ﬁtanh&—l +
ma \ 2 2
(=D" P1i
RS -1y % @iicoth 2

Z y2 |a,coth=D" — — -

2l &M 'y
=1 (=1)"pyeoth™"" St

Vinm m?
A 8r2a? <n2 B ﬁ) '

In the next step we transform the results obtained via truncated PS (2.158) into the PA (2.30).

Let us compare the obtained results with known solutions obtained for some limiting cases.
For u = 0 we get a plate clamped on one side and simply supported on the remaining plate
sides. In this case the first eigenvalue A", obtained with a help of PA in (2.30) is equal to
(1.55207)*. The eigenvalue obtained numerically - AV = (1.5501x)*, and the error is 0.12%.

In the second limiting case (# = 1) we have a plate simply supported on one side and
clamped on the remaining three sides. First eigenvalue obtained through our method yields
A1 = (1.79637)*. The comparison has been carried out with results reported in [53], where the
eigenvalues have been obtained using the method of the series, finite differences, R-function
method, and the Bolotin method. Largest error achieves 0.76%.

For a plate clamped on its half of the contour y = 0.5, the PA gives AV = (1.6076x)*. In
reference [53] eigenvalues obtained via the R-function method are reported, and the largest dif-
ference is 6.5%. For the eigenvalue obtained via finite difference method [53], the error is 3%.

In Figure 2.15 the dependence A" versus parameter y is reported. The graph has three char-
acteristic zones: [0, 0.3], [0.3,0.85], [0.85, 1]. In the first and third zones the eigenvalue prac-
tically does not depend on the parameter . In the second zone A(") essentially increases with
increase of u. The discussed results show that the occurrence of the clamped side x = 0 influ-
ences the eigenvalue of the plate vibrations essentially. Occurrence of symmetrically located
plate support on opposite plate sides practically does not influence the fundamental frequency
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Figure 2.15 Dependence of the first eigenvalue versus the clamping length
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Figure 2.16 Dependence of the eigenvalue A" versus parameter &

up to the value of u =~ 0.3. In this case, where plate sides y = +0.5 are almost completely
clamped, occurrence of simply supported parts does not influence the fundamental vibration
frequency. In some cases a minor change of the clamping length changes values of the funda-
mental frequency essentially.

One may also estimate the influence of the clamping stiffness on the fundamental frequency.
In Figure 2.16 the dependence of A" versus parameter ¢ for various values of the parameter y
is given. Contrary to the previous problem, influence of the parameter £ on A" is essential for
the whole interval of the parameter € variation, although for 0.8 < & < 1.0 with the increase
of € the eigenvalue increases fast.

2.2.8 Natural Vibrations of a Plate with Mixed Boundary Conditions
“Simple Support-Moving Clamping”

Let us consider natural vibrations of a rectangular plate (—0.5k < x < 0.5k; —0.5 <y <0.5)

simply supported on edges x = +0.5k, and having mixed BCs “free edge moving clamping.”

First, we solve the problem for a plate having symmetry in two directions (Figure 2.17a).
Plate vibrations are governed by the PDE (2.63). Let us attach the modified BCs of the form

Wy + (2= VW, =0,
W, = eH@[W, F (W, + VW, )] for y=+0.5, (2.159)
W=0, W, =0 for x==0.5k (2.160)

where ﬁ(x) = H(—x + pk) — H(—x — uk).
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Figure 2.17 Plates with mixed BCs; — — — - simple support, //// - moving clamping, — - free edge

Next we apply our method to the BVP (2.162), (2.159)—(2.160). As a result we obtain the
following recurrent sequence of the BVPs:

V4W0 - XOWO = O,
Wy=0, Wy, =0 for x==+0.5k

Woy = 0, Woyyy =0 for y= 105,

VAW, = 2gW; = D AW

i=1
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142 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

W, =0, W, =0 for x==05k

+Q2-vW,

Jjxxy

J}yy 0’

Wy =+ Z Wiy + VW) for y=+0.5.
i=0

Solving the stated problems, the following formula for the eigenvalue is obtained:

m? Ymm [ 7 m?
ﬂ=7r4a2—4ﬂ4<n2+vk—2>ymm£+{/11 1- . 2_ﬂ1 112—(2—v)k—2 X

2 m? 2 m?
2 n- 4+ (2 - V)—2 nc + V_2
coth " Z L e ||,
ﬁ e K @ 2n?
2 i
47[2 <n2 " V%> % . 123:5 tm [(1 - V)_ +a COth( 1) 1i a—ll[(l_
) cothCD € . L
2 2 o las
2 2 n’m 9 )y Jdy e
V)k2 ’ (VT e {n’m=2»4,6,...}’ (2.161)
coth e
and the eigenmode W are obtained
COS 7Ty COS %x
W =4 sinznysin ”T’"x +

n—1
2 m? b=
n<n2+v']%2> (n +(2+v)k2){ (_1)'% } {coshﬂﬂly}
+

a i sinh 73, /2 sinh 73,y
coshzpf, /2
o (2 m? y sin ny sin %x
D+ e cos 7ny cos %x +
- A=v)i2+m? 2]
r-DT Y [ {COSh“”Y}+
" sinhay;/2 sinh ;¥

i=1,3,5,... al,.{ ' }
{i=2,4,6,...} cosha,;/2
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[(1—v)i2—m2 2] .
— —n Tl
; K2 D, cos —x n,m=1,3,5,...
-y li k e+ ...,8 U . 2.162
b {Cl,-} {DZi} {sin%x}} n,m=2,46,... ( )
2i
where

-

2u — % sin2zmu  for i=m,

i . .
Yim = 4. 21 = SIn 7 Yt COS 7w um-+
T (m~=i) —m

—m . . .
{ ) sin 7z ym cos nmz] for i# m,

1

—~
——
Il

{ sinh /2 } for 2> m?+k*n?,

coshg,;/2
Ci\ _ Jsinpy/2 2 2,122
{Czl}_{COSﬂh-/Z for © <m”+k°n’,
L cosh
D.. (p—”COS @1y
{Dll} = for %> m?+k*n?,
2i 1.
! o sinh @y;y
1
b ﬂ—“COSﬂu)’
{D”} = for 2 <m?+k*n’.
2i 1.
' " sin fy;y

free plate part (Figure 2.17b). For this purpose it is necessary to change

The obtained formulas also have application in the case of nonsymmetric position of the
{Psin(zrmx/ k)

cos(zmx/k) }

cos(wix/k)

sin(rix/k) } by sin(zix/k), m =1,2,3,...,i=1,2,3,... in formulas

by sin(zmx/k), and {

(2.161) and (2.162).

In this case coefficients y,, are defined by formula (2.134). Furthermore, truncated PS
(2.161) is converted into PA (2.30), and we compute its value for € = 1. Computational
results are shown in Figure 2.18. A solid (dashed) curve corresponds to the case of symmetric
(nonsymmetric) free edge location. In the limiting case, where edges y = +0.5 are free, the
solution obtained so far can be compared with a numerical one. For v = 0.3 the numerical
solution yields A = (1.27587z)*; the PA solution—A = (1.2766x)* (error of 0.15%). For
v = 1/6 the numerical solution gives 4 = (1.31327)*; PA - 4 = (1.31227)* (error 0.08%).
Error regarding determination of eigenvalues decreases with a decrease of the Poisson’s ratio.
Decrease of the Poisson’s ratio causes a shift of the BCs to that of the moving clamping, and
hence a contribution of zero order approximation increases in the series of the eigenvalue
estimation.
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Figure 2.18 Eigenvalue versus length of mixed BCs

Let us consider influence of the geometric dimension of mixed BCs on the eigenfrequency of
plate vibrations for v = 0.3. In Figure 2.18 one may distinguish three parts: [0,0.5], [0.15,0.35],
[0.35,0.5] in the case symmetrically located free plate edge and [0,0.2], [0.2,0.6], [0.6,1.0] in
the nonsymmetric case. In the first zone the eigenvalue A depends on geometric dimensions of
the plate free edge in essentially nonlinear way, and it decreases negligibly with increase of y.
In the second zone almost linear dependence of A versus p is obtained, and small increase
of the geometric dimensions of the free plate edge yields remarkable changes of the eigen-
value. In third zone with increase of dimension of the free edge the eigenfrequency decreases
insignificantly. This zone is wide one in particular in the case of nonsymmetrically located
free edge part. The obtained and discussed so far results show that small dimension BCs do
not have significant influence on the eigenavalue.

2.3 Nonlinear Vibrations of Rods, Beams and Plates
2.3.1 Vibrations of the Rod Embedded in a Nonlinear Elastic Medium

We begin investigating nonlinear vibrations of spatially finite continuous systems with a study
of longitudinal vibrations of the rod embedded into a nonlinear-elastic medium. This will serve
as an example for introduction of our asymptotic techniques suitable for solution of similar
problems as well as for illustration of some peculiarities of the obtained solution being typical
and common for many other problems exhibited by continuous mechanical systems. We study
the following equation regarding displacements:

20%u  0%u

= pyu— epou’ = 0. (2.163)
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Computational Methods for Plates and Beams with Mixed Boundary Conditions 145

Rod ends are clamped
uly=9; =0, (2.164)

where: u is the longitudinal displacement; / is the rod length; a = \/E/p; p,,p, are the
coefficients characterizing influence of the external medium; € is the nondimensional small
parameter.

We are aimed on founding a periodic solution of the following form

u(x,t) =ulx,t+7), (2.165)

where: T = 27 /w - period, w is the frequency of vibrations.
We rescale the time
T = a)[’ (2166)

and we propose the following PS of the solutions being sought:
U= uy+eu; + 4y + ..., (2.167)
0 =wy+ o) + 2wy + ..., (2.168)

where @, = \/(ax/1)? + B, is the fundamental frequency of the associated linear system for
e=0.

Substituting Ansatzes (2.166)—(2.168) into the BVPs (2.487)—(2.165) and comparing terms
standing by the same power of g, the following recurrent system of linear equations is obtained

2 2
,0 Uy , 071

2 P52 T Brug =0, (2.169)
’u 0’u 0%u
? ()x21 - w% 6121 =Py = 2“’0601?20 + ﬁzug, (2.170)

BCs (2.164) and periodicity conditions (2.165) take the following form
Uil =gy =0, (2.171)
wi(x,7) =u(x,7+2m), i=0,1,2,... 2.172)

Solution of the BVP (2.169), (2.171), (2.172) corresponds to the following zero order

approximation:
[ a)l.in .
Uy = ;Ai sin (w—07> sin (’%) , (2.173)

where: A is the amplitude of the fundamental mode defined by initial conditions; Aj, Jj=
2,3,4, ... are the amplitudes of successive harmonics; w!i" =\/(axi/D? + B, i=1,2,3,...

are the frequencies of harmonics associated with the corresponding linear case, o, = a)llm.

Next approximation is found via solution to the BVP (2.170)—(2.172). Note that in order to
olin

avoid secular terms, coefficients standing by sin w‘ r> sin (”fx), i=1,2,3,... are set to
0
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146 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

zero in the r.h.s. of Equation (2.170). Taking into account Ansatz (2.173), this condition yields
the infinite system of nonlinear algebraic equations of the form

20,0, 2 24 S
2L (gl ? —A —A A , 1=1,2,3,.... (2.174)
Solution to system (2.174) allows deﬁmng the second term of PS (2.168), i.e. correction
term @, of the frequency being sought generated by the nonlinearity of the problem. In what
follows we analyze solutions of system (2.174). Vibrations modes are defined as follows:

u="Y A;sin(@)sin (%x) +0(e), (2.175)
i=1
lm

where Q; = w are the frequencies.

lm 4

Ina general case one deals with only one i-th harmonics, and therefore

942 By
Aj=0, o= —2, JEN, j#i. (2.176)
32( lln)
Wanted amplitude-frequency relation has the following form
: b
Q; = 0" +0.28125- —¢& + 0(e), (2.177)

wherei=1,2,3,....

Positive (negative) value of € corresponds to the stiff (weak) characteristic of the restoring
force.

Occurrence of internal resonances between harmonics belongs to peculiarities of a continu-
ous system vibrations [8], [9]. In the case considered the phenomenon mentioned so far appears
for f, = 0. In this case, the form of nonlinear system (2.174) is changed qualitatively to yield

2101
“ Loy = %Af +2A A2+ A2+ A2+ AD) +
Prog

3
SAIALAL + A A5, + A 1A A + AAAs) + —(AfA3 +AZAD) + ..,

ZAzwl( 11n)2
ﬁza)o 16 2

g(A,A2A3 +AAA, + A AAS + A AAs + AsAAs) + (2.178)

—A2(A2 +A]+A]+AD +

i(AfA4 +A§A4) +

2 \3(L1 liny2 9 3 2 2 2 2
+ —A; —A AT+ AS+AT+HAD) +
ﬂZwO ( ) 16 3 3( 1 2 4 5)

g(A1A2A4 FAAA, + A AZAs + ArALAS) +

%(AlAg +AJAs + AJAs) + ...,
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Computational Methods for Plates and Beams with Mixed Boundary Conditions 147

2A4C()1 ( ]1[1)2

B 16 4+ A4(A2+A2+A2+A2) +

g(AlAzA3 + AAyAs + AyA3As + A3ALAS) +

3
—(AzAf +A2A§) + ...,

2A5C01 ( ]1[1)2

B 16 5+ AS(A2+A2+A2+A2)+

3 3
SAIAAL + A4z, + 1—6(A1A§ +AMA; + AZA| +AAD + ..,

An HPM can be applied in order to solve the infinite system of nonlinear algebraic equations
(2.178). On the r.h.s. of each i-th equation of the system (2.178), where the following condition
is satisfied (k > i) U (I > i) U (m > i) the u parameter is introduced before each of the following
terms A AA,,, k,lLm=1,2,3,...:

2;‘21;;‘ @P = 24+ (3AA3 4 AT+ AT+ aD) +
—(A1A2A4 +AAGA, + A AAS + AALAQ) + i(A%A3 +A2A5) + ) ,
2;‘;‘;1 (@2 = 16A§ + 202, 4 g (34,03 4 A3 44D +
%(A1A2A3 +ALAA, + A AYAs + A AAs + A4 A5) + 2.179)
i(A%A4 +A2A,) + ) ,

21“3501 ln 2 3,9 3 2, A2 2,
mye = —A + —A; + A A +A + A A

U (ZA3(A§ +AD+ g(A1A2A4 +AAA, + A AZAs + AyA As) +

3.2 2

(A5 + A4A5)+...>,

2A,0 3

ﬂ;o 01( wlhy? = ; 6 4+ A4(A2+A2 A§)+§A1A2A3+

§A4A§ + g(AIAZA5 +AA5As5 + A3A4As) + ) ,

2 2
E(AzAl +AA) +u <4

2A50, olin2 3,3 2 L A2 4 A2 42
2 — 2 43 34 W2 p A2 A+ AD) 4
ﬁZwO( ) 165" 4 5( 1 2 3 4)

3 3
SAIAA, +ArA54,) + R(AIAg +ATA; +AZA| + AAD +.

In what follows system (2.179) for 4 = 0 takes a triangular form and it can be reduced to the
recurrent sequence of equations, whereas for y = 1 it transits into the input form (2.178).
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Unknown quantities are sought in the forms of PS:
W) = w(lo) + /460(11) + yza)(lz) +..., (2.180)

A =Aj(.0) + yA](.l) + MZA?) o, j=2.3.4,.... (2.181)

The first equation of system (2.179) is used for defining the first term of PS (2.180), i.e. @
through the condition of a lack of the secular terms in solution (2.167) being produced by the
fundamental mode. Remaining terms a)(ll), Jj=2,3,4,... are defined via lack of secular terms
generated by resonance harmonics. Furthermore, our considerations in series are restricted
(2.180) to only the first two terms.

A solution to system (2.179) corresponds to the case where all odd harmonics appear
simultaneously:

©0)
1

Ay=0, i=1,23,..,
A, = 0.0144931514,,
As = 0.0002070904,, (2.182)

w, = 0.282688A7 8,/ w;.
The amplitude — frequency relation follows:
A%ﬁZ 2
Q; =iwy| 1+0.282688——¢ | +0(¢7), i=13,5,..., (2.183)
,
0

where w, = an/l.

For f; = 0 solutions (2.182) and (2.183) correspond to the internal resonance between har-
monics. Further, we investigate the case, when our system is in a neighborhood of the reso-
nance, i.e. the so called detuning occurs (f; in (2.487) tends to zero). The governing Equation
(2.487) is cast to the following form

2 2
aZ% - % — 8B u— ey’ =0, (2.184)
where g}, B, are the some coefficients; 6 = f; /f} is the nondimensional detuning small param-
eter; 6 — 0.

We rescale time in Equation (2.166), and a solution to the BVP (2.164), (2.165), (2.184) is

sought in the form of the PS:

U=y +duy +6%uy + ..., (2.185)
® = wy + 6w + 8w, + ..., (2.186)

terms of which are sought in the form of the following PS

Uy = M00+€M0] +€2M02+..., (2187)

Wy = g + EWq + 526002 + ..., (2188)
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ul :u10+6u11+62u12+..., (2.189)
W] = W + €Dy + &0, + ..., (2.190)

where w, = ax /I is the fundamental frequency for e = 0 and § = 0.
Splitting the BVP (2.164), (2.165), (2.184) with respect to powers of 6 and &, results in the
following recurrent sequence of linear PDEs:

2 2
20 Uy ) 071y,

2 Y052 =0 (2.191)
02”01 52’401 0214
a’ o2 — 902 = 200000 = 522 C + By 00° (2.192)
azulo azulo
a’ o2 (2Jo 972 = 2000010~ 922 +ﬂ1 Upo> (2.193)
0%u 0%u 02
207Uy 2 1
a o2 ) 972 = 2w 10— 2 +ﬂ1M01+
0 Upyo azulo ’
+ 2w @19 + @oo@11) = + 2000001 == + 3hitgoitios (2.194)

BCs (2.164) and periodicity conditions (2.165) are given in the form
il =0, = 0, (2.195)
wi(x,7) = uy(x,7 +2x), i,j=0,1,2,.... (2.196)

The first equation of sequence (2.191) together with conditions (2.195), (2.196) allow
defining

g = Y A;sin (%x) sin(iz). (2.197)
i=1

Second approximation u,; can be found from the BVP (2.192), (2.195), (2.196). In order
to avoid secular terms in Equation (2.187), set to zero the coefficients standing by terms

sin <%x> sin(it), i = 1,2,3, ... in the r.h.s. of Equation (2.192):

2A
2

3
SAIAAL + AsA3A, + A AsAs + A AuA5) + E(A%A3 +AZA + ..,

8A
ﬂ—2w00w01 196 T A2(A2 + A2+ A2+ AD) +
2
%(A1A2A3 A, + A A + A AAs + AsAAS) + (2.198)
3

16(A2A4 +AAD +.
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1845 1
— WooWo1 =

b
%(A AsAy + AyAA, + A AAs + AyA,AS) +

—A + Da343

T T A3(A2+A2+A2+A2)+

13—6(A1A§ +AJAs + AjAs) + ...,

32A, 9
—— WeoWo1 =

2 6 4+ A4(A2+A2+A2+A2)+
2

%(A1A2A3 +A1A)As + AyAzAs + A3ALAS) +

3
E(AzAf +AAD + ..,

5045 9
— WooWo1 = 16 Aj

by
3
SAIAAL +ArA34,) + 1—6(A1A§ +AMA; +AZA +AAD + ..,

It A5(A2 +AS+AT+AD +

Solving system (2.198) with the help of the HPM, we obtain

Ay=0, i=1273,..,
Ay = 0.0144931514,,
As = 0.0002070904, , (2.199)

wo, = 0.282688A% B, /.

Function u, is approximated by the series

= Y f00(CV sin(im) + CP cos(in)). (2.200)
i=1

where CEI), sz), [;(x) are some coefficients and functions.

Solution to the BVP (2.193), (2.195), (2.196) allows us to define the term u,. Lack of secular
terms in Equation (2.185) requires that coefficients standing by sin ”T’x sin(it), i =1,2,3,...
in the r.h.s. of Equation (2.193) should be equal to zero. Finally, we get

i
-0 2201
U= Y Bsin (%x) sin(ir). (2.202)
i=1
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Observe that here correction term @ to the frequency of the i-th harmonics depends on the
harmonics number.

Term u;, is defined through the BVP (2.194)—(2.196). In this case, taking into account the
earlier introduced relations for u,; in Ansatz (2.200), a condition of lack of secular terms
in the PS (2.189) yields the infinite system of equations linear with respect to w;, and B;,
i=1,2,3,... of the form

= (@01 ®10A | + 0o @1 1A + 0oy B) =

3p,

(16 242 (A2 +A2 A4+ ) SCA; + 4, +AAS) ) B+
( Lo+ (A2A3 FAA + A+ AAs + AA) ) Byt

—(A2+A2)+ AA3+ (A2A4+A A5+A3A5)>B3+

(%A1A4 + %(A]A2 +ALA, + A2A5)> B+ (2.203)

| 1 |
(E(Ag +AD+ A s + (A4 +A2A4)> Bs +

g(wmwloAz + 0w 1A; + w0y By) =
A A, + (A2A3 + A A, + AA, + AyAs +A4A5)> i+
2A§ + (A2 +AI+AL+AD + (A Ay +A AS)) B,+

1

<%A2A3 + _(A1A2 +A1A4 +A3A4 +A4A5)> B3+
(fez+ad+ A2A4 + (A A3 +A1As +A3A5) ) Byt

16
%AZAS + g(AlAz +FAA, + A3A4)> Bs +

(wOle()A’& + w1 A3 + wowy B3) =

—(A% +AD) + —A1A3 + —(A2A4 +AAs +A3A5)> B+
Toa+d S(AA; +AA + A4, +A4A5)) B+

A%+ Z(Af +AZ 4 A2 £ AY) g(A2A4 +A1A5)> By+
AsA, + l(AIA2 +AyAs + ArAs +A4A5)> B+

D= =

(
(3
(2
(
(%

Lz iar 4 A3A5 + = (A As +A2A4)> Bs +
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32
o (@01 010A, + Wo01 1Ay + @0 By) =

3ﬂ
A+ (A Ay +AyA, +A2A5))B +

(—(A2 +A2)+ A2A4+_(A1A3 +A1A5 +A3A5)> B2+
(%A3A4 + (A Ay + ArAs + ALAs +A4A5)> B+
(26 + = (A2+A2+A2+A2)+ A3A5)B4

<%A4A5 + g(AlAz + A A, +A3A4)) Bs+....

5

ﬁ(a’m%of\s + w1 As + woywy Bs) =
1.5 o 1 1

TR+ AD + SAAs + 2 (A4 +A2A4)> B

Laaq+ %(AIAZ +A A, + A3A4)> B+

0| =

1 | 1
(E(Af +AD + JAAs + S +A2A4)> By+

Finally, we get
B, =0, i=1273,...,
B; =0.0144344B,,

Bs = 0.000200445B,, (2.204)
A,B, By B,A
o, = 05653522281 _ 0 1413442 —— i
@ i2 (O
and
w= Z(A +6B;)sin (7x> $in(Q;1) + O(e) + O(8) + 0(c?), (2.205)

2
PA
Q= \/zzwoo + 15 +0.282688 _e L, (2.206)

D2 *
Py, + By

0.565352 2418 X5+ 0(e) + 0(8) + o(e8), i=1,2,3,...,

@oo
where @y, = an /I.
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The obtained solution coincides with the results obtained in the one above. For instance, for
6 = 0 relation (2.206) coincides with formula (2.183), and for € = 0 with formula (2.177).

2.3.2  Vibrations of the Beam Lying on a Nonlinear Elastic Foundation

Let us consider the problem of bending vibrations of the beam lying on a nonlinear-elastic
foundation. We assume enough high beam stiffness (in order to neglect occurrence of the
longitudinal forces in the beam during its bending). This allows us to study the following PDE:

*w  Pw

2 3
— t— thw+epw =0. 2.207
o Y or Thwteh (2.207)
BCs follow

*w

—— |x=0s = W20, =0, (2.208)
ox

where: w is the transversal beam displacement; ¢ = \/EI/pS, S is the area of the transversal

beam cross section.
The solution being sought satisfies the following periodicity condition

wx,t) = wx,t+ 7). (2.209)
After rescaling of time (2.166), a solution is sought in the form of PS:

W= wy+ew; + 2w, + ..., (2.210)
o= wy+ v + 20y + ..., (2.211)

where @, = \/m*c2/I* + B, is the eigenfrequency of the fundamental mode of linear system
(for e = 0).

Substituting Ansatzes (2.166), (2.210) and (2.211) into the input BVP (2.207)—(2.209), and
after splitting with respect to ¢ the following recurrent system of linear equations is obtained

204w0 N 262w0 ny 0 2212)
cC——— +w w, =0, .
ox* 0 972 o
*w o*w *w
2 1 2 1 0 3
c Fre + w; 92 + piw; = 2wy, - - pwy, (2.213)

BCs (2.208) and periodicity conditions (2.209) take the following form
02w, /05| ,p; = Wil ey = 0, (2.214)
wix,7) =w;x,7+2x), i=0,1,2,.... (2.215)
Solving the BVP (2.212), (2.214), (2.215) yields zero order approximation
oo wlin .
. i . (i .
wy = A,-sm<—r>s1n<—x>, i=1,2,3,..., (2.216)
i=1 @o !

where @™ = \/z%¢?i*/I* + p, are eigenfrequencies of the linear system, |" = .
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In order to find the next approximation, the BVP (2.213)—(2.215) should be solved.

lin .
We compare coefficients standing by sin a;; T | sin <”71x>, i=1,2,3,... in the r.h.s. of
0

Equation (2.213) to zero to remove secular terms. The conditions mentioned so far yield the
infinite system of nonlinear algebraic Equations. (2.174).
Modes of vibrations have the following form

w=Y A;sin(@)sin <ﬂ71x> +0(e), (2.217)
i=1
@lin
where Q; = W
In a general case, system (2.174) possesses solution (2.176). In this case only
one i-th harmonic appears, whose frequency is governed by formula (2.177), where
ol = \/74 21 + By
For f; = 9¢?>z*/I* in the system the internal resonance takes place between the first and third
harmonics. Owing to the lack of secular terms requirement, the nonlinear system of equations
finally takes the following form:

2Alwl liny2 3 2 2
—AJA; + A AL,

Brwy Ty )T 16 P4 11;
2401 3 3 2 2

iny2 _ —A _A + A AT+ A A s 2.218
prwg (@57 = 163 3 Z . Z ( )
24,0, <

( 1111)2 Alz + A A2 A2 S l = 2, 4, 5, 6, cees

Brwg 16 4 Z kzi::l ‘

In order to solve system (2.218), we again apply the HPM. Unknown quantities are sought
through series (2.180), (2.181). Restricting considerations only to the two first terms in PS
(2.180) we get

A;=0, i=2,4,56,...,
Ay = 0.01440724,, (2.219)
@, = 0.282679A7 B,/ w,.

It should be emphasized that the solution obtained having frequencies (2.220) corresponds
to the internal resonance of the first and third harmonics:

20,
Q, = iw, <1 + 0.282679?&) +0@E), i=1,3, (2.220)
0

where w, = cz?4/10/L.

Positive (negative) values correspond to stiff (weak) characteristics of the restoring force.
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2.3.3 Vibrations of the Membrane on a Nonlinear Elastic Foundation

Now let us consider natural vibrations of the rectangular membrane lying on the nonlinear
elastic support. The basic Equation has the following form:

_dw
or?

Membrane edges are clamped, and hence BCs and periodicity condition have the following
form:

a*Viw — pyw —epyw? = 0. (2.221)

o =0,
=042 (2.222)
wx,y, 1) = wx,y,t+ 1),

Wl gy, = Wl

where [, , are membrane edges length in directions x, y, respectively; a = \/N/p; N is the
stretching force.

When in the linear case one half-wave appears on each of membrane sides the eigenfrequen-
cies correspond to a fundamental vibration mode.

We rescale time as in (2.166). A solution to the BVP (2.221), (2.222) is sought in the form

of Ansatzes (2.210 ), (2.211). Now in the PS (2.211) we take a, = 1/a? (’[’—j + j—j) + P, as
1 2

the eigenfrequency of the fundamental vibration mode of the corresponding linear system. By
substitution of the Ansatzes (2.166), (2.210), (2.211) into the input BVP (2.221), (2.222), the
following recurrent system of linear equations is obtained:

2y2 2 0°wy
a-Vowy — a’o? - piwy =0, (2.223)
w, 21w,
VW, — o} 5~ hiwy = 2ogm,—— + oy, (2.224)
BCs and periodicity condition (2.222) take the form
Wil=o, = Wily=o1, = 0, (2.225)

w;(x,y,7) =w;x,y,t+2x), i=012,....
Zero order approximation is yielded via a solution to the BVP (2.223), (2.225):

© o0 lin
[}
=3 3 A, sin( Jf) sin (24 ) sin (22). (2226)
0

m=1 n=1 1 2

where A1,1 is the amplitude of the fundamental vibrations mode; A, ,,m,n = 1,2,3,... ,m,n #

m,n>

. . . . 22 2,2
(1, 1) are the amplitudes of the successive harmonics; o't = \/a2 ( 4 %) +p,m,n=
2

m,n 12
1
1,2,3,... are the eigenfrequencies of the linear system vibrations, a)]l"‘l = .
In order to find the next approximation we need to solve the BVP (27224), (2.225). The con-

dition of absence of secular terms requires that on the r.h.s. of Equation (2.224) the coefficients
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156 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

. wlin . .

near the terms sin <ﬂr> sin <@x> sin <M
U)O l] 12

the result the following system of nonlinear algebraic equations is obtained:

), m,n =1,2,3,... should be equal to zero. As

2’2;" wow, = %Ail + %Am(Ai2 +A2 )+ %AHA;z +o
Zﬂ;,z z—;(wljg)z = 2—114?2 + 19—6A1’2(Ai1 +A2,)+ %ALZA%J .
222’1 Z—(‘)(wgg)z - %Ag’l + %Az,l(Ail +AZ)+ %AZ]A%,Z +o, (2227
2/;;2 ()2 = E_ZLA;’Z + %Az,z(Aiz +A2)+ %AZZA%J +o
Vibrations mode is defined by the series
w = il iAm,n $in(Q,,,f) sin <%x> sin (’;—Z”y> +0(e), (2.228)

lin
m,n
lin

where Q,, =

w are the frequencies of the corresponding harmonics.

1,1 . .
A solution to the system (2.227) corresponds to the case where only one harmonic with the
numbers m, n appears

2
27 AmnﬂZwO
A.=0, ,j=1,23,..., ] ,n); =——— 2.229
i L] @) # (m,n); o, 28 (@ )2 ( )

In the case of frequency €2, ,, we obtain
1i Al%‘t nﬁz 2
Qo = Oy +0.2109375——¢ + O(e"), (2.230)
m,n

where m,n =1,2,3,....

Positive (negative) values of € correspond to stiff (weak) restoring force value. However, a
solution changes qualitatively if the linear part of the restoring force is equal to zero (f; = 0).
In this case the internal resonance occurs between the natural vibration harmonics. A condition
of the absence of secular terms yields the following set of nonlinear algebraic equations:

%wowl = E_ZLA?J + %Al,l(Ag,Z +A§,3 +Ai4 +A§’5)+
3’3_2(—A1,1A2,2A4,4 +A20A53454 = A1 1 A3 3455 + Ay pAy 445 5)+
63_4(—14%,1‘43,3 + A§,2A3,3 - A§,2A5,5 + A§,3A5,5) Foees

21232 Z_;(wlzi,nz)z = %Ai,z + %Az,z("‘il FA AL AT

3
3—2(A1,1A2,2A3,3 + A1 1A33444 — A 1A20As s + A 1AL 4As s+
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3
A33A44As 5 + 6—4(—A§’1A4,4 +AT A+

2433 @1 . Jin\2 1 27 3
—= L@y = ——A3 + A3 4 ZA A%+ A2+ A2 A O+
ﬂ2 C‘)o( 3,3) 64" LI 643378 3,3( 1,1 22 4.4 5,5)

3

§(A1,1A2,2A4,4 T Ar0A33A44 + A1 1A33As 5+ Ay s A4 4As 5)+
3 2 2 2

aa A1y = A Ass + AL As ) +

840, 5 27 3
—— = LAY 4 2ALAT A F AT A2 O+
5, ) (0)4’4) 647447 g 4,4( 1.1 2,2 33 5,5)

3

ﬁ(Al,lAZ,ZASS T A 1A As s + AxpAs3As s + Ay 3A4 4As )
3
a(—AilAz,z + A AT )+

2A5,5 D1, fnva 27 .3 3 2 2 2 2
ﬂ—zgo(w;g) = aatss T 3AssAL AL HAG AL
. 2.231)
ﬁ(A1,1A2,2A4,4 + Ay A3 3A44)+

3
oA LAY, AT Ass + A AT A AL )+

The solution to system (2.231) is sought with the help of the HPM. Namely, we introduce
the homotopy parameter u into the r.h.s. of system (2.231). Unknown quantities are written in
the form of the following PS

w; = a)(lo) + ,uco(ll) + /42(0(12) +..., (2.232)
0 1 2,42
Ay = A+ WAL+ 1A,

mn=1,2,3,... (mn)#((,1).
System (2.231) gives a solution, where all even “diagonal’” harmonics appear simultaneously
Apn =0,
mn=1,2,3,... (mn)#((,1),
(m,n) #Q2i—-1,2i-1), i=1,2,3,...,
A5 = —0.0045662224 |, (2.234)
Ass =0.0000211394, |,

(2.233)

@) = 0.21104847 | B,/

The amplitude-frequency relation required possesses the following effective asymptotic
formula

A2 B,
Q,., = mao, (1 +0.211048 —= e) +0@EY), m=n=13,5,.., (2.235)
()
0
where o, = 7;—22 + ';—22
1 2
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158 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

2.3.4  Vibrations of the Plate on a Nonlinear Elastic Foundation

Now consider the case of the rectangular simply supported plate lying on a nonlinear elastic
foundation. Basic Equation is

DV*w + ph Y pw+ sﬁzw =0, (2.236)

whereas BCs and periodicity conditions are cast in the form

02
0?2

0*w
0x? |—oy,
wx,y, 1) =wx,y, t+ 7).

w|x=0,11 = w|y=0,12 =0,

il

Y20y (2.237)

Proceeding in a way similar to that of the previous section, we are looking for fre-
quencies corresponding to such a form of the fundamental vibrations mode, where in the
linear case only vibrations exhibiting one half-wave in the direction of each plate sides
is realized.

Then, we change the time scale regarding (2.166). The solution to the BVP (2.236), (2.237)
is approximated through Ansatzes (2.210), (2.211). In the PS (2.211) we take the following

. . o 2
eigenfrequency of the fundamental mode of linear vibrations: w, = p—i (’;—2 + 12 > + fj;l
1

Substituting Ansatzes (2.166 ), (2.210) and (2.211) into the basic BVP (2.236), (2.237), after
splitting with respect to ¢, the following recurrent system of equations is obtained:

DV*w, + ph 2% =0 2.238
o T phay 9.2 + piwy =0, (2.238)

. , 07w, 0wy
DV*w, + phoy— ) +ﬂlw1 —2phwyw; — py) ﬂzwo, (2.239)

BCs and periodicity conditions (2.237) have the following form:
*w; *w
2 - 2
ox =01, ady
w;(x,y,7)=w;xyt+2r), i=0,1,2,..

s

Wil=ou, = wil=0r, =0 (2.240)

y=0.,l»

Solution to BVP (2.238), (2.240), corresponding to zero order approximation, is defined via

formula (2.226), where wfi", = p—[; (”212" 2 4 ”jz" 2) + ﬂ;l, m,n=1,2,3,... are the eigenfre-
2

quencies of vibrations of the associated linear system (for € = 0), a)llml = .

Next approximation is found solving the BVP (2.239), (2.240). In ‘order to exclude secular

. . . [ ofn . .
terms, coefficients standing by the terms sin ( —*7 ) sin (’;—mx> sin <?y), mn=1,2,3,..
0 1 2

on the r.h.s. of Equation (2.75) are set to zero. The latter condition produces the following
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infinite system of nonlinear algebraic equations:

2phA
: :
2phA 5 @ 9 3
; wl( 1111)2 16A1 2(A2 +A22)+ §A1,2A%,1 +...,
2
2phAy 1 @y + 2 ]
5 o )= 64 Ay + TeAnAT +A22) gt t
2p/’lA22 @1 ginv2 _ 27 43 9 2 2 2
by ( H° = _4A22 16A22(A A §A"1A2’2 T (2:241)

Similarly to the previous case, the vibration form is defined by formula (2.228). Solution to
system (2.241) has the following form

Aj;=0, i,j=123,..., @) #(mn),
27 Anabroy
0= —=—.
128 ph(al, 2
Only one harmonic with numbers (m, n) appears, and its frequency is
- , ﬂz
Q,,, = o +0.2109375—"=¢ + O(¢?), mn=12,3,....

mn

Positive (negative) values of € corresponds to stiff (weak) characteristics of the restoring
force.

For f; = 9z*D(1/ l% +1/ l%)2 a solution to the problem changes qualitatively. Namely, in
this case simultaneously appear harmonics (1, 1) and (3, 3). Absence of secular terms yields
the following system of nonlinear equations:

2phA, 4 27 3
. A3 —A7 Ay
By, 01T g T g tiafas
3A11(A2 +AT AL AT+,
20hA, > @
22 1( 11n)2 22+
b, 64
3A22(A2 +ATHAL AT+
2phA33 601( lin )2 27A3
ﬂz 4 11 64 33
3A33(A2 +AS, AL AT F
thA44a)
5 1( i = 6 4 A+ (2.242)
2
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A44(A2 +AS, AT AT+

+
ﬁz 64 55

2 2 2 2
Ass(A3 + A2 + AT+ A2 )+,

In order to solve system (2.242) we introduce the homotopy parameter y on its r.h.s. in a
way similar to that described previously. Unknown quantities are rewritten in the form of PS
(2.232), (2.233). By taking in PS (2.232) only the first two terms, the following solution to
system (2.242) is obtained:

Ai,/‘:O’ L,j=1,2,3,...., @G)p#d,1),3,3),
A2
AT 1P
Ay = —0.0045662224,,, , = 0.211048
> ' phwy

Frequencies of the harmonics follow:

Q. = mw <1 +0.211048—— £> +0@EY, m=n=1,3,

@
D [ 1 1
where oy = 1/10— o\ 2 +a)
2

2.4 SSS of Beams and Plates
2.4.1 SSS of Beams with Clamped Ends

In this section we apply our approach to compute SSS of a beam (—0.5/ < x < 0.5/) clamped
on its ends. The beam is loaded by the uniformly distributed load g. After nondimensional
procedure owing to (2.8), the basic Equation takes the following form

wlV =4 qg= ar (2.243)
' EI ’
In order to close the BVP associated with the given equation, we attach the BCs (2.15). Exact

solution to BVP (2.243), (2.15) takes the following form:

14_16—582 i10—98
24" T2 T 2-¢
In what follows we are going to compare how the solution obtained via our approach coin-

cides with the exact one governed by (2.244). First, we present the displacement W in the
form of (2.16). Substituting this Ansatz into Equation (2.243) and BCs (2.15), and splitting

W =

(2.244)
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with respect to powers of ¢, the following recurrent sequence of the BVPs is obtained:
Wy =g
Wy=0, W/=0 for x==05,

WIV — 0.
j >

j—1

W;=0, Wi'=x) W for x==x05 j=123,..

i=0
From BVPs one obtains:
W= 214)/‘ +C2 + G, (2.245)
where -
q 3 1
=—|-= — 2.24
C 24( 2+;2je>, (2.246)

_a (5.1,
Cr =5 (4 ;2,_5). (2.247)

The series in formulas (2.246) and (2.247) is the geometric progression with the denominator
0.5¢, having the radius of convergence € = 2, and the following sum:

g e

2 2—¢

(2.248)

M s
I

1

Due to Equation (2.248), formula (2.245) coincides with formula (2.244). Therefore, in the
studied case our approach gives the exact solution to the problem. However, in practice for the
majority of the cases only a few of the first terms of the PS can be constructed. This is why we
apply PA to the PS.

Let us verify benefits yielded by the PA for the studied case. Let us take three first terms of
the PS for coefficients C; and C,, and let us apply the PA:

q 10—9¢

q 6 —5¢

— , C = — .
482-¢ 0m(&) = 3535

We get the exact solution. Now let us estimate what is the difference between solutions

obtained via the PA and PS. For this purpose we estimate the bending moment using the exact
solution (2.244)

~.
Il

Cinme) =-

9.2_ 4965 58] , (2.249)

M= [2x 22-¢
Next by taking three first terms we estimate the error in determination of the displacement
and bending moment at the beam center and at the beam end via the PS. In Figure 2.19 com-
putational results are shown. One may observe that the largest error is obtained in the beams
center (for e = 1 error achieves 100%). Error regarding the bending moment in the beam center
(edge) is 50% (25%) for € = 1. On the other hand for the value of € < 0.5, the error associated

with the SSS factors estimation is less than 5%.
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Figure 2.19 Estimation of the PS accuracy
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Figure 2.20 Efficiency comparison of PS and PA, M|, _,

In Figures 2.20-2.22 various factors of the SSS versus € are presented for an exact solution
(2.244), (2.249) (curve 2) and the solution is obtained with the help of PS (curve 1). Largest
error between them is achieved in the interval from € = 0.8 up to € = 1.0. In this case the PA
allows us to achieve the exact solutions.
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Figure 2.21 Efficiency comparison of PS and PA, M|,_ s

10°W/q

Figure 2.22 Comparison of efficiency of PS and PA, W| _,

2.4.2 SSS of the Beam with Free Edges

Let us focus on computation of the SSS of the beam with free ends subjected to a self-balanced
load g(x) = g(4x — 1), 0 < x < 0.5 (Figure 2.23). Due to symmetry of the problem, we study
only half of the beam. Observe that the governing beam equation coincides with Equation
(2.243) assuming that instead of ¢ = const we take g(x) = g(4x — 1) for 0 < x < 0.5. BCs take
the form (2.41). The exact solution to the BVP (2.243), (2.41) reads:

f14<x 1>+11+35

w=1
o 9 1+e

c x> for 0<x<0.5. (2.250)

5 4
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o
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Figure 2.23 Beam subjected to self-balanced load

We assume the displacement W in the form of a PS. After splitting with respect to &, the
following recurrent set of BVPs is obtained:

Wy = q(o);
wi'=0, W/=0 for x==x05,
WIV — 0
j b

.‘_1
vvj.’”:o, W;=¢ Wl for x=4+05, j=1,2,3,...

l

~

Il
o

i

Successively solving the obtained BVPs one finally obtains the beam dsplacement as

_qa(x 1y, a1, 5
W=y (5 4)+48<2+;( 1y e>. (2.251)

The series appeared in (2.251) for € = 1 is divergent; however, we are able to find its sum:

(5]

e
Z(_l)] Tlve

J=1

Observe that the beam displacement (2.251) coincides with the exact solution (2.512). How-
ever, it should be emphasized that the exact solution obtained with the help of PS has been
found only due to the obtained summation procedure. An arbitrary finite number of approxi-
mations cannot yield the appropriate and validated solution.

Applying the PA to the first three terms of the PS one obtains exact solution. Using the exact
solution (2.512), the following bending moments are obtained:

q,, 3 2 q 1+ 3¢
M—6(4x 3x)+481+£.

In what follows we estimate the error in determination of the displacement W and the bending
moment M for various values of x (Figure 2.24). It is clear that accuracy of determination of
the displacement is better than that of the bending moment estimation.
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Figure 2.24 Estimation of accuracy of the normal displacement and bending moment of the beam
using the PS
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Figure 2.25 Accuracy estimation by partial sums of PS of normal beam displacements: 1 - W,
2-W,,3-W,,4-exact solution

In Figure 2.25 graphs of various approximations of the function W through partial sums of
the PS in comparison with the exact solution (2.512) are given. In Figure 2.26 graphs present
the first, second and third approximations of the PS for the function M.

Here, similarly to the case of displacement estimation, a sum of three first terms yields
the result coinciding with that of the zeroth order approximation, i.e. the accuracy is not
improved. At the same time, the PA constructed with the inclusion of only three terms yield
the exact solution.

85UB01 7 SUOLUWIOD aA1IR1D) 3[ceoldde ayy Aq peuenob aJe sooiLe VO ‘8sn JO SNl o} Aleid18UIIUQ AB]IAA UO (SUONIPUOO-PUR-SUIB)IOY AS | 1M Afed| Ul [UO//SthiY) SUORIPUOD pue sWis 1 84} 88S *[£202/2T/TE] uo Akeiqiauluo ABjim ‘utesuibus jo Aisiealunexeya Aq /iop/woo A im Areiqijeul|uo//sdny Wwos papeoumod



166 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

0.1 0.2 0.3 0.4
X

Figure 2.26 Accuracy estimation by partial sums of PS of bending beam moment: 1 - M,,,2- M, 3
- M,, 4 - exact solution

2.4.3 S88S of Clamped Plate

In what follows we study the SSS of the clamped rectangular plate (—0.5¢ < x < 0.5a,—0.5b <
y < 0.5b) uniformly loaded. Governing PDE can be written in the following form:

VAW =g, (2.252)

where y = y/b, x =X/b, k = a/b, g = gb*/D.
BCs are given in the form (2.66), (2.67). Let us introduce the plate displacement as a sum of

three components:

q (—1)% (1_amtanham+2

8k m=135 &

h2a, y+
S 2cosha, COSH Y
(2.254)

Ay

cosha

ysinh 2amy> cos 2a,,x,

m

m—1
1 (_I)TAm
W, = < ———— (a, tanh a,, cosh 2a,, y—
8 255 ancosha,

2a,,y sinh 2a,,y) cos 2a,, X, (2.255)

m—1
2 -7 B
W3 = k— Z (2)—1"‘! <ﬂm tanh ﬁm cosh zﬂmx_
8 m=1,3,5 ﬁm cosh ﬂm k

%ﬂmx sinh %ﬂmx> cos %ﬂmy, (2.256)

Tm xmk
where o, = E, ﬂm = T
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Formula (2.254) describes the deflection of a simply supported plate and subjected to the
uniformly distributed load. Formula (2.255) describes simply supported plate bent by moments
M, acting on the edges y = +0.5, and has the following form:

m—1
Z (=1)27A,,cos ™,
m=1,3,5,... k

Myl_v=10.5 =

Finally, formula (2.256) models the deflection of simply supported plate and subjected to
bending moment M, located on its edges x = +0.5k, which is given by the series

m—1
Y (=1)"7 B, cos my.
m=1,3,5,...

My=zosk
Choice of the plate deformation form (2.253) allows satisfaction to one of the BCs, i.e. the

absence of displacements on the external plate contour. Satisfaction to BCs (2.66), (2.67) yields
the following equations regarding coefficients A,, and B,

m—1
—(1-¢ 2 (=1)"Z B, cos mmy+

m=1,3.5,...
1 a,, tanha,, +2 a .
ekq—1 > —[1- 22— cosh2a,y + —"—ysinh2a,y [+
s a 2cosha,, cosha,,

A
1 "__(tanh a,, cosh 2a,,y — 2y sinh 2a,,y)+
4 ,-i5s. cosha,
« A et (2.257)
]_C 2 [ tanh ﬁm + ﬂn; (=1)"Z cos wmmy p =0,
4 m=135,.. F'm cosh”f,,
m—1
-(1-¢ (-1)7 A, cos 2yt
m=1,3,5 k
eq & % a—'; —tanha,, | x cos Z2x—
8k {55, am \ cosh’a, k
2.258)
m-1 A a (
l (_I)T L tanh (xm + IZ CcoS ﬂx_
4 m=135... X cosh”a,, k
k B, 2 2 .2
= tanh h = - = h= =0.
1, & cohf, <an B, cos kﬁmx Lxsin kﬁmx>}

Underlined terms in Equation (2.257) represent even functions of y, which are equal to
zero for y = +0.5, and which can be presented in the series form with respect to cos ziy, i =
1,3,5,.... The underlined term in Equation (2.258) is developed into a series with respect to
coszwix/k,i=1,3,5,.... By substituting the mentioned series into Equations (2.257), (2.258)
and collecting terms standing by cos ziy and cos zix/k, the following infinite system of LAE
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with respect to coefficients A; and B; is obtained:

2 .
B 1+e|EL( annp + ﬁlz ~1 +6i2i A,—— =
4 B cosh”B; T =135, (m_z - ,'2>

k2
ez% ﬂ"z —tanhf, |, i=1.3.5,..., (2.259)
8 g \ cosh’B;
2 X .
Ai{1+elkzl(tanhai+ “,2 >_1]}+gi2i Bm%:
a; . i
i cosh”a; oK i35 (mz + k_l;>
q 1 % ;
g——| —— —tanhea; |, i=1,3,5,.... (2.260)
8k ot <cosh2ai l>
Let us present the coefficients A; and B, in the following form:
A=Y Age,  Bi=) By (2.261)
j=0 j=0

After substitution of Ansatzes (2.261) into the system of LAE (2.259) and (2.260), the fol-
lowing formulas for determination of the j-th approximations of the unknown coefficients
are derived:

q 1 i q1 bi
Ay ==—— —tanha; |, Byy=-— —tanhp; |,
M 8k af <cosh2ai ) M8 B! <cosh2ﬂl- )
11 @i 4.
Ay = Aoy ll i <tanhai + oi’a >] - ;lx
i i

k 2.262
Y BG-v—L o135 (2262)
m=135... <11<_22 +m2>
k> 1 B;
B.y=B;_, |1 ———| tanh g, + -
i) = Til=h l 4 B; < l coshzﬂi>]
2.263)
i Y AG-v—I— =135 (
T _ m2 »
m=135... <k_2 )

Let us consider the SSS of the square plate. Distribution of bending moments is equal
regarding its edges; therefore A; = B; and systems (2.259) and (2.260) became identity. After
determination of first four coefficients A; with respect to formulas (2.262) and (2.263), we
apply the PA:

ay+ae
€ bO + b 1€ ’

where ao = Ai(])’ bo = 1, a; = Ai(2) + blAi(l)’ b] = _Al(3)/Al(2)

Ay () = (2.264)
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Estimated via PA in (2.264) for € = 1 deflection in the plate center achieves 1.275 - 1073¢
(known value [76] - 1.260 - 1073¢, which gives the error of 1.2%). Displacement, obtained
using PS yields 1.797 - 10~3¢, which corresponds to the error of 42.6%.

The bending moment in the plate center estimated through the PA in (2.264) for € =1,
v = 0.3 has a value of 5.173 - 10‘2q (known value [76] - 5.130 - IO‘Zq; error - 0.83%). The
same quantities regarding the PS estimation yield: 3.883 - 10~2q (error - 24.2%).

The bending moments M, and M, achieve their maximal values in the center of the clamped
plate side. The maximal bending moment defined via the PA in (2.264) is of 2.400 - 10~2¢
(known value [76] - 2.310 - 10~2¢, error - 3.90%). The corresponding result yielded by the PS
for e = 1is 2.941 - 10~2¢ (error - 27.3%).

For the coefficients A;, obtained on the basis of the PS by (2.262)—(2.263) formulas for
e = 1 (curves 1) and those computed with the help of the PA (2.264) (curves 2). Dependencies

Wlimy=0s Myl imy=0 = Myl =y=0> M |,=r0.5¢ Versus e are shown in Figures 2.27, 2.28.

108W/q

2

0.2 0.4 0.6 0.8
€

Figure 2.27 Estimation of the PS accuracy in determination of the plate normal displacements

2
5.0F
Mx|x:y:0
4.0+ 1
o
S 30} 1
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20} 9
10+F x=0.:
0 M, 05
0.0

Figure 2.28 Estimation of the PS accuracy while bending moment determination
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Reported graphs allow us to trace the dependencies of the SSS factors versus parameter €.
For all of the presented curves two zones are remarkable. First one begins at € = 0 and ends at
€ = 0.6. In this zone the difference between results obtained via the PS and PA is less than 5%.
In the second zone (from € = 0.6 up to € = 1.0) one may observe the rather large difference
of both types of curves (the largest difference is achieved for € = 1). Results obtained via the
PA can be practically treated as exact ones. Consequently, in the case studied we have reliable
results corresponding to the practical application of the PS only for € = 0.6.

Interestingly the following peculiarity of our proposed method is exhibited if one carries out
computation only using the PS, then the largest error is achieved in the plate center (errors
regarding bending moments estimation in both plate center and its edges are smaller). Appli-
cation of the PA decreases the error in SSS factors estimation, making it almost the same for
either deflection or bending moment estimations.

This can be explained in the following manner. Location of poles of the PA in the unit circle of
the parameter ¢ is conserved during differentiation of the function found with respect to coor-
dinates x and y. Therefore, series improvement using the PA either for deflections or bending
moments is of the same order. This property belongs to one of the important PA benefits.

2.4.4  SSS of a Plate with Free Edges

Let us consider the SSS of the plate (—0.5a <x < 0.5a;-0.5b <y < 0.5b) being under
action of the self-balanced load g(x,y) = g, cos %x cos ny, m,n = 2,4,6,.... The non-
dimensonalized governing PDE can be cast to the following form:

VAW = g cos %x cos ny, (2.265)

where g, = q,b*/D.
BCs regarding the free contour in the transformed form have the following form:

Wi + 2 =VIW,,, =0,

for x = +0.5k, (2.266)
(1 =)W, + ek(W,, +vW,,) =0,
Wiy + 2= v)W,, =0,

for y=4+0.5. (2.267)
(I =)W, xeW,, +vW,,) =0,

After substitution of the perturbation series into Equation (2.265), and into BCs (2.266),
(2.267), and after splitting with respect to powers of &, the following recurrent system of the
BVPs is obtained:

V4W0 = ¢ COS %x cos ztny,
WO)C = 0, WOXX)C = 0 for x= iOSk,
Woy =0, Woyyy =0 for y=+0.5,

VW, =0,
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+(2- =0,

IXJCX ) Jyyx

for x = +0.5k%.

Vij - +k Z]—()( ixx + VWt)y)

Wiy + 2 = V)W, =

for y==+0.5.
j) =% Zj lV} + VWixx)’
A few first coefficients of the PS
W =Wy + We+ Wye + ... (2.268)
follow a
W, = 2—0 CcoS @x cos zny,
4 ('z—z + n2>
(1 ) (m_2 + V}’lz)
- 2 m
W= 7Y K -3 [(ﬂ‘cwnh mnk _
272 ( + n2> zn sinh znk/2 2
2 2

1+ V) cosh znx — ﬂnxsinhzmx] cos ny + mr VVZ_Z (_ )E [(@ coth 27 _

—v Y T Ginh 22 2% 2%

1+v)cothﬂ — My inh 2 ]cosﬂx}

- R el e

2
m
qo(1 = v)? (% + v mk
Wo=- 2 K nh k/2 S S S
472 (f]:l_z +n2> sinh zn sinh 7rnk/2

(3 + v)coth ﬂ—nk] [( nnk oth ”—nk - i tv ) cosh wnx — zwnx sinh nnx] cos wny+
2, . m?
n-+v—=
— 212 (1-nZr ;—(3+v)cothm

sinh == inh2 ™" 2k

2k 2k

[(ﬁc thﬂ— 1+V>coshm _ sinhM ]cos@x—
2% % 1-v T TR MY X

2g0(1 = V(=D (=12 [/ 72m\?2
- ﬂ5<m2 +n2)2 {k<7>

i-1)2 [(ﬂc cothﬂc - ! +V>coshm’x—
) 2 2 2 1-
=246 sinh 2 (';:_22 " ,-2) v
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. . . (—1)§(i/k) 7i i
h 2 [<_ hZ—
zix sinh zix] cos iy + (7n“) . cot

2
. 5
i=2,4.6.... cinh Z (42 4+ £
sinh o <n + k2>

L+v ) cosh ﬂ—iy — ”—iy sinh ﬂy] cos ﬂx} .
1-v k k k k

Further, we apply PA to the truncated PS (2.268). In what follows we give results of com-
putations of some SSS factors for the plate with the following parameters: m =n =2, k=1,
v = 0.3. Figures 2.29 and 2.30 show the plate displacement W as well as bending moments
M., My fory = 0.

Here we apply an approach differing from that of the so far illustrated and discussed. Namely,
although this problem could be reduced to that of an infinite system of LAEs, now the SSS is
constructed through successive solutions to the recurrent BVPs with the successive application
of the PA to a PS that is found. Even though two of the mentioned approaches yield the same
results, the approach now applied is more suitable, since solutions corresponding to the first
order approximation possess the same structure.

2.4.5 SS8S of the Plate with Mixed Boundary Conditions
“Clamping—Simple Support”

We consider a rectangular plate simply supported on its two edges, and with mixed BCs on
the two remaining edges of the type of “clamping—simple support” (Figure 2.8). The plate
is subjected to the uniformly distributed load of ¢ intensity. In what follows we will study a
symmetric problem (Figure 2.8a). Finding its solution is reduced to a solution of the infinite
system of LAEs that is analogous to that already considered during studies of the SSS of

103W/q

0.1 0.2 0.3 0.4
X

Figure 2.29 Normal displacement versus x fory = 0
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108M/q

0.1 0.2 0.3 0.4
X

Figure 2.30 Bending moments versus x for y = 0

the rectangular clamped plate. After introduction of nondimensional quantities the basic PDE
takes the form (2.252), and BCs correspond to (2.114), (2.115). Plate displacement has the
following form

W=W, +W,,
DT tanha,, +2
- « tanh a
W, = 4q (=D | Ym " cosh 24, v+
8k m=1,35,... Ay 2 cosh a,,
T—ysinh 2a;,y ) cos Zx (2.269)
cosha,” Y ,
1 = A
- 2
W, = 1 (=1) ~— (a,, tanh a,, cosh 2a,,y—
8 —i5%. @, cosha,
(2.270)

2a,,y sinh 2a,,y) cos %x,

where @, = ==
Similarly to the case of the clamped plate, formula (2.269) describes the displacement of
simply supported plate along its contour, whereas formula (2.270) yields the displacement of
the simply supported plate which is subjected to the bending moments loading M, acting on

edges y = +0.5:

m—1
My|y—ros5 = z A, (—=1)"2 cos2a,,x.
m=1,3,5,...

Ansatzes (2.269), (2.270) satisfy the condition of equality to zero of the vertical displace-
ments on the plate contour, as well as the BCs (2.114).
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Satisfaction to BCs (2.115) yields the following equations:

m—1 — m—1
2 A, (=1)T cos2a,x = eH(x) { Z (-1)7 A, cos 2, x+

m=1,3,5,... m=13.5,...
m—1

q (=12 a,

Sk 7 2 —tanhe,, ) cos2a, x—
m=1,3,5,... am COS am

m—1
—1 2 a

(=D m2 +tanha,, |cos2a,x », i=1,3,5,... (2.271)

m=135,.. 4a,, cosha,,

In order to obtain a system of LAEs the following series is applied

E(x) cos 2a, x = Z Yim COS 2a;x, (2.272)
i=13,5,..
2 [0.5 Ry sin27rym] for i=m,
Yim =
4 1

—m[isinﬂyicosmum—msinnymcos;mi] for i# m.
7 2=

Substituting Ansatz (2.272) into Equation (2.271) and collecting coefficients standing by
cos 2a;x, the following infinite system of LAEs is obtained:

i—1 m=1 1 Xy
A(-DT =¢ Y y,(-D)TA4, 1—@ +tanhe, ||+

m=135,.. cosh’a,,
m—1
-2 a
5% 2 ?’im( )4 ( > —tanham>, i=135,.... (2.273)
m=135,.. a,, cosh“a,,

Now perturbation analysis can be applied. We present coefficients A; in a PS (2.261), and
after their substitution to Equations (2.273) and splitting with respect to €, the following recur-
rent system of equations is obtained

m—1
m=1 (_I)T Ay
Ay =12 % Z Yim " > —tanha,, |, (2.275)
m=135.,.. Ay cosh”a,,
= et 1 ®,
Ay = (=172 Yim(=D 2 Ay |1 — — + tanh . (2.276)
v m=1,23,5,... " b 4am COShz(xm "

Note that the PA applied for definition of coefficients A; has the form (2.264).

Let us analyse the obtained solution (2.274)—(2.276) in limiting cases. The value y = 0.5
corresponds to a simple support plate on the edges y = +0.5, and y;,, = 0. Second limiting case
(¢ = 0) corresponds to clamped edges y = +0.5, and y,,, = §,,, where 6,,, is the Kronecker
delta
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Recurrent relations (2.274)—(2.276) take the following form:

q 1 a@;
Ay = —— —tanhe; |, 2.278
M gk at (coshzai o al) ( )
g 1 @; 1 @
Ay = —— —tanhe; | |1 - — +tanha; ||, (2.279)
@ 8k a? <cosh2ai > l 4a; (Coshzai )]

2
AL =41 % _tanha ) |[1- - % | tanha, (2.280)
i3) 8k a? COSthXi ! 4“,‘ COShZ(Xi ' ' .

For the truncated PS (2.277)—(2.280) and for € = 1 PA follows:

q a; —tanha;(e;tanha; + 1)
A = 3 e anha(a b = 1) (2.281)
a; G i\ i

It should be emphasized that formula (2.281) serving for determination of A; coincides com-
pletely with the S.P. Timoshenko solution [76].

Computation of the SSS components is carried out for the squared plate taking into account
first ten coefficients A; obtained via formula (2.264) for € = 1. Displacement and bending
moments of the plate in its center versus various values of the u parameter are shown in
Figures 2.31, 2.32 (solid curves—our solution; dashed curves—FEM solution).

Figure 2.33 reported the computational results of the bending moment M, distributed on
edges y = +0.5 and for different values of the y parameter. ‘

Let us briefly discuss the following problem. It is obvious that some of the SSS components
have singularities in the places of the BCs change (see Table 2.1). One may find the follow-
ing asymptotics: W = O(r?*!), M, = O(*~"), 0, = O(r*72). Here r = v/x2 + y2, M, and Q,
are the bending moment and generalized transversal force in n plate direction, respectively.
Note that for BCs 1-5 given in Table 2.1 we have ¢ = 0.5, whereas in the case of BCs 6 the
parameter ¢ is defined via the following transcendental equation:

4+ +v)?

Ccos 27r(p = —m.

10%W/q

Figure 2.31 Comparison of FEM solutions with ours for plate displacement
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103W/q

2.0

Figure 2.32 Comparison of FEM computational results with ours regarding bending moments

14.0

12.0

10.0
8.0

10°M/q

Figure 2.33 Bending moment M, for y = +0.5 for different values of ¢ : 1 - =0,2-0.1,3 -
02;4-03;5-04,6-0.5

The constructed previously approximate solution does not suffer for the quoted singularities,
and hence they should be added through the known procedure. Namely, let us assume that we
are going to improve moments M, in the neighborhood of a point of changes of BCs from the
simple support to clamping. Let us introduce polar coordinates with a pole in the BCs change
point (see Figure 2.34). Singular component of the bending moment M, can be written in the
following way:

MO =1"3C0) =" (Co+ €10+ ..), (2.282)

where C(6) is a function depending on angle 6.
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Table 2.1 Type of mixed BCs

Computational scheme BCs
1 e _IO X x<0: M;=0, W=0,
l ” x>0: M =0, Q =0,
y
0 . = =
> zz=== AN X ¥<0: M,=0, W=0,
l x>0: W=0, dW/dy=0,
y
3 0 x<0: =0, dW/dy=0,
A e 0 /dy
l x>0: W=0, dW/dy=0,
y
4 Raaay? . x x<0: Q=0 dW/dy=0,
l ' x>0: M,=0, W=0,
y
: Al » x<0: Q=0 dW/dy=0,
I x>0: M,=0, Q,=0,
y
6 SJ° x<0: W=0, dW/dy=0,
NANRRARRRRNNRS X,

l x>0: Qy=0, M, =0,
y

Figure 2.34 Local coordinates in a point of BCs change

In formula (2.282) while developing the function C(0) into a series with respect to 6 one
may leave only C,.
Let us construct the following equations:

—_ 1© _

Yhy=x05 ~ M)’Iy=¢05 for =0, (2.283)
— N _

ley=¢0.5 - Q_V|y=¢045 for =0, (2.284)

where M|, Q, is the bending moment and shearing force, respectively, defined via perturbation
series.
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178 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Formulas (2.283), (2.284) yield the constant C, and the point y,. of matching of singular and
regular components of bending moments.

Let us now calculate the SSS of a plate having its clamping part nonsymmetrically located
with respect to the plate center (Figure 2.8b). PDE (2.252) and BCs (2.114) keep their forms,
whereas in BCs (2.115) the function H(x) should be defined in the following way: H (x)
H(x) — H(x — pk). In Equations (2.269), (2.270) cos %x is substituted by sin ”1:" x, (— 1) p
substituted by 1, and summation is carried out through all m. Ansatz (2.272) can be recast to
the following form:

H(x)sin 2a,,x = Z Yim SIN 20,
i=1.2,3,...

where y,,, are defined by Equation (2.134).
System of LAEs takes the following form:

a,
A =¢ Z A, Yim |1 — L —2+tanha +
m=123,.. 4, \ cosh’a

a,, )
yun 4 —2 tanhe,, |, i=1,2,3,....
K e 1.2,3,.. cosh®a

In reccurrent relations (2.277)—(2.280) for A; it is necessary to carry out the following

changes: both (—I)IT and (—l)’T are substituted by 1, and summation is carried out through
all i and m.

PA regarding coefficients A; keep the form of (2.264).

Computation of SSS components of the squared plate is carried out taking into account the
first ten coefficients A, for various values of the 4 parameter. Figures 2.35 and 2.36 demonstrate
displacement and moments in the plate center in dependence on y parameter. In Figure 2.37
the distribution of the bending moment M, for different values of the ;1 parameter is presented.
Solid curves correspond to our solutions, whereas dashed ones to FEM solution.

10°M/q

1.6

Figure 2.35 Comparison of the normal displacement solutions using our and FEM
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102M/q

2.0

0.2 0.4 0.6 0.8
u

Figure 2.36 Comparison of the bending moment solutions using our and FEM
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Figure 2.37 Bending moment M, for y = +0.5 for various values of the parameter y: 1 - u =0,
2-0.1;3-0.2; 4-0.3; 5-0.4; 6-0.5; 7-0.6; 8-0.7; 9-0.8; 10-0.9; 11-1.0

Analysis of the obtained results shows that the application of HPM yields reliable determi-
nation of the SSS components of the plate with mixed BCs in places located relatively far from
the singularities.

Analysis of the drawings of the SSS factors versus the geometric size of the mixed BCs
allows us to distinguish three characteristic zones. The first zone concerns either the symmetric
location of the clamped plate edges and is located in the interval from g =0 to ¢ = 0.1 or
nonsymmetric location in the interval from g = 0 to 4 = 0.4. In this zone observed are rather
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180 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

negligible changes of the SSS factors. Deviation from the basic state is less than 5%. In the
second zone with increase of the parameter y the significant almost linear increase of the SSS
factors is observed. The zone boundaries are located in intervals g = 0.1 to ¢ = 0.4 for the
symmetric and from y = 0.4 to ¢ = 0.9 for the nonsymmetric problem. Third zone begins
with ¢ = 0.4 and ends at y = 0.5. The zone from y = 0.9 to u = 1.0 is characterized by a
rather negligible increase of SSS factors with the increase of u.

Therefore, rather negligible inclusions of nonhomogenous BCs (simple support and clamp-
ing) does not influence SSS of the plate significantly.

2.4.6 SSS of a Plate with Mixed Boundary Conditions “Free
Edge—Moving Clamping”

Let us consider a computation of the rectangular plate simply supported on two edges, and with
mixed BCs “free edge - moving clamping” on two other (see Figure 2.17). Plate is subjected
to action of the uniformly distributed load action of intensity ¢. In what follows we study the
symmetric case with respect to the origin coordinates (Figure 2.17a).

The input nondimensional BVP has the form (2.270), (2.159), (2.160). Plate displacement
has the following form:

W = Wl + W2,
49 (4 3,02, 5 4)
=51 -5 T~ 2.2
W, 24<x ka +16k , (2.285)
o A,v-1
W, =i m(. m ) [<V+i +amc0tham>cosh2amy—
i, @y sinha, [\v—
2a,,ysinh 2, y] cos 2a,,x. (2.286)

Formula (2.285) describes the cylindrical plate bending, if the plate is simply supported
on the edges x = +0.5k and is subjected to action of the uniformly distributed load. Formula
(2.286) governs the plate displacement which is simply supported on edges x = +0.5k, whereas
on edges y = +0.5 the following BCs hold:

W+ Q=W =0,  W,= Y A,cos2a,x.

»y y
m=1,35....

Satisfaction to BCs (2.159), (2.160) yields the following equation:

Z A, cos2a,x =
m=1,3,5....

eH(x) { > A, l1 —a,(v-1)(a,(1-v)

m=1,3,5,...

L p2
sinh“a,,

(3 + v)Ctanha,,)| cos 2a,,x + vg(4x2 - kz)} , m=1,3,5,....
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Substituting the underlined terms and function H(x) cos 2a,,x in the form of the series with
respect to cos 2a;x gives the following infinite system of LAEs regarding coefficients A;:

1
A =¢ Vi A l—a,(v—-1|a, (1—-v)—— —
l m=l,;,5,... " m{ " l " Sinhzam] }

k2 K? 2 1 2
(e oB (2o YD 2), imns
q< M cos wui 7w By w212

1 . .
2u + Esm%mm i=m,

}/A ==
" 4 1 . . .. . .
. m[m Sin T um cos wpui — i Sin wpi cos wum| i # m.
Further we apply the perturbation approach. As a result the following recurrent conditions

for coefficients A; determination are obtained:

Ai(O) =0,
k2 . 2k? , 1 2
Ai(l)_vq <4MW COSJT[U-F; |:<[,£ _Z>_W:| R
1
A= A 1Y l-a,v-1|a,(0—-v) -
i) mz]y;’im m(j—1) lm{ sinhzam

(3 +v)cotha,,]}.

In the next step coefficients are recast by PA (2.264).

Let us analyse the obtained solution in limiting cases. Values of ¢ = 0 correspond to movable
clamping on the plate edges y = +0.5, where y;,, = 0. The second limiting case corresponds
to u = 0.5 and is associated with completely free edges y = +0.5, where y;,, = 1 — 9;,,. In this
case the PA in (2.264) for € = 1 yields the following exact solution:

m—1

9 (4_322, 54 q (=D
W= (-2 s 2at) vt x
22 \" T2 T g Jrvfgkmzlz;f5 ]

1
sinh a,, (a,, (1 — v)sinha,, + (3 + v) coth a,,)

X

[( “: i i + a,, coth am) cosh2a,,y — 2a,,y sinh Zamy] cos 2a,,x.

Computation of the SSS components has been carried out for a square plate taking into
account ten first coefficients A; obtained via PA (2.264) for € = 1. Both displacements and
bending moments are defined in the plate center for certain values of the parameter u. Results
are presented in Figures 2.38, 2.39, where solid (dashed) curves are obtained by our (FEM)
method.

In a similar way the problem regarding a computation of the SSS of a plate having a part
of the movable clamping nonsymmetrically located with respect to the plate center is solved
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1.310

1.308 ¢

1.306 |

102W/q

1.304 |

1.302

Figure 2.39 Comparison of the plate bending moments using different methods

(Figure 2.17b). In this case the basic PDE (2.252) and BCs (2.159), (2.160) remain valid. In
BCs (2.159), (2.160) the function H(x) takes the following form:
H(x) = H(x) — H(x — pk).
The formula describing the cylindrical plate bending has the following form:
4 357,213
= —x(x’2 .
W, 5 4x(x kx= + k7)

In Ansatz (2.286) summation with respect to odd m is substituted by summation for all m.
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Infinite system of LAEs regarding the coefficients A; has the following form:

A =¢ z {yimAm(v -1 lam(l -v) ;2 — (3 +v)coth am] } +

m=135,1.. sinh“a,,

q K> . . 2k [ 2 . K2
E\/z{zWSlnﬂ'ﬂl(ZM—l)—;(M +[4—m>cosﬂlﬂ—4m s
where y,,, is defined by the formula (2.134).
Recurrent relations for the coefficients of the trigonometric series are as follows:
2

q k= . .
Ajy = vy {ZW sin wpuiu — 1)—

2—]<2< 24 —i>cosn'i —4£
i T T e W08 |

1
Aigy = Z Ap-1)Yim {1 —a,(v—1) lam(l -V) -

m=135,.. sinh’a,,

(3 +v)cotha,,]}.

PA coefficients A; in (2.264) remain valid.

Let us consider the solution obtained in the limiting cases. Value y = 0 corresponds to the
movable clamping on edges y = +0.5, and hence y;,, = 0. Second limiting case (4 = 1.0) cor-
responds to free edges y = +0.5 and hence y;,,. In this case the PA in (2.264) for € = 1 yields
the exact solution:

W= 214)6()63 —2kx® + )+

q ¥ 1 1

Y8k A o5 i nh-2 %
=] % sinha,, (a,, (1 = v)sinh™~a,, + (3 + v) cotha,,)

[(“: ha 1 + ay, coth amy> cosh2a,,y — 2a,,y sinh 2amy] sin 2q,,x.

Results devoted to computation of the deflection and bending moments in the square plate
center are presented in Figures 2.38, 2.39 by the dashed curve. Computation is carried out
using the first ten coefficients A;. Dashed curves correspond to results obtained via FEM.

Also in this case three important zones of the parameter u are distinguished. The first one
corresponds to the interval of [0, 0.15] (symmetric) and [0, 0.3] (nonsymmetric) problems. The
second zone concerns intervals [0.15,0.45] and [0.3, 0.9], whereas the third zone is associated
with intervals [0.45,0.5] and [0.9, 1.0]. In the first and third zones changes of the parameter
u have negligible influence on the plate SSS factors. In the second zone small changes of the
parameter u lead to essential changes of all SSS plate factors. The plate SSS is not changed
essentially by small parts of nonhomogeneous BCs.
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184 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

2.5 Forced Vibrations of Beams and Plates
2.5.1 Forced Vibrations of a Clamped Beam

We consider the clamped beam (—0.5/ < x < 0.5/) subjected to the periodic external load
action of the form P(x,y) = P(x) sin(wf + ). Basic PDE has the following form:

Elyze + py, = P(x) sin(wf + a). (2.287)
Solution to Equation (2.287) is sought in the following form:
y = W(x)sin(w? + @), (2.288)

where x = x/I.
Substituting Ansatz (2.288) into Equation (2.287) yields

Wl — W = P(x), (2.289)

where i = 222 , P(x )—M

BCs are taken in the form of (2.15).

Let us present the beam displacement as PS. Substituting it to Equation (2.289) and BCs
(2.15), and after splitting with respect to € the following recurrent sequence of the BVPs is
obtained:

WY — 2*W, = P(x),

Wy=0, WI=0 for x==+0.5, (2.290)
- AW, =0,
j—=1
W, =0, Wj” =3 ) W for x==+05. (2.291)
i=0

Let us consider the case when the frequency of excitation does not coincide with any of the
eigenfrequencies of the simply supported beam. PDE (2.290) in the zero order approximation
has the following form:

Wév - W, = Z A, cos mnx + Z B, sin znx,
n=13,75.... n=24.6....
where

0.5
An=2/ P(x)coszny for n=1,3,5,...,
-05

0.5
Bn=2/ P(x)sinznx for n=2,4,6,....
-05

In this case we obtain:

w= 3 al + +
= — L cosznx - sinznx
n=1,35,.. mint — A n=2,4.6,. ”4"4
A DS ; (2.292)
. mnA (—1)2 1 A A
pif 3 IV L d)]
j=20 {n:l; 212(77:4”4 - 2'4) 22 2 2
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cosh Ax cos Ax znB,(-1)2 1 A ANV
- — —[1——(coth—cot—>]><
coshA/2  cos /2 it 242 (ntnt — A% 272 22

sinhAx ~ sinAx
sinhA/2 sind/2) |’
Changing the summation order with respect to n and j in formula (2.292), the following
expression is obtained:

.

A B
W= — T cosznx+ — % Sinznx+
n=],;,5,... 7[4’14 - A4 n:2;,6,... 71'41’14 - /14
n—1
mnA, (-1)72 £

Z 222(z4nt — %) 1 2 i %
n=1,35,.. Tn 1- [1 — 53 <coth§ +cot§)] €
< cosh Ax _ cos Ax > _ znB,(=1)2 £ %

2(hd _ 4
coshA/2  cosA/2 pte. 2R3 (it =A%)y [1 _ ﬁ (cotﬁcot%)] e

sinhAx  sinAx
sinhA/2  sini/2 /) |~
The same result is obtained if in Ansatz (2.292) we keep only three first terms, and then
recast them through the PA.

Let us estimate how the solution obtained via the PA differs from results found through PS.
Let us study the particular case:

P(x) =qgcosamx, m=1,3,5,....

Then, in the zeroth order approximation we get

Wy = — cos wmx. (2.293)

mhmt = 4

In the next approximation we find

m—1
xmq(—1)"2" cosh Ax cos Ax
= - R 2.294
YT 2(ntmt — 2% <cosh /2 cos ,1/2> (2.294)
m—1
amq(—1)"2" ( 1 < A A coshAx  cosAx
Wy= 70 " (1 2 (tanh 2 4+t —)) - . (2295
27T 22(xtmt = 2% 2 \Aig TRy cosh1/2  cosA/2 ( )

Let us compute the beam displacement using the PS (Figure 2.40), where we have fixed the
value k,, = A*/(zm)* = 0.9 during computations. It is clear that PS for e = 1 gives a rather
high error of the beam displacement. In Figure 2.41 graphs of errors associated with the beam
displacement estimation for various values of the parameter k,, are shown.

Analogous results are obtained if one computes the bending moment for each step of
the approximations, and then the results obtained are compared with the exact solution
(Figure 2.42, k,, = 0.9).

85UBO| 7 SUOWIIOD 8AReR1D) 8|edldde auy A peueob 818 s3I YO 188N JO SN 104 ARRIq 1T UIIUO AB]IA UO (SUORIPUOD-PUR-SLURYLIOD A3 | 1M ATRAG 18U UO//SARY) SUORIPUOD PUe WS L 8L} 88S *[£202/2T/TE] uo Arigiauluo AB|im ‘unssuibus jo Aiseaun exeya Aq /10p/woo A3 Im Arig1feuluo//sdny woy papeo umoa



186 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Figure 2.40 Computation of the beam displacement using PS and PA: 1 - W, (2.293); 2 - W, (2.294);
3-W,(2295);4-W,+ W, + W,; 5 - exact solution and PA

140
120 |
Ky =0.1
2 100t km=0.3
Ky, =0.5
kpp=0.7
k,=0.9
80 m
60 i i i i

0.1 0.2 0.3 0.4
X

Figure 2.41 Error in estimation of the beam deflection versus parameter k,, = A*/(zm)*

In Figure 2.43 it is shown how the error of the bending moment determination defined via
PS changes for € = 1 in different beam cross sections for some values of the parameter k,,,.

The solution constructed so far possesses the following drawback: secular terms appear when
the exciting frequency coincides with one of the simple supported beam frequencies. However,
this effect can be removed by developing the external load into a series regarding modes of the
clamped beam (2.29). One may verify that if in Equation (2.29) we take ¢ = \/5, then

0.5 0.5 03
W, Wdx = WoWodx +e [ (Wo,Wy; + Wy Wo)dx+
-05 -0.5 -0.5
o (2.296)
£2 / (WOiWZj + WliWIj + Wzl-sz)dx = 5ij'
-0.5
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M/q

Figure 2.42 Errors in bending moment estimations by PS and PA: 1-M; 2-M; 3—-M,; 4-M,, +
M, + M,; 5—exact solution and PA

We apply the method of splitting with respect to eigenmodes W, and we look for the beam
deflection in the following form:

W= AW, (2.297)

80
K = 0.1
60 k= 0.3
Km=0.5
40 knm=0.7
Ky =0.9
20
ol
Ky =0.1
20+t Ky =0.3
Km=0.5
ky=0.7
—40r  _o09
—60 |

0.1 0.2 0.3 0.4

Figure 2.43 Error in bending moment estimation by PS

85UB01 7 SUOLUWIOD aA1IR1D) 3[ceoldde ayy Aq peuenob aJe sooiLe VO ‘8sn JO SNl o} Aleid18UIIUQ AB]IAA UO (SUONIPUOO-PUR-SUIB)IOY AS | 1M Afed| Ul [UO//SthiY) SUORIPUOD pue sWis 1 84} 88S *[£202/2T/TE] uo Akeiqiauluo ABjim ‘utesuibus jo Aisiealunexeya Aq /iop/woo A im Areiqijeul|uo//sdny Wwos papeoumod



188 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Substituting Ansatz (2.297) into Equation (2.289), multiplying it by the eigenform W, and
carrying out the integration with respect to x from —0.5 to 0.5, we get

0.5 ® 0.5
/ ZA,,(W,’X - W) Widx = / P(x)W,dx. (2.298)
05 = -0.5

Since an arbitrary eigenform satisfies the equation
WiV — 24w =0,

where A% is the eigenvalue of the BVP (2.12)—(2.15), Equation (2.298) takes the form:

0.5 & 0.5
/ DA = AHW, W,dx = / P(x)W,dx.
- -0.5

05 ol 0.

Taking into account Equation (2.296) we get

0.5

! f(.x)(WOk + Wl/('g + W2k£2 +. )dx
.5

A, =
STV

Therefore, coefficient A, is defined in the form of truncated PS:

Ay =Ag+Ae+AEr+... =

1 0.5 0.5 0.5
— [ FEOWydx + € FOW,dx + € F)Wydx + ] :
Ay =A% )05 5 5

Further, coefficients A, are presented in the form of PA

ag+ae
Ak[l/l](f) = m,
where ag = Ay, a; = A, + b1Ay, by = Ay [A k-
Now the beam deflection can defined using formula Ansatz (2.297), and eigenforms W, are
constructed in the form of PA.
One can mention that the free oscillations problem is reduced to the forced oscillations one
because the initial conditions

w= w(o)(x, ), w,= w(l)(x,y); at r=0

are equivalent to the load

2

(0 N w(l)d5(t)
dr? ’

dt

where 6(¢) is the Dirac function.
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/ﬁﬁ\
X
0
A y
0.5/ 0.5/

el

Figure 2.44 Beam subjected to a self-balanced load

2.5.2 Forced Vibrations of Beam with Free Edges

We consider computation of the dynamical SSS of a beam with free edges (—0.5/ < x < 0.5]),
subjected to action of the periodic self-balanced load g¢(x,f) = gcos ”—;")_c sin(wt + ),
m=2,4,6,... (Figure 2.44). PDE governing the beam dynamics obtained via introduction
of the nondimensional quantities (2.8), and then time and space variables separation (2.288)

takes the following form:
WV — 23W = g cos zmx, m=2,46,.... (2.299)
We apply BCs (2.41) to the ODE (2.299).
Note that exact solution to the BVP (2.299), (2.41) follows:

_ q
W= P cos zmx + C; cosh Ax + C, cos Ax.

Satisfaction to the BCs (2.41) allows us to define arbitrary constants C; and C,:

_gmmi(=1)? e L
7A@t = 4% [2(1 —€) + A(coth /2 + cot 4/2)]  sinh /2’

_gm’mi(=1)2 e |

€2= At — %) [2(1— ) + eA(coth /2 + cot 4/2)] sinA/2

Finally, the exact solution has the following form:

q 2m(=1)2¢e
W=———— [coszmx+ %
mtmt — 24 A2(1 — €) + eA(coth 4 /2 + cot A/2)]
coshAx  cos Ax (2.300)
sinh1/2  cosA/2 /|’

Substituting the displacement W in the form of PS in (2.16), and then substituting it to the
ODE (2.299) and BCs (2.41), and splitting with respect to €, the following recurrent sequence
of the BVPs is obtained:

WY — 2*W, = gcosamx,  m=2,4,6,...,

wi'=0, W/=0 for x==05,
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190 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

WiV — 2w, =0,
J J
j-1
1l _ 1 _ — 11 _ P
wit=0, W/ =)W' for x=x05 j=123...
i=0
Taking into account the successive approximations, one may obtain the form of a general

term of PS:
q

WO = mCOS Tmx, m = 2,4, 6,..., (2301)
2,2(—1 5
= gr-m=(—1) c'oshllx _ cos Ax ’ (2302)
2A(zw*m* — 24) \sinh A/2  sin /2
2,2 5
g m-(—1)2 [ A ( A A cosh Ax coSs Ax
= 7 |1-Z(cothZ + t—)] : - = , 2.303
2T = L T 2\ T )\ Gian /2 T sin a2 (2.303)
2,2(—1 5 j-1
= AT D2 [1-2 (coth 2 +cor )| (SSRAL_ SSAL) o 50n)
2Mmtm* — 2%) 2 2 2 sinhA/2  sinA/2
After summing up the obtained approximations the solution takes the form:
2,2 5
q grim?(~1)?
W=————cosamx+ —————X,
zimt = T S mt — )
- A A IV h A A (2.305)
Zej+l[l——<coth—+cot—>]' <C_OS X o8 x>'
= 2 2 2 sinhA/2  sini/2
Since the series appearing in (2.305) is a geometric progression, its sum is
3 et [1 _4 (coth A4 cort )] - € . (2.306)
Jj=0 2 2 2 1 [1—§<coth§+cot§>]e

Observe that taking into account Equation (2.306) the solution (2.305) coincides with the
exact one (2.300).

Exact solution can be obtained taking into account only three terms of the series regarding
excitation and applying PA to the truncated PS.

Let us compare how the solution constructed using the truncated PS differs from the exact
one. For this purpose we compute the deflection for n = 2, r,, = A*/(zm)* (Figure 2.45).

In Figure 2.46 bending moments computational results obtained via PS are reported. It is
evident that the PS cannot be applied for the bending moment determination. However, appli-
cation of PA essentially improves the results.

2.5.3 Forced Vibrations of a Clamped Plate

We study vibrations of the rectangular plate (—0.5a < x < 0.5a; —0.5b <y < 0.5b) clamped
along its contour and loaded by a normal periodic force of the following form

q(x,y,1) = g cos M5 cos %ni sin(wt + @), m,n=1,3,5,....
a
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10W/q

0.1 0.2 0.3 0.4

Figure 2.45 Comparison of efficiency of various approximations: 1 — W, (2.301); 2 - W, (2.302);
3-W, (2.303); 4 - W, + W, + W,; 5 — exact solution (2.300) and PA

Figure 2.46 Comparison of efficiency of PS and PA: 1 -M; 2-M ;3 -M,; 4 -My+ M, + M,;
5 — exact solution and PA
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192 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Basic PDE has the following form:
DV*W + pW,t =g cos %)_c cos %ni sin(wt + @). (2.307)
Solution to Equation (2.299) is sought in the form:
W = W(x,y) sin(wr + a), (2.308)

where x =x/b,y =y/b.
Substituting Ansatz (2.308) into Equation (2.307) we obtain

VAW — 2*W = g cos %xcos any, mn=1,3,5,..., (2.309)

where 1* = pw?b?/D; q = gob? | D.

We add to Equation (2.308) BCs (2.66), (2.67).

We present the plate displacement as PS (2.16). Then we substitute the PS into Equation
(2.309) and BCs (2.66), (2.67), and after a splitting procedure with respect to €, the following
recurrent set of the BVPs is obtained:

V4W0—/14W0=qcos %xcosnny, m,n=1,3,5,...,
Wo=0, Wy,=0 for x==05k,
W, =0, Woyy =0 for y==0.5,

VAW, - A*W; =0,

j-1
W, =0, W, =%k) W, for x=zx05k
i=0,

=
W, =0, W, =%k) W, for y=z0.5.
i=0

In zeroth order approximation we get:

2
q Tm 2 m
S —xcoszny, a=n"+—. 2.310
T Y 2 (2.310)
In successive approximations we obtain problems governed by homogeneous equations and
nonhomogeneous BCs. Their solutions with respect to the first- and second-order approxima-

tions follow:

Wy = ——co
07 42 — }4

oS f,X
g m-1 | cosh f,x cosh fi;,x
W1=—2 TSCREY 1m(=1)72 m 5 cos ny +
2A%(m*a? — A%) cosh g,/ cos o k)2
2n
cosh fs,k/2
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COS ¥,y
Tm
w1 | coshyy,y coshys,,y . A>azn, A> ==
n(—=1)z - 5~ Cos ==X; ;
coshy,,/ €08 ¥2,,/2 A<mn, A< %
coshys, /2
_ nq m=1 1
We = Tt [T {1~ g 2+
cos f,,x
P, tan fr k/2 cosh B, x cosh f3,x
X YWE - cos Tny +
cos
—p,, tanh B5,k/2 In cos f,,k/2
cosh fy,k/2

]
n(—=1)2 {1 kYT [ylmtanhylmk/2 +

COS VoY

cosh
{ Y2, tan 72m/2 }] } cosh YimY _ Vam) cos ﬂx B
—¥3, tanh ys,, /2 h 2
73 Yam/ coshy,,,/ cos 7y, /2 k
coshys, /2
AL )7 i| —— x
—_— — — — l —
R(rta? — 4 ' - 2
(z*a ) =135, 7[4<k_22+lz)
oS fr;x
cosh f;;x cosh fs;x , 1 { coshy,;y
3 - L cos iy —
hp,.k/2 ; 2 .
cosh §;k/ c0s o2 7r4<;(—22+n2> _ coshy,;/2
cosh fi5,k/2
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194 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions
COS ¥2;y
cosh ysy ) A>zi(n), A> @
> COS %x ; s (2.311)
Cos 75;/2 A< zi(n), A<=
coshys; /2

where = VETRE, py = V-8 py= VB y,= VET AR,
Vo = VA2 —m?2 [k, yy = \/m

We construct PA using the first three coefficients of the series W. In Figure 2.47 graphs
of deflection changes for y = 0, m = n = 1, k,, = A*/(z*A) are shown. In Figure 2.48 results
concerning a computation of the bending moment are reported.

2.5.4 Forced Vibrations of Plates with Free Edges

We consider vibrations of the rectangular plate (—a/2 <x < a/2;—-b/2 <y < b/2), loaded
by the self-balanced normal periodic load

g(x,y,t) =gcos M cos %i sin(wt + @), m,n=2,4,6,....
a

Figure 2.47 Computational results of deflections using PS and PA: 1-W,, (2.310); 2-W, (2.311);
3-W, 2.311); 4-Wy + W, + W,; 5-PA
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X

Figure 2.48 Computation of the bending moment using PS and PA: 1-M; 2-M,; 3 -M,;
4-My+M, +M,;5-PA

After introduction of the nondimensional quantities and after separation of spatial and time
variables the input equations have the following form:

VAW = 2*W = gcos %xcosnny, mon=2,4,6,.... (2.312)

We attach BCs (2.284), (2.285) to the PDE (2.312). Furthermore, in order to solve the BVP

(2.312),(2.284), (2.285) the PS () is applied. Plate deflection is presented in the form of (2.16).

After its substitution into PDE (2.312) and BCs (2.284), (2.285), and after splitting with respect

to €, the following recurrent sequence of the BVPs is obtained

V4WO - l“WO = g cos %xcos zny, m,n=24,6,...,
Wy=0, Wy =0 for x==+0.5k,
W, =0, Woyyy =0 for y==+0.5,
VAW, — AW =0,

) for x=+0.5%,

Jj-1
vv]xxx +(2- V)VVJ'WX =0, ‘/ij =Fk Z(Wixx + VWiy«"
i=0

j-1
Wiy + Q=W =0, W, =5 Y (W, + W) for y==05.
i=0
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196 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Zeroth order approximation yields:

q

WO =
mta? — at

m
C0s =~ COS zny.

We find the PS coefficients successively solving the obtained sequence of approximations:

2 2 2
qr 2 m n 2 m 1
T L VY eni [(2+a-we2™) Ly
L 2/12(774012—/14){(” Vk2>( ) [( (1=vz k2>y1m

_L . LOSyomy
COSh 2 Y2m sin 72»1/2
,—ylmy+ <Az—(1 —V)]sz—> cos o x+
Slnh }/lm/z k2 L . cosh V3mY k
Y3m sinh }/3m/2
2 m h g, x
m 2 w2 2 2y 1 coshpy,
— + D2 [(A+1 - _—
< v > R R Ty 7
_ 1 cospyx
ﬂZn sin ﬁan/z
(22 -1 - v)nznz) cos zny ¢,
1L _coshfx
ﬂ}n smhﬂg,,k/Z
2 2
qr n 2 m 1 2
Wo=W, — —— k(-2 | n"+v— — (A +
2T 222(xta? — 2% { =D < K2 ) [nm (
1
2\ 2 2\ 2 7_ cot YZm/Z
2’/n ) 5 m 2m
(1 -vr ﬁ) cothy,,,/2 + </1 —(l-vr ﬁ) X

—ﬁcothym/Z

2\ 1 coshyy,y m?
PrQ-ne2l ) — . Tl 2oy ).
[( Gz ) v S, /2 =vra

L . LOSyomy
Yom  Siny2,/2

2
Tm m m
cos —x+ (—1)2 —2+;/n2 X
1 coshys,,y k k
Y3m  sinhys, /2

L . cos ﬂ2nx
1 Pon  sinfo,k/2
(/12 +(1 - \/)ﬂ-znz) — coth f,,k/2 + (/12 —(- \/)7r2n2) y
ﬂln _ 1 cosh f3,x
Bsn sinh ﬂ3nk/2
27g(~1)2 (=1) ; R
coszny; + —————— D2k n*+v— ) x
y} /14(”4(12 — /14) i ( ) 2
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(/12 (- v)nz'lf—j) ((1 —V)r v,12>

X
PR P
o1 coth f,.x .
[(,12(1 —a?i?) 7 m + (22 = (1 = wnP)x
1i i
_ 1 _cosphx

Poi sinfpik/2 1 ( m?
coswiy+ — | — +vn? ) x

I coshfyx k \ k?

B3 sinh pak/2

(22 + (1 - \/)7[21’12) (1 =7 +va?)

i2
A2+ 72 (n2+ ;—2>

(22 = (1 = va*n?) (1 = v)x*n? + vA?)

i2
YRE <n2+ k—2>

2\ 1 coshyy i2
A2+ -—wrl ) 22 (2 -2l ) x
[( +( V)1 2 ) 7 sinhy, )2 + +( V)1 2

1 cosmy
C Sing /2 .
r2i  sinr/ i
COS —X ¢,
1 coshyyy

73 sinhys;/2

B = VA2 + 722, B, =VA2—7%i%, py= V22— A2,

where

Vi = VA2+ 722k, vy = NA2 =22 k2, yy =N mri2)2 - A%

Knowing three terms of the PS we construct PA in (2.268). The displacement and bending
moments of the squared plate computed via PA fory =0,k = 1,v =0.3,7,, = A*/z%?> = 0.9
are shown in Figure 2.49 and 2.50.

2.5.5 Forced Vibrations of Plate with Mixed Boundary Conditions
“Clamping-Simple Support”

Let us study vibrations of the squared plate (—0.5a < x < 0.5a; —0.5b <y < 0.5b) simply sup-
ported on its edges x = +0.5a, having mixed BCs “clamping — simple support” on its sides
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198 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

0.1 0.2 0.3 0.4

Figure 2.49 Displacement of the squared plate with free edges

102W/q

Figure 2.50 Bending moments of the squared plate with free edges

y = +0.5b, and symmetrically located with respect to the axis y (Figure 2.8a). Plate is subjected
to action of the normal periodic load of the form:

q(x,y,1) = g, cos %Ecos %isin(wt +a), mn=1,273,....

BCs are taken in the form (2.114)—(2.115).

BVP (2.309), (2.114), (2.115) is reduced to an infinite system of LAE in a way analogous to
the one in Section for a static case.

Boundary moment occurring on the clamping part can be approximated by the following

series )
i
M = E A;CcoS —x,
Yly=x05 ! k
i=135...

where A; are unknown coefficients.
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Solution is sought in the following form
W = Wl + W2,

where W, = ﬁ cos %x cos zny, and W, is a particular solution to Equation (2.309) for
homogeneous BCs

W] = 0, Wlxx =0 for x= 105/(,
Wl = 0, ley = O fOl‘ y= iOS

Function W, takes the following form:

cos oy
4 >
cosh fi;;y A>Z
W = A; | coshpyy | g cos ﬂix k
2 = Py - A )
st 2 eosh B {0 bi/2 k A< %
< -
cos fi5;/2

where B, = \/A2 + 722 [k?, By; = \A> — w22 k%, By; = \/#w%i% /k* — A%. Tt describes a solu-
tion to the following BVP:
VAW, — AW, =0,

W, =0, W, =0 for x==+05k

i=1,35.,...

Satisfaction to BCs (2.115) yields the following equations:

- n—1
. N ; -H7z
i:l; Aicos %x e i:ggw Aycos %x - % cos %x—
A, Paitan By; /2 i .
Y 5| Butanh /2 + cos —x|, i=13,5... (2313
i=133... 24 —ps; tanh fs;/2

\

Splitting of the r.h.s. of Equation (2.313) into series regarding cos %jx, j=1,3,5,..., yields
the infinite system of LAE:

By tan By, /2
1
A=¢ Z vidi| 1 — C¥e) By tanh f;/2 + +
i=135,... —p; tanh f3; /2 (2.314)

n—1
grn(=1) 7

Elim™ i — 4 J=13.5,.
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200 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Here y;; coefficients are defined by Equation (2.272) (j — i,i — m).

Occurrence in the infinite system (2.314) of the parameter ¢ allows us to present coeffi-
cients Aj in the form of (2.261). After substitution of PS in (2.261) into system (2.314) and
after comparison of coefficients standing by the same powers of ¢, the following formulas for
determination of unknown coefficients are obtained:

Aj(O) =0, (2.315)
n—1
grn(—=1)7
Aj(l) = yjm—4 > — }’4 s (2316)
o ! Bo; tan fp; /2
Ay = X, Tiipon|1- 2z | Puitanh Bri/2 + @
i=1,35,... —P5; tanh fy;/2

PA for coefficients A y takes the form of (2.264).

We consider behavior of the obtained solution in the limiting cases. Limiting case y = 0
corresponds to the simple support of plate edges y = +0.5. Second limiting case u = 0.5 core-
sponds to the following BVP

V4W—/14W=qcos%xcosnny, nm=1,3,5,...,
W=0, W, =0 for x==0.5k,

W =0, Wyy =0 for y==+0.5,

having the following exact solution:

n—1
_ q m grn(—1)72
W= mcos 7xcos;my+ mx (2.318)
cos f,,,y
3 g
cosh
1 | coshpy,y (] cos FM
cosh f,,/2 k™
o tan fy, /2 tn/ cos fo,n/2
Pi.tanh g, /2 + 3 .
—ps,, tanh fs,, /2 cos fiz,, /2

Let us check what kind of benefits can be obtained applying the HPM. For ;1 = 0.5 we have
Yji = 0, and recurrent formulas for coefficients A; (2.315)—(2.317) can be written in the fol-
lowing form

2 3
where -
S _qrn(=1)2
Ajo =0 Ajy =
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nl By tan f,,/2
6]7”’1(—1) 3 2i 2i
Aoy =3 |1 5z |Autanh /2 + )
—p5; tanh f5;/2
2
o=l Py tan f,; /2
grn(—=1)72 2i 2i
Ay = i |1 5 | Autanh Au/2+
—p5; tanh f5;/2
We recast the truncated PS (2.319) into PA in (2.264), and we get
n—1
grn(—1)"72" I3
A& = — 3"
| P tan Br;/2
I —]1—55|pytanh §;;/2 + €

—p; tanh f3;/2
(2.320)
If we compare formula (2.320) for € = 1 with the multiplier standing before a squared
bracket in formula (2.318), it is evident that the PA gives the exact value. Therefore, in the
second limiting transition we get the exact solution of the BVP (2.309), (2.114), (2.115).
In the similar way we calculate also the dynamic SSS of the plate with mixed BCs and
with nonsymmetric location of the plate clamping parts (Figure 2.8b). We take symmetrically
located, with respect to the plate center, the periodic load of the following form:

4.y, 1) = gy sin 2% cos %isin(wt+a), m=1,23,..., n=13,5,....
a

Tm

) ) k
terms we also substitute cos %x by sin %x, cos %x by sin %x, whereas the summation

is carried out with respect to i,m =1,2,3,.... Coefficient Vi takes the form (2.134)
(i = j,m — i). For the infinite system of LAE (2.314) the summation is carried out with
respecttoi=1,2,3,....

Computation of the dynamic SSS for the squared plate is carried out by taking into account
the first ten coefficients A;, obtained with a help of the PA (2.264) for € = 1. Displacement
and bending moments in the plate center for different values of the parameter y are computed.
Results are shown in Figures 2.51, 2.52. Similarly as in previous cases, solid (dashed) curve
corresponds to symmetric (nonsymmetric) location of the plate clamping (we fixed the value
of k, = z*a/4* = 0.9).

While analysing of the reported curves one may distinguish three characteristic zones regard-
ing the u parameter: [0, 0.1], (0.1, 0.45], (0.45, 0.5] for the symmetric case and [0, 0.5], (0.5,
0.7], (0.7, 1] - for the nonsymmetric case. In first and third zone an increase of the plate
displacement and bending moments accompanied by increase of the parameter y is rather
negligible. In the second zone even for small changes of the parameter y essential changes of
the plate displacement and bending moments are observed.

Therefore, if the size of the mixed BCs are within the first zone, one may consider it as the
plate simply supported along its contour. If the size of the mixed BCs are within the third zone,
then one may consider it as the plate simply supported along its two edges and clamped along
the remaining two. In other cases we must take into account the mixed BCs.

PDE (2.309) is still valid assuming that we substitute cos %x by sin —x. In the remaining
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Figure 2.51 Dependence of the normal plate displacement versus length of simple support

Figure 2.52 Dependence of the bending moment versus simple support length: 1 —M,
2-M, 3-M, 4-

li=0,=0"

lx=0y=0" ly=0.5y=0" Vli=05=0

2.5.6 Forced Vibrations of Plate with Mixed Boundary Conditions “Free
Edge — Moving Clamping”

We consider forced vibrations of the rectangular plate (—0.5a <X < 0.5a; —0.5b <y < 0.5b)
that is simply supported on its edges x = +0.5¢ and has mixed BCs “free edge — moving
clamping” on its edges y = +0.5b symmetrically located with respect to the axis y
(Figure 2.17a). Plate is loaded as follows

q(x,y,t) =gy cos @xsin%nysin(a)t+a), m=1,3,5,..., n=24,60,....
a

Introducing the nondimensional parameters (2.59) we obtain basic PDE has the following
form

VAW — 2*W = gcos %xcosnny, m=1,3,5.., n=24,6,... (2.321)

We attach to PDE (2.321) the BCs (2.159), (2.160).
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Plate displacement follows:
W = Wl + Wz,

where W, is the particular solution to nonhomogeneous PDE (2.321),

Wl_ q

= m cos %x cos zny. (2.322)

Function W, takes the form:

A. 2 1 coshpfyy
W, = 22+ - ) — . — 2.323
’ Z 242 [( ( w7 kz) B Slnhﬂn/z ( )

1,3,5,...
_ 1 cospy i
2 Pai sinfy;/2 i A> n
2 21 Tl
A= -vr = | % COS —X,
k 1 coshpyy k A< i

B3 sinhf3;/2
It has been obtained by solving the following BVP:
VAW, — A*W =0,
W=0, W,=0 for x==0.5k,
Wiy + @ =Wy =0, Wy= ¥ Ajcos7ox for y==05.
i=1,35,..

Unknown coefficients A; are defined from the BCs (2.159), (2.160):

i — i
Z A, cos ?x= eH(x) Z A cos E)H- _ X
i=1,3,5,... i=1,3,5,...

0 A 2
(=1)2 cos %x— Z ﬁ [ﬂL </IZ+(1—V)7I2;{—2> coth f,;/2+
i=1,3,5,.. li

L cot f;/2

2\ 2 | B
2 _ _ 2l_
(ﬂ (1-v)z k2> 1 . (2.324)

B3; coth f3;/2

7[,.

Splitting the r.h.s. of Equation (2.324) into series with respect to cos ?’x,j =1,3,5,..., the
following infinite system of LAE is obtained:

1 [1 i2
Aj =¢ Z Aﬂ/ji [1 - 2_/12 [ﬁ_], </12 +(1 - V)”2E> coth f;;/2+

j=135,...
i
2 ﬂ—ﬁcotﬂzi/Z o <n2 +v'1’€i22> )
(/12 —(1- v)n'zk—2> + EyimW(_l)za (2.325)

1
5 coth f5;/2
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where y;; takes the form (2.135) (m — j).
In what follows we recast coefficients Aj as PS (2.261), substitute them into the system
(2.325) and we compare the coefficients standing by same powers of ¢:

qr (n +v—>( 1)2

Aty = Vim 7 : (2.327)
i [ ! [1 <,12+(1 v)n2i2>cothﬁ en
) = Aip-1)Yji re - - L
& j=135.. ! 22 [ By, K2
5 é cot fiy; /2 (2.328)
2 21 ! .
<'1 —(1-vz ﬁ>>< . j=1,3,5...

1
5 coth f5;/2

PA for coefficients A; has the form (2.264).

We consider the behav1or of the solution obtained so far in limiting cases. The first case
corresponds to the movable clamping of plate sides y = +0.5, the second case for y = 0.5
corresponds in full to free plate sides y = +0.5. Observe that in the second case we get the
exact solution:

W= ﬁ cos %x cos rny-+
q <n + v—) (-1)?
. X
E cot ﬂZm/Z
LKl2 coth 2z 4 g2
1m 2 2
/2
1 cos foy
COSh ﬁ2m SinﬂZm/2
L by K, , (2.329)
Py, sinhp, /2 1 coshfy

B3 sinh s, /2

where K| = (22 + (1 — )22 ) and K, = (2 = (1 - v)x25
Our method for y=0.5 y1elds Vi = 51/’ and the recurrent formulas for coefficients Aj

(2.326)—(2.328) can be presented in the following form:
Aj=AjE +A; (z)e +A; (3)5 +. (2.330)

where
Ajo) =0,

2
qn? <n2 + v%)

ey

Ajy =
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2
qr?® <n2 + vrz—2> 1 |
A= —— 7 - — coth 2+
7@ YCEISTREL 212 < Bim Pin/
ﬁ— cotf,,,/2
2
K,
- ﬂ— coth g, /2
2, m
qr (n + vk—2> n 1 1,
Ay = ———7F7— 2|11 -— K coth 2+
i(3) A — )4 (-1 222\ By, Bim/
ﬂ — cot f,,,,/2
2
K;
—ﬁ— coth f5,,/2

PA in (2.264) has the following form for PS (2.330):

q7r2 <n2 + v%j) R
A€ = —— 5 (=D2x

ﬁL cot ﬂ2m/2
2m
1- l‘ﬁ —chothﬁ1m+1<§ €
—ﬂL coth fs,, /2
3m

If one compares the PA in (2.264) with the multiplier standing by the square bracket in
formula (2.330), then it is clear that for € = 1 the PA coefficients AJ- in expression (2.264)
yield the exact solution. Therefore, in the second limiting case we obtain the exact solution to
the BVP (2.321), (2.159), (2.160).

In the analogous way we solve the BVP regarding the plate with nonsymmetric location of
the clamping plate parts (Figure 2.17b). In this case we take

gy, 1) = Gy sin 22 x cos %ysin(a)t+a), m=1,23,..., n=246,....
a

Consequently, assuming that we substitute cos mx by sin mx Equation (2 321) remains
Vahd In Equations (2.322)—(2.324) we substitute respectlvely cos —x by sin = x cos —x by

sin Z T x, and the summation is carried outon m,i = 1,2, 3, .... Coefﬁc1ent Yii in thls case takes
the form of (2.134) (m — j). In infinite system of LAE (2.325) the summation is carried out
regarding i = 1,2,3,....

For the square plate computation of components of the plate dynamic SSS is carried out
taking into account the first ten coefficients A;, obtained with the help of PA in (2.264) for
e = 1. Both plate deflection and bending moments in the plate center are computed for different
values of the y parameter.
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103W/q

34+

102M/q

Figure 2.54 Dependence of bending moments versus length of a plate simple support

Results of computations are shown in Figures 2.53, 2.54. Solid (dashed) curves correspond
to results with symmetric (nonsymmetric) location of the plate clamping parts.

Analyzing the results one may distinguish three characteristic zones regarding values of the
parameter u: in the case of symmetry — [0,0.05], [0.05,0.47], [0.47,0.5], and in the case of
nonsymmetry — [0,0.47], [0.47,0.9]; [0.9,1]. In the case of first and third zones a small change
of the plate SSS accompanies increase of the parameter u. In the second case small change of
the parameter u yields significant changes of all SSS plate factors.

Therefore, if the size of the plate support parts belong to the first zone, then with a small
error we may treat this plate as simply supported on edges x = +0.5k and edges y = +0.5 are
supported by moving clamping. If the size of the mixed BCs are related to the third zone,
then that plate can be considered as simply supported on edges x = +0.5k, and with free edges
y = £0.5. In transitional cases (second zone) mixed BCs should be taken into account.
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2.6 Stability of Beams and Plates

2.6.1 Stability of a Clamped Beam

We begin with a study of a clamped beam (—0.5/ < x < 0.5]). The basic ODE governing its
stability has the following form
ElWerz + NW =0, (2.331)

XXXX

where N is the compressing force.
We introduce first the nondimensional quantities x = x//, then Equation (2.331) takes the
following form:
Wl + a?Wwl =0, (2.332)

where
a* = NI? JEL. (2.333)

In order to close the BVP we introduce BCs (2.15).
The solution to Equation (2.332) has the following form:

W =C,cosax+ C,.

Satisfaction to BCs (2.15) reduces the problem to that of the following transcendental
equation with respect to a:
(1 — &)acos % + esin % =0. (2.334)

The solution of this equation gives the buckling force.
Let us present parameter « as PS:

oo
a=2) af. (2.335)
i
After substitution of Ansatz (2.335) into Equation (2.334) and after splitting with respect to
powers of € the following recurrent system is obtained:
aycosag =0,
=20y sina + (@ — ay) cos & + sinay = 0,
—ay(2a, sinag + af cos ag) — 20 (o) — ap) sinay + 2(ay — o)X
cos ay + @ cos ap = 0,
@
?0(—3(13 sin a — 6a; @, cos o + 40:? sin o) — (2, sinag — alz COS o)X

(a; — ag) — 20y sinay(a, — ap) + 2(a3 — ay) cos ay+

) “f )
azcos?—?sin? =0,
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%(—60{4 sin &g — 4a; 3 cos a — 12a§ cosag + 120:12(12 sin o + af Cos o)+
(—2az sinay — 2a;a, cos oy + af sinag)(a; — ay) — (2a, sinay + af oS a)X
(a; —ag) — Qa, sinay — af cos ag)(a, — ) — 2a; sin (a3 — o)+
2(ay — a3) cos a + %(6(13 cos ay — b6a; @, sin o — a3 cos o) = 0.

Solving these problems successively we obtain eigenvalue:

a=2 (p+%6+%<1—%>62+2<1—1—2—%>63+
2 12 110 40\ 4
“N\1l-=+—-—)€",
@ P> 3¢t ¢°

where ¢ = zn,n=1,3,5,....
Application of the PA to the first 3 terms of truncated PS (2.336) yields:

o <“_t__ (p> , (2.337)
|- <1 - %)g

Forn=1,e =1, we get ap = 27, which coincides with the exact solution. Summation
of the first 3 terms of truncated PS (2.336) gives the result of 32% below the exact value
(a = 1.36427).

We consider higher order PA of the following form:

1 /11(€) =

®+ace +a2£2

) 2.338
1+ bye+ bye? ( )

¥2/2(€) =

where
a; =2(a; + b,p), a, =2(ay + bya; + byp),

2
a1y — a3 a3~ 0%y

by=—5 ’ by=—
ay — aa; ay —ajay

Forn =1, e = 1 the PA (2.338) gives exact solution, whereas truncated PS (2.336) gives the
value of @ = 1.83697x (error — 8.15%).

In Figure 2.55 dependencies of eigenvalue a versus the parameter € for truncated PS hav-
ing three and five terms (curves 1 and 2), and PA (2.337), (2.338) (curve 3) are reported. PA
practically offer the same results for all values of 0 < & < 1. Numerical solution of the tran-
scendental Equation (2.334) almost completely coincides the results obtained with the help
of PA. Therefore, the following conclusion is formulated: there is no need to achieve high
order PA, since they will not introduce any essentially important solution improvements. Fur-
thermore, increase of the number of terms of truncated PS does not improve essentially the
obtained results.

Finally, observe that eigenvalues of BVPs (2.332), (2.15) with the help of the proposed ear-
lier method, can be obtained directly from the governing BVP without using a transcendental
equation.
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Figure 2.55 Comparison of efficiency of truncated PS and PA

2.6.2 Stability of a Clamped Rectangular Plate

We consider a clamped along its contour plate (—a/2 <x < a/2,-b/2 <y < b/2) being com-
pressed along axis x by a continuously distributed load N. The governing equation has the
form

DV*W 4+ NW= = 0, (2.339)
and its nondimensional form can be written as follows:
VAW + NW,, = 0, (2.340)
where N = Nb?/D.

BCs are taken in the form (2.66), (2.67).
Buckling load N and plate deflection W are presented as PS:

[s9) o0
N=Y N, W=D We (2.341)
i=0 i=0

Substituting Ansatzes (2.341) into Equation (2.340) and BCs (2.66), (2.67) and splitting with
respect to € yields the following sequence of the BVPs:

VAW, + NyW,, = 0, (2.342)
Wo=0, Wy, =0 for x==0.5k (2.343)
Wy =0, Wy, =0 for y==x0.5, (2.344)

j—=1
Wi+ NoWjee = = 3 Ni Wi
i=0
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j—1
W;=0, Wy, =5k) W, for x=z0.5k
=0

j—1
Wy=0, Wy, =% W,
L

for y=+0.5.

Il
=]

BVP regarding the zero order approximation (2.342)—(2.344) describes stability of the sim-
ply supported plate, and its solution has the following form:

72k (m? ) :
NO = 7 k_2 +n , (2.345)
W, = Ccos %xcos zny, nom=13,5,.... (2.346)

Here N, is the buckling load of simply supported plate; W, is the form of buckling.
The first correction term to the buckling load follows:

K (m?
N, = 4@ <ﬁ + n2> , (2.347)
whereas the first correction term to the mode of buckling has the following form:

n—1
n l (=D

: Tm
= 2a | Zooshrp, 2 O APy~ ysin ””yl cos ==+ (2.348)

n—1
2 3 /i3 -1) 2 k .
_2.L _m/k 1) = cosan’—x —xsin Zrx |, n#
z <n4—L> 2cos En2 m k k
e 2" cos zny.

1 2 m m
—— mn n=2=2
2)( Ccos X X, k

The expression regarding the second correcting term of the buckling load follows:

N2 = Nzx + NZ_V’ (2.349)
where
.
2 /12
> m? 2. m/,];4 <§n2£tan§n2k +1>
N, =4 mm )y [T (-) +
Tk k2 27202
k2
8

5 313 33 4 K2 2 3
—-— m/4 m—/4n4—2tan£ik2+—m
8 k4 4 n4_m_4 n4_m_4 m 2m 4

k k

_— L y

ke (B
8 k2 6

85UBO| 7 SUOWIIOD 8AReR1D) 8|edldde auy A peueob 818 s3I YO 188N JO SN 104 ARRIq 1T UIIUO AB]IA UO (SUORIPUOD-PUR-SLURYLIOD A3 | 1M ATRAG 18U UO//SARY) SUORIPUOD PUe WS L 8L} 88S *[£202/2T/TE] uo Arigiauluo AB|im ‘unssuibus jo Aiseaun exeya Aq /10p/woo A3 Im Arig1feuluo//sdny woy papeo umoa



Computational Methods for Plates and Beams with Mixed Boundary Conditions 211

2 n—1
N,, = K [1 L <”—ﬁ1tanh”—ﬂ‘ - 1) + 2 —4n(—1)7i X
7 2 Ta

m?2 o \ 2 zm
_2 w2 L R 0Bk n
7 n4_ﬁ k oz 4 mt 2 m 2xm n# %
K4 K4

(2, n=7

(5-)

Knowing three terms of the PS for N
N =Ny + &N, + €°N,, (2.350)

we construct PA.

Let us compare obtained results with the numerical solution for the squared plate. The
obtained results are as follows: for known solution—N = 8.554072, for (2.350)—-N = 5.4512x>
(error—56.9%) and for PA—N = 7.866272 (error—8.04%). In Figure 2.56 shown are curves of
N versus €. Curve 1 denotes results obtained with the (2.350); curve 2—results obtained via
PA; point 3—numerical solution [87]. Drawings 1 and 2 for € < 0.5 differ from each other on
less than 5%.

2.6.3 Stability of Rectangular Plate with Mixed Boundary Conditions
“Clamping-Simple Support”

We apply our approach to determine buckling loads for plates with mixed BCs of the form
“clamping - simple support”. We study two principally different computational shemes shown
in Figure 2.57a,b and Figure 2.57¢c,d. BCs follow:

T,=N, Txy =0 for x=+0.5k,

Ty =0, Txy =0 for y==+0.5,

0.2 0.4 0.6 0.8
€

Figure 2.56 Comparison of efficiency of PS and PA
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where T (7) is the force in x(y) direction; 7|, is the shear force.

The basic equation has the form of (2.340).

Let us determine a buckling load for the plate shown in Figure 2.57a. BCs take the form
(2.114), (2.115).

We substitute Ansatz (2.341) into Equation (2.340) and BCs (2.114)—(2.115), and splitting
the problem regarding €. As a result, the following sequence of BVPs is obtained:

V4W0 + NOWO)CX = O,
Wy=0, Wy,=0 for x==+0.5k,

WO - 0, WO_V_Y == O fOI' y == 10.5,

J—1
V4‘/Vj + NOVijx =~ Z ]vj—iWixx’
i=0

W;=0, W, =0 for x==0.5k

j-1
W, =0, W, =%FH(x) 2 W, for y==+05.
i=0

In zero order approximation we get the problem for a plate simply supported on its contour
and being compressed by the load N, in direction of the x axis.
BVP of the first order approximation has the form:

4 2k2 2 m2 : 2m2 Tm
\Y Wl+ﬂ' — n +ﬁ Wxx=Nl7[ ﬁCOSTX,
m

W, =0, W, =0 for x==+05k

n—1 —
W, =0, W, =+an(-1)2 Hx)cos %x for y=+0.5,

and its solution is

i
i=135....

The following two BVPs are obtained by developing what appeared in BCs functions into
series with respect to cos(zix/k), i = 1,3,5,...:

fori = m:
ﬂ2m2 m2 7r2m2
Yl -2 B Y — ztn 2k—2 +n) Y, =N, 5 cos zny, (2.351)
n—1

Yi,=0, Y =zn(-1)7y,, for y==x05, (2.352)

for i # m:

22 2 2\2 4

vy =25yl -2t [# <n2 + ’%) - 11—4] Y, =0, (2.353)
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n—1
Y,; =0, Y, =+rn(-1)7y, for y==+05. (2.354)

Here y,,, is defined by Equation (2.272), and N, follows:

21
Ny =4k =Y, (2.355)
m
Function Y;,, takes the following form:

n—1
S s
m = Za "™ | 2chap, )2

where f; = \/2m2 /k? + n?.
The solution to BVP (2.353), (2.354) does not give a correction term to the buckling load,
but improves the buckling form:

coshzf;y —ysinzny| ,

cosh f,;y
et cosh ay;y 08 Po¥
Yli = ﬂ'n(—l) 2 h ) - 5
=53, | coshai/ cosh f,;/2
COS (y;/2

m(i — m) > n2k?

m(i —m) < n%k?

. i+m n? . i+m n2 . [ n? i—m
Where“ziz’f\/l(k—z‘F;)sﬂzi:” l<k_2__>7(p2i:” l<;—k—2>.

m
The first correcting term to a buckling form is as follows:

n—1
n -hH™= . Tm
w, =— ———coshr — ysinzny| cos —x+
Im = g Tmn lZcoshﬂﬁ]/2 hy=y y] k
cosh f;y
n-1 cosh ay;y €08 Pai i
n(—1)72 Yim T 7 COS —X.
=135, cosh ay;/ cosh f,;/2 k
c0s /2
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We find the second correcting term to the buckling load by taking into account the second
approximation:

K 2n? b b
N, = g {47r2n27mm - 77,%,," (Eﬂl tanh Eﬂl - 1> - (2.356)
tanh 22
wm (> m’ — A2 canh 22 _ Py tanh
2 \" T2 Yo = 471 7’1 ; tanh — )
i=13.5... _(p2[ tan =2 21

For the case shown in Figure 2.57b, formula (2.310) remains valid when the summation with
respect to odd values of i is extended into all values of i. The parameter y,,, in this case has the
form of (2.134). Knowing three coefficients of truncated PS (2.350), we construct PA.

In the limiting case corresponding to completely clamping on sides y = +0.5, the exact solu-
tion for the squared plate has been obtained numerically from the transcendental equation
for m = 1 and it is equal to N = 8.604472. PA yields N = 8.7136x% (error—1.27%), whereas
(2.350) gives N = 4.77577* (error - 44.5%). Numerical solution obtained from the transcen-
dental equation for m = 2 gives N = 7.6913z2, whereas PA - N = 7.7156x (error—0.32%),
(2.350)—N = 6.445672 (error—16.2%).

The dependence of the critical force on the geometric dimensions of the mixed parts of BCs
for the quadratic plate is given in Figure 2.58. Solid (dashed) curve corresponds to symmet-
ric (nonsymmetric) location of clamping parts. Dashed—dotted curves correspond to results
obtained via the R-function method [10]. Dots correspond to results obtained numerically for
limiting cases u = 0,0.5, 1 [84].

One may distinguish two zones of the parameter y. First one for symmetric case begins at
u =0 and ends at y = 0.15 and second for nonsymmetric case from y = 0 up to 4 = 0.55.
In this zone a buckling occurs with the appearance of two half-waves in direction x. In the
second zone, from y = 0.15 to u = 0.5 for the symmetric case and from y = 0.55to u = 1 for

Figure 2.58 Buckling load versus length of simply support parts
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216 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

N/r2

Figure 2.59 Buckling load versus stiffness of elastic clamping

the nonsymmetric case the plate buckles due to the occurrence of one half-wave in direction
x. Therefore, for u = 0.15 (or u = 0.55) one may expect either the first or second buckling
mode. Solutions obtained using the R-function method give practically the same results.

Our approach allows the investigate influence of the clamping stiffness on the buckling load
N. In Figure 2.59 the dependence of the buckling load N versus the parameter £ for some
values of u is reported. Solid (dashed) curve correspond to symmetric (nonsymmetric) case.
It should be emphasized that for the elastic clamping of the plate edges y = +0.5 with a lack
of mixed BCs related equilibrium forms occur for € = 0.96, and the buckling associated with
the occurrence of one half-wave in direction x is possible for £ < 0.96, and with two half-
waves for € > 0.96. The simultaneous occurrence of both buckling forms is possible only for
mixed BCs, and for ¢ — 0 related buckling form appears for € — 1. The limiting value of y,
for which the plate buckling exhibiting one half-wave in direction x for € = 1 corresponds to
u = 0.25 (u = 0.58) for the case of symmetric (nonsymmetric) position of the mixed BCs.

Let us proceed now to the second case of the mixed BCs (Figure 2.57c,d). Basic Equation
has the form of (2.340). We attach the following BCs:

W=0, W,=0 for y==05, (2.357)
W=0, W,=HyeW,FkW,) for x==+0.5k, (2.358)

where H(y) = H(y — u) — H(=y = u).
Let us present the displacement W and buckling load N as PS (2.341). Substituting them
into Equation (2.340) and BCs (2.357), (2.358) we get the following recurrent sequence of the

BVPs:
VAW, + NoW, = 0,

WO = O, Woyy = 0 for y= 10.5,

Wy=0, Wy, =0 for x==+05k
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4 —
\Y VVj+N0 Jxx — ZN ixx»

Wj =0, m =0 for y = =0.5,

j-1
W;=0, W, =FHok Y W, for x=x0.5k
i=0
First order BVP is
. 5 k2 2\ 2 m
VW, + = ﬁ<n + ﬁ) W, = Ny7° 2 cos Txcos ny, (2.359)
W, =0, Wy, =0 for y==z05, (2.360)
m mol—
W, =0, W, = ikT(_l) 2 H(y)coszny for x= +0.5k. (2.361)
The assumed solution follows:
X, cos py. (2.362)

p=1,35...

Substituting series (2.362) into Equation (2.359) and BCs (2.360), (2.361) we obtain the
following two one-dimensional problems:

for p # n:
XV 42 k X1 4 X, = N, s 2 2363
ln+ ﬁ+n 1n+7rn n= ITCOSTX, ( )
X, =0, xi = ( H's Yo for x=+0.5k, (2.364)
for p = n:
v alya K(m* ? i, 44
le—ﬂ' 2p —$<F+n> X1p+7rpX]p=O, (2.365)
m—1
X, =0, X{ = +k—( 1) 7y, for x==+0.5k (2.366)
Here Ypn is defined by formula (2.272) (i — p,m — n).
Solvability condition of the BVP (2.363), (2.364) yields
N, =4y, (2.367)

BVP (2.363), (2.364) yields corrections to the force and to the form of the buckling. Its
solution is composed of two parts:

forn # m/k:
3/k3 15k
2 m’/ (=D 2 k . mm
Xy =—=" Yon ~ cos wn® —x — xsin —x |,
z <n4—m—4) 2cos Zn2& m k
k4 2 m
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218 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions
forn =m/k:
X,, = —y;—" 2 cos 20

BVP (2.365), (2.366) gives only a correction to the buckling form

X, = mm(—1)F o [ SOt _coshlyx
1p a2 — p2 [cosha,k/2  coshf k/2
where
ap
By

2 2
w2 k? 2k ((m? K [ m?
i 22 - _+2 + = _+2 - _+2 _42_
2<p+ (k n>>_2m<k2 ">\/m2<k2 n) P

In the case where a,, and f, are complex, cosh a,x and cosh f,x should be substituted by

cos a,x and cos f,x, respectively.
First, the correcting term to the buckling form follows:

3 /i3 T k
L ! 7 €os n’ —x — xsin Zrx
4 (n4—m—) 2cos Z n2
‘,V1 — Iz 2 Cos Tny+
_VYan 2
2 -—X COS k

am(— 1)

m
cosh a,x cosh f,x n#
08 7Py (2.368)

pmiTh % —ﬂp lcoshaﬁkﬂ - cosh p2k/2

The second approximation gives

2,2 2 42 k . n s
o {1_27%2'"4—/m4l n? tan Sn? z<1—ﬁ>—§]}
N, = 4 <n _k_4> (" _k_4) B
2
k2
Ynn (4 - ?ynn - Ynn)

2 a k Bk
I Z [ap tanh -~ — f, tanh %] : (2.369)
m,_i3s.. p

In the case of nonsymmetric location of the clamping part (Figure 2.57g) formulas (2.367),
(2.368) remain valid assuming that the previous summation with respect to the odd values of
p should be substituted by the even values of p. Now the parameter y,,,, is defined by (2.134).

85UBO| 7 SUOWIIOD 8AReR1D) 8|edldde auy A peueob 818 s3I YO 188N JO SN 104 ARRIq 1T UIIUO AB]IA UO (SUORIPUOD-PUR-SLURYLIOD A3 | 1M ATRAG 18U UO//SARY) SUORIPUOD PUe WS L 8L} 88S *[£202/2T/TE] uo Arigiauluo AB|im ‘unssuibus jo Aiseaun exeya Aq /10p/woo A3 Im Arig1feuluo//sdny woy papeo umoa



Computational Methods for Plates and Beams with Mixed Boundary Conditions 219
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Figure 2.60 Buckling force versus length of simply supported parts

In the limiting case corresponding to the complete clamping of sides x = +0.5k, the buckling
force obtained numerically from the transcendental equation is equal to N = 5.439072. (2.350)
yields N = 4.7654x (error - 14.01%), PA - N = 5.2159x (error - 4.1%).

The dependence of buckling force N versus length u of the squared plate clamping part
is shown in Figure 2.60. A solid (dashed) curve corresponds to symmetric (nonsymmetric)
location of the mixed BCs, whereas a dashed-dotted curve presents results obtained using the
R-function method [10]. Points are associated with results obtained numerically in limiting
cases for 4 =0,0.5, 1.

One may isolate three zones of different values of the parameter yu: case of symmetry — [0,
0.1], (0.1, 0.45], (0.45, 0.5]; case of nonsymmetry — (0.8, 1], (0.1, 0.8], [0, 0.1]. If size of the
mixed BCs belong to the first zone, then this plate can be treated as simply supported on its
two edges y = 0.5, and clamped on two remaining ones. The buckling force is overestimated
in comparison to the exact solution by no more than 5%. If the size of the mixed BCs are
within the third zone, the studied plate can be treated as that being simply supported along its
contour, and the error is less than 5%. If the size of the mixed BCs corresponds to the second
zone, then the analyzed plate can be treated as that with the mixed BCs.

The plates buckling force versus the parameter € is shown in Figure 2.61. In this case, con-
trary to the previously studied one, we cannot distinguish an intensive force increase part.
There may be observed a remarkable influence of the clamped parts for arbitrary values of ¢.

2.6.4 Comparison of Theoretical and Experimental Results

Let us study the stability of the plate shown in Figure 2.62. For the buckling load one has
a formula (2.350), where N,;, N; and N, can be found from Equations (2.345), (2.355) and
(2.356) respectively. Coefficients y;,, in this case are defined by the formula (2.135).

Next we recast (2.350) into PA. For the limiting case, corresponding to complete clamping
of the plate edges y = +0.5, the results obtained coincide with those presented and discussed
in the previous section.
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N/r2

Figure 2.61 Influence of stiffness of an elastic support on plate buckling force
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Figure 2.62 Computational plate scheme

In Figure 2.63 solid curves correspond to the buckling force dependent on the length of
the squared plate simple support (x). The dashed curve is associated with results obtained in
reference [41]; dashed-dotted curve = results reported in [49]; points-experimental data [41].

Two zones, i.e. [0,0.08] and [0.08, 1] can be distinguished. In the first (second) zone the
plate buckling takes place through the occurrence of one (two) half-wave(s) in direction of the
axis x. For u = 0.08 either occurrence of the first or second buckling form is expected.

Results obtained via our method have high coincidence with the results obtained by others,
as well as with experimental results.

Observe that occurrence of related buckling forms is possible for various values of the param-
eter €. For example, in the case of complete clamping of the plate sides y = +0.5 related forms
appear for € = 0.96. If u < 0.075, the plate will buckle through the exhibition of only one
half-wave in direction of x for an arbitrary value of €.

The buckling force N versus elasticity of clamping of plate faces € is shown in Figure 2.64.
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Figure 2.64 Buckling plate force versus plate stiffness support

2.7 Some Related Problems

2.7.1 Dynamics of Nonhomogeneous Structures

It is obvious that an analytical or numerical solution of dynamical problems for nonhomoge-
neous structures is associated with a lot of problems. Analytical methods, relying on splitting
of an initial problem into subsystems with their successive connections, yield a system of
higher order algebraic equations. On the other hand, numerical methods in many cases can-
not be directly applied due to the change in the structures characteristics in threshold places,
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where different object characteristics meet, and therefore stiff problems are produced. Here
we apply HPM.

We consider as an example longitudinal vibrations of a nonhomogeneous rod with the density
p, the area of its cross section F* with elasticity modulus £, in the interval —1 < x < 0 and in
the interval 0 < x < I - modulus E,. Basic equations have the form

2,12 2,12
02ul® pFa ul@ _

0, 2.370
0x2 or? ( )

EI(Z)F

where u'® is the longitudinal displacement.
Solutions to Equation (2.370) are sought in the following form:

W' @(x) = u'@(x)(A cos wt + B sin wr). (2.371)

Substituting Ansatz (2.371) into Equation (2.370), we get

ul® 2
x 210
2
where o) = Ei)/p- .
Solutions to these equations follow:
u'® = C:(Z) cos —Zx + C;(z) sin —2—»x.
aje) 412

Arbitrary constants are defined by BCs Cl.l(z) due to conditions
u' (=) =u*(1)=0

and conditions of equality in zero point of both displacements and longitudinal forces. These
conditions yield a transcendental equation.

(1=vV1+¢e)coswsin(w*V1 +¢)+sinw* cosw™(V1+¢€)=0. (2.372)

Here e = (E, — E))/E,|, " = w/a,.
We develop the function @*(¢) into a Maclauring series up to the third term:

0" & 0y + ew; + 2w, (2.373)

Substituting the Ansatz (2.373) into Equation (2.372), carrying out elementary transforma-
tions and comparing coefficients standing by the same powers of € we get

E 54 T E 62
—ak(1-£4+5), =(— k) 1848} k=123
o} 7r< 4+4> W, 2+7r < 4+8> 3

For k = 1 the corresponding PA regarding w; and w, follow:

_m (443E
o =7 (T5%)-

7w (4+3E
onm=5(35F)
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Table 2.2  Solutions to transcendental Equation (2.372)

€ w, D11 w, @r10/1]
0.01 1.566888 1.566888 3.133800 3.133
0.1 1.532510 1.533390 3.068490 3.070
0.3 1.451702 1.468353 2.948120 2.960
0.5 1.398080 1.413716 2.851390 2.870
1.0 1.265672 1.308996 2.666309 2.740
2.0 1.079770 1.178097 2.397360 2.610

Also solutions , of transcendental Equation (2.372) are found numerically with the accu-
racy of 107°. The results obtained are reported in Table 2.2. It can be observed that application
of the PA improves asymptotic results essentially and allows for their application even for the
large values of €.

Let us now consider vibrations of a beam with density p and with static moment of the
beam cross section /, having the elasticity modulus E; on the interval —1 < x < 0, whereas
the modulus E, on the interval 0 < x < 1. After the introduction of perturbation parameter € =
(E, — E))/E|, the elasticity modulus of the whole interval [-1;1] can be rewritten as follows:
E=E; +€eH(x—-0.5)E,.

The basic equations can be presented in the following form:

Elw'" — pFo*w =0, (2.374)

with the BCs
w=w,=0 for x=-1,x=1. (2.375)
We assume the following solution form:

o’ =~ a)1 + &a) + 520)3, O X Wy + € + 0%, (2.376)

and we substitute Ansatz (2.376) into Equations (2.374), (2.375). Comparison of coefficients
standing by the same powers of € gives:

pF
wy — i —wjw, =0, (2.377)
Wy =Wy, =0 for x=-lLx=1, (2.378)

pF pF
wf)v IE, gwl—iw wy—H(x - OS)LU

wy=wp, =0 for x=-1,x=1.

A solution to BVPs (2.377), (2.378) takes the following form:

[E,I
wo = (7k)? p—lF, wy = Dsin(zkx), k=1,2,3,....
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Table 2.3 Computational results

Alk 1 2 3 4 5

A 2.64 5.28 7.92 10.56 13.2
A 2.69 5.39 8.099 10.799 13.499
A 2.69 5.38 8.07 10.77 13.46

For the next approximation one obtains

ca% = O.Sa)(z), a)g = a)(z)/32,
which means that
El 2
2 41 €€
(k) — (1+=+=—=), k=1,2,3,.... 2.379
@ (”)pF<+2+3z> (2379)
PA for the given case is
E\I(16 + T¢)
2 _ 271 —
O = (k) JF(6—o)° k=1,2,3,.... (2.380)

Computational results regarding A = w/w,, with the help of Equation (2.379), PA (2.380)
and numerical solution with accuracy of 107° for various values of k for € = 1 are reported
in Table 2.3. One may conclude that an application of the HPM for € = 1 is generally effi-
cient. However, an additional investigation implies that for € > 2 also the PA possesses a lot
of benefits regarding the accuracy of computational results.

2.7.2  Method of Ishlinskii-Leibenzon

Ishlinskii [47] and Leibenzon [55] have proposed the method of stability investigation devoted
to structures with free edges (or bodies with free surfaces). Namely, in the governing stabil-
ity equations parametric terms are omitted and they are kept only for BCs. This method has
been widely applied; however, there were many doubts regarding its accuracy. In what follows
we show how one can treat the mentioned approach as a zeroth approximation of a certain
asymptotic approach [17].

Firstly let us consider the model problem regarding the stability of a cantilever beam. Both
stability equations and BCs are presented in the following form:

Elw, +Tw, =0, (2.381)
w(0) = w,(0) = 0, (2.382)
w, (L) =0, (2.383)

Elw, (L) + Tw,(L) = 0, (2.384)

where T denotes the compressing force.
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Computational Methods for Plates and Beams with Mixed Boundary Conditions 225

The exact solution to the eigenvalue problem (2.381)—(2.384) has the form

2
T = %f_g (2.385)
w=1-cos ’2’—2 (2.386)

Direct comparison of parametric terms occurred in stability equations (2.381) and BCs
(2.384) constitutes a rather difficult task, therefore we apply the variational-asymptotic
method. The potential energy of the cantilever beam is

1
M= % / (EN?, + Twd)dx = (2.387)
0

1 1
%EI[) wixdx+%T/0 ww,,dx + %Twwx|x:1.

It appears that a ratio of the second and third terms in Equation (2.387), taking for w Ansatz
(2.386), is a relatively small one: 1 — 7 /4 ~ 0.215. Consequently, we can omit the parametric
term in the stability equation, and let us try to construct an iteration procedure.

Namely, we introduce the homotopic parameter € into Equation (2.381) in the following
way:

Elw, +¢Tw, =0. (2.388)

Both eigenfunction w and eigenvalue 7 are presented in the PS:
W= wy+ w e+ we* + ..., (2.389)
T=Ty+Tie+Toe + .... (2.390)

Substituting Ansatz (2.389) into BVP (2.388), (2.381)—(2.383) and carrying out the splitting
regarding €, we get
Elw,... =0,

wo(0) = wy, (0) =0, wo (L) =0, Elwg, (L) + Towy, (L) =0,

k—1
Elwkxxxx:_zTiwk_lxx, k= 1,2,...,
i=0 i
w0, (0) = W (0) =0, Wy, (L) =0, Elw (0)+ Y Twy_; (L) =0.
i=1

In zeroth order case we have
T, =2EI/L>,  w,=Ax*(x-3L).

In the case of first order approximation we get

El 2 3, A4 A 5
T, = —, w;=-5ALx"+Ax" + —x" — ——x".
Ve ! 2L° 1012

Second order approximation yields T, = 4EI /(45L?).
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226 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

The obtained solution is improved via the PA, and we obtain
. 2(15 — 1.5¢)EI
T T (5-4e)12

Note that for € = 1 we have T = 2.4545EI/L?, which differs from the exact solution 7 =
0.257%EI/L? ~ 2.4650EI/L? by 0.42%.

As the second example we take a beam lying on an elastic foundation and having free ends.
After the introduction of the homotopic parameter € we get

Elw +eTw, +cw =0,

XXXX

where c is the elasticity coefficient of foundation support.
Let us investigate a symmetric form of buckling (in an analogous way one may investigate
the nonsymmetric case). BCs follow:

w,(0) = w,,,(0) =0,
w()=0,  Elw,()+Tw/l)=0.

Using Ansatz (2.389), (2.390) and after splitting regarding ¢, the following BVPs are
obtained:
EIwO)CXX)C + Cw() = 0,

wax(O) = waxx(O) = 0’
wax(l) = 0, EIwaxx(l) + Towox(l) = 0,

Elwyy + cwy = —k Z TiWi_ (i 1>

i=0
wi(0) = wy,,(0) = 0,
k
W) =0, Elwg (D + Y, Taog_; (D=0, k=1,2,3,....
i=0

Zeroth order approximation gives
wy = C,(a, sinhkxsinkx + coshkxcos kx), T, = (EI/ZZ)TO, (2.391)

where: TO =2w*(ay — aja3)/(ay + aya,), w =1k, a; = tanhwtanw, a, = cothw + tan w,
ay; = cotw — tan .
First order approximation yields

Ty = (EI/P)T,, T|=a*t; +1, - 31wy (D),

Ty

5oz (br(cothe + K*wa,) + by(tanh @ + k*way)),

t1=

T,
t, = by(3cotw — wa,) — by(tanw + was), t; = ﬁ <ka2 + ;(;%) ,
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1 1 ] ] | 1 >
0 40 80 120 a

Figure 2.65 Comparison of various approaches for investigation of beam stability

ty = (b, (a, — @tan ) + by(as + o cothw))k !,
_ T0a4 _ 70615
YT 4wl TP 4wl
PA for e =1 gives:

a, = —ay, (15=1+a1.

T~ T, /(Ty—T)). (2.392)

The results of calculations by using the formula (2.392) compared with the exact solu-

tion are shown in Figure 2.65, where a = c/*EI/16 and u = n/T_I/Z. In this figure, curve
1 was obtained in accordance with Equation (2.391), curve 2 was calculated by using formula
(2.392), and curve 3 represents the exact solution [20].

Now let us investigate a stability of a thin isotropic rectangular plate (0 < x < a;0 <y < b)
being simply supported on three sides and compressed on its fourth side by the load P being
parallel to two simply supported sectors. After introduction of the homotopic parameter € the
plate stability equation is

DV*w + ePwy, = 0.

BCs follow:
w=0, w,=0 for x=0,q,

w =0, wyy=0 for y=0,

wy, +vw,, =0, Dlw

'y vy T 2- v)wxxy] + Pwy =0 for y=b.

Let us present the function w in a PS (2.389), and the parameter P in the form of
P=Py+eP +€Py+ ....

After splitting with respect to € the following BVPs are obtained:

i-1
DV*w; + Y\ Py Wy =0, (2.393)
i=0
w; =0, w,, =0 for x=0,q, (2.394)
w; =0, w,, =0 for y=0, (2.395)

iyy
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228 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions
k
Wiy + Vi, =0, Dlwy, + 2 = Vi, 1+ Y Py, =0 (2.396)
i=0

for y=5b, i=0,1,2,...,

where P; = 0.
Equations (2.393)—(2.396) for i = 0 are the Ishlinskii-Leibenzon equations. Their solutions
is
wy = C(sinh Ay — AyC; cosh Ay)sin Ay, o, = Hyp,

where

Hy=[1-v)+C,(1+v)—(1—vAtanhAl9, 9=1/[1-C,(1+AtanhA)],

2E (h>2 Py br -
= — - , = — A= —_—, N, = 1-— s
12(1 —vy\a/) > 0 o Ni=d=vy

@ n

w =1/2+A( - v)cothA).

Solution to the first order approximation gives

HyA?

8

w,=C {sinh Ay — A(C;C,)y cosh Ay + [(C, — 1)y* sinh Ay+

ACy 5 .
Ty cosh Ay sinix, o, =H,p,
where

H, ,. CA 5
Gy =35 ([2+4AcothA+ (1 - VA' + —=[6cothA + 64 + (1 - V)A® coth A] ¢y,
H, 5
H =1{ -1+(C; +C,)(3+AtanhA) — 3 [(C, — 1)(6 + 6A tanh A + A®)+
c
?1(6 +18Atanh A 4+ 94% + A% tanh A)| — (Hy — 2 + v){1 = (C; + C,)(1 + Atanh A)+

0 2 Cl 2 3
3 [(c1 — DRAtnhA +A4%) + — (A% + A tanhA)] } } 9.
We solve a second order approximation in a similar way and we obtain
0, = H,p,
where
H, = {[24f — 6(a — 2pA” + 3y — 100A%) — A*(y + 0A%) + C, + C;] tanh A+
{PA* — 1 — aA? — 6(a — 6BA% + y — 100A%) + 3(C, + C; — A’ (3y — 50A%))}—
(Hy — 2 + V){[2A(a — 2pA%) — A(C, + C3) + A*(y — OA)] tanh A+
[1 —aA? — pA* — C, — C3 + A’(3y — 50A%)] — H, {1 — (C; + C5)(1 + Atanh A+
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0|, -1 2+ S 342 4 a7
3 (C; —1D(RAtanhA + A )+?(3A + A’ tanh A) 9,
Csy = {{2a + A*[(1 = v)a — 128 + 6y] — A*[(1 = v)B + 100]} + {2A(a + 3y)+

[2A(a + 37) + A3[(1 = v)y — 88 — 200] — A5(1 — v)0)} coth A} g,

1 H? H?
0 0

0 HiC L ac +c Mo 4-3C)+H,C
= "> = — + + — - + .
020" ‘= o(Cy 3) 16( ) 1Cy

Finally we get
o~ @(Hy+ eH, + €2 H,). (2.397)

Taking into account two first terms of truncated PS (2.397) and for € = 1 the PA gives

y = @Hy/(1 = py), (2.398)

Where ﬂ] = Hl /H()] .
PA for € = 1 and taking into account three terms of truncated PS (2.397) yields

L+ (B +5)

T+ 5 (2.399)

where , = —H, /H,.

In Table 2.4 are shown results regarding parameter H computation and results are reported
in [84] for plates with different ratio a/b for v = 0.3. Also values of relative errors 6 as a
percentage are given.

Table 2.4 Computational results regarding plates with different sides ratio

a/b 1 1.5 2 3
Solution [] 2.36 2.30 2.19 1.72
oH, 1.76 1.7 1.64 1.54
§=253% §=1257% §=1251% §=10.5%
@(Hy + H,) 2.30 2.11 1.96 1.71
§=25% 5 =8.7% 5 =10.5% 5 =0.6%
Formula (2.397) 2.18 2.17 1.91 1.68
fore =1 5=241% §=10.1% 5 =12.9% 5 =2.26%
Formula (2.398) 2.30 2.19 1.98 1.07
§=241% 5 =487% §=937% 5 =0.43%
Formula (2.399) 2.36 2.25 2.02 1.71
§=0.16% §=2.17% 5 =17.94% 5 =0.43%
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230 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Therefore, two approximations matched with PA give good results. However, even either
zero or first approximations can be used directly.

The Ishlinskii-Leibenzon simplification can be treated as zero approximation to a certain
asymptotic process. If the error of zero order approximation is high, then the solution can be
improved by applying the PA to the series part obtained so far. It appears that modified, in
the way described so far, the Ishlinskii-Leibenzon method can be directly applied to stability
investigation of elastic systems without the previously mentioned drawbacks.

2.7.3 Vibrations of a String Attached to a Spring-Mass-Dashpot System

In this section we study the dynamical system shown in Figure 2.66. The given problem can
describe vibrations of suspended bridges, cables of power transmission lines, or shroud sys-
tems [28], [31], [60].

Basic BVP has the following form:

pi,, — Tl =0, (2.400)

#0,7) =0, (2.401)

mi,,(1,7) + you(l, 7) + i (1, 7) = —aii, (1, 7), (2.402)
ux0)= (),  u,(x0) =y, ), (2.403)

ZELLT,

Y2

%I}/\/—\Om

<
Q

Figure 2.66 Model of a string fixed in the point x = 0 and having in the point x = 1 the attached
mass and viscous damper
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where p is the density of string material per its length, T is the string stretching force, 7 is the
time, and the remaining notation is illustrated in Figure 2.66.
Let us rewrite system (2.400)—(2.403) in new variables

Uy = Uy, = 0, (2.404)

0,1 =0, (2.405)

mit, (1, 0) + y,u(1,0) + u (1, 1) = —¢,u,(1, 1), (2.406)
ux,0) = @),  u(x0)=y. (2.407)

where t = t7\/p/T,m=m/p, vy, =7v,/T, €, = a/\ pT,w = w\/p/T.

Let us present the function u(x, 7) in the following form:
o= exp (--) u(x, 7). (2.408)
2m

Substituting Ansatz (2.408) into Equations (2.404) — (2.407) we get

u, —u,, = eu, —0.25¢u, (2.409)

u(0,1) = 0, (2.410)

mu,(1,1) + yu(l,t) + u,(1,1) =0, 2411
u(x,0) = @(x), u,(x,0) = w(x) + 0.5ep(x), (2.412)

where e = ¢, /m,y =y, — 0.255%/171.
Further we assume that e << 1. A solution to BVP (2.409) — (2.412) can be presented as PS

u=uy+eu +£2u2+.... (2.413)

Substituting Ansatz (2.413) into Equations (2.409)—(2.412) after splitting with respect to
€ gives

Ugy — Ugye = 0, (2.414)

u(0,1) =0, (2.415)

mug,(1,1) + yuy(1, 1) + ug,(1,1) = 0, (2.416)
ug(x,0) = @(x), g, (x,0) = w(x), 2.417)

Uy — U = Uops
u(0,1) =0, (2.418)

muy,(1,0) + yu (1, 0) + uy, (1,0 = 0, (2.419)
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232 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

u(x,0) =0, uy,(x,0) = 0.5y (x), (2.420)
Upy = Upyy = Uy, — 0.25u,,
u2(07 t) = O,
muy, (1, 1) + yuy(1,1) + u,, (1,1) =0,

MZ(X’ O) = O’ Mzt(x, O) = 09

BVP (2.414)—(2.417) allows for the variables separation. Eigenvalues to the problem are
yielded by solutions to the transcendental equation

cotA=mA—y/A. (2.421)

One may check that (n — 1)z < A, <nz,n=1,2,3,..., and for n — co we have 4, — nz.
Roots to Equation (2.421) are found numerically. Eigenfunctions sin 4,x are orthogonal in the
following sense:

1
/ [1 4+ mo(x — 1)] sin(4,,x) sin(4,,x)dx = 0.
0

Finally, a solution to the BVP (2.414) — (2.417) has the following form:

uo(x, 1) = D' [A, sin(A,1) + B, cos(4,0)] sin(4,x), (2.422)

n=1

where _ _
A, = A0, sin(2,0)) /A, B, = A((@(), sin(4,%)/(4,4),

1
A = A(sin(4,x), sin(4,x)),  A(a(x), b(x)) = / [1+ mé(x — 1)]abdx.
0

Equation of the first order approximation is

Uy — Upy = 2 AnlA, cos(A,t) — B, sin(4,,1)] sin(4,,x),

n=1

and a particular solution to this equation follows:

u? = 0.5t Y[, cos(A,1) + B, sin(4,1)] sin(4,x), (2.423)
n=1
and it is a secular one.
Let us apply the Pritulo method to remove singularities. We briefly revisit this approach pre-
sented in [62], [63], [69]. Let us suppose that as a result of the perturbation method application
the following solution is obtained

x(t) = cos wt + fte sin wt.
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One may apply the AEF in order to remove secular term
x(t) = cos(w + ep)t.

In fact, this defines the Pritulo method.
Pritulo approach applied to formulas (2.422), (2.423) allows to remove the secular terms

u(ll) = Uy + Euy = Z[An sin((4,, + 0.5¢)t) + B, cos((4,, + 0.5¢)1)] sin(4,,x).
n=1
Hence, a solution to equation
m_,m _g

Ui = My

with conditions (2.418) — (2.420) takes the following form:

W =3 A sin(4,1) sin(A,x),

n=1

where A%V = 0.5A(g(x), sin(4,x)) /A.
Finally, the following approximating solution is obtained

U~ (1) + £u

2.7.4  Vibrations of a String with Nonlinear BCs

In this section we study the linear wave equation

Uy = Uy, (2.424)

with the nonlinear BCs
u(0,1) =0, (2.425)
ux(l,t)+u(l,t)+au3(l,t) =0. (2.426)

In the case a << 1 problem (2.424) —(2.426) is often solved via the Bubnov-Galerkin
method or using the multiple-scales method. On the other hand during application of the
variation approaches a nontrivial problem appears of reduction of an infinite system of ODEs
[28], [29]-[31], [60], [74], [89].

Successive sequences of asymptotic solutions are constructed in references [29]—[31]. How-
ever, for @ ~ 1 the problem becomes difficult. If we consider solutions in the form

mjx . #jt
1= E A;sin —
u(x, 1) sin > sin — >
j=135..

then the problem is reduced to an infinite system of coupled LAEs regarding coefficients A;.
Even though it can be solved through a truncation, the solution is not satisfactory even for a
relatively small number of equations.
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234 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Therefore, it seems to be promising an idea of seeking for another asymptotic parameter
instead of a. Here we use the method of small delta (see Chapter 1.2.3). Following the men-
tioned approach the BC (2.426) can be presented in the following form:

w,+u+au'™® =0 for x=1, (2.427)

and a solution to the BVP (2.424), (2.425), (2.427) can be sought in the form of PS.
Let us consider the BVP (2.424), (2.425), (2.427) by using in the last formula « = 1, and let
us find its solution as PS

u= Y &u. (2.428)
k=0

Variational approaches are also widely used [28], [60], [74], [89].
We change the variable applying

r=£, @ =1+a0+a6>+ ... (2.429)
The nonlinear term in the BC (2.427) has the form
w=u" =y |l+6ln ¥+ 6—22(1n )+ (2.430)
We take small 6 in the solving process, whereas in the final result we put 6 = 1.

Substituting Ansatzes (2.429), (2.428), (2.430) into the BVP (2.424), (2.425), (2.427) and
splitting with respect to 6 the following recurrent sequence of BVPs is obtained:

Upy = Ugxxo (2.431)
ug=0 for x=0, (2.432)
Ug, +2up =0 for x=1, (2.433)
1
oy = Uoge = D @yl (2.434)
p=0
uy =0 for x=0, (2.435)
Uy +2u; = —ugln u} for x=1, (2.436)
2
“Ott = qux - Z ai—p”ptn (2437)
p=0
u, =0 for x=0, (2.438)
Uy +2uy = —uy In ul —2u; — 0.5up(In u3)* for x=1, (2.439)

where o) = 0.
The solution to zeroth order BVP (2.431)—(2.433) has the following form:

ug = A sin(wgx) sin(wy?),
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Table 2.5 Nonzero values of w

w(2) w(3) w(4) o w(()) P w(S) w(9) @’ 10)

w(l)
0 0 0 0 0 0 0 0 0 0

2289 5.087 8.09 11.17 1428 17.39 20.52 23.65 26.78 29091

where the frequency @, is governed by the following transcendental equation:
Wy = —2tan .

A few first nonzero values of @ are given in Table 2.7.4. For k — oo we have the following
asymptotics: a)(()k) — 0.572k + 1).
Relations regarding the first order approximation follow:

Uppy — Upy = alAa)é sin(wgx) sin(wy?), (2.440)
u; =0 for x=0, (2.441)
Uy, +2u, = A, sin(wy)[In (A%sin’w,) + In (sin’wyr)] for x =1, (2.442)

where A| = —Asinw,,.
The particular solution to Equation (2.440), which satisfies the BC (2.441), has the following
form:

u(ll) = —0.5a;Awgx cos(wyx) sin(wy?).

Let us choose a; in a way to remove secular term occurring on the r.h.s. of Equation (2.442):
@y = 2R, /(0(6 + @p)),
where R; = In (0.25¢A? sin’wy).

Nonsecular harmonics that appeared on the r.h.s. of BC (2.442) yield the following solution:

o)) - . . 1
=4A T, sin(wpkx) sin(wnkt) ——, 2.443
ut lg‘;k (k) sin(@okt) 75— (2.443)

where T}, = 1/[ka, cos(kw) + 2 sin(kawg)].
A complete solution to the first order approximation has the following form:

up = u(ll) + u(lz).
In order to construct the second order approximation the r.h.s. of the BC (2.439) is rewritten

into the form

Uy +2uy = —2u; — 0.5u; In uj for x=1. (2.444)

Let us separate secular harmonics on the r.h.s. of the BC (2.444):

Uy +2uy = =Ry sinwyt + () for x=1, (2.445)
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where R, = Aw, sin wy[a;(cot wy + 0.5(wy — cotw)R)) + R31, Ry =43, 35 Ty, T = k*/
[(k* — 1)(kw, + 2 tan(kw,))], and by @(¢) the sum of nonsecular harmonics is denoted.

We construct a particular solution to Equation (2.444) satisfying the BC (2.438) regarding
the secular part of the r.h.s.:

1l = —0.5A sin(wyt)xeg e, cos(@yx) + a? sin(@g)]. (2.446)
Constant a, is chosen from a condition of lack of secular terms on the r.h.s. of the BC (2.442):

at(tan wy + @p) + @, (2 — Ry) + tan wy(a; @) + 2R5)
az = .

Wy tan wy — 3

Therefore, the following frequency of vibrations is obtained with an accuracy up to the third

order terms with respect to 6:
® = wy\/1+ a6+ a6 (2.447)

o a + (a% — )0 (2.448)
= O a] _ (x26 . o

Assuming 6 = 1, formulas (2.447), (2.448) yield the solution to our problem governed by
(2.424)-(2.4206).

It should be emphasized that the procedure so far illustrated and applied loses its benefits
with an increase in frequency values. However, it is not difficult to guess that in the latter
cases one may use asymptotics regarding an inverted frequency value. Then, in the zero order
approximation we get the linear BVP (2.431), (2.432) and

If the PA is applied then

MOx(Oa t) = 0’

whereas nonlinear terms of BCs are taken into account with the help of known perturbation
methods.

Let us consider one more application of the 6 perturbation method, using it for the following
ODE:

1

X+ x2+ =0 (2.449)
with attached initial conditions
x(0) =0, x(0)=A (2.450)

for n — oo.
Although a solution to Equation (2.449) can be found directly through special functions, this
approach is not convenient for direct applications. In the limit n — oo we get

+1 for x>0,
Xo +sgn(xy) =0, sgn(x) = (2.451)
-1 for x<O0.
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Table 2.6 Comparison of analytical and numerical results

T n=2 n=3 n=4 n=>5 n=10 n =100
Runge-Kutta 1.2198 1.1651 1.1320 1.1099 1.0598 1.0068
(2.457) 1.3057 1.2077 1.1575 1.1269 1.0644 1.0065
A(2A457), % 7.04 3.66 2.25 1.53 0.434 0.0047
(2.458) - - - 1.2537 1.0793 1.0066
A 458y % - - - 12.9 1.85 0.0160
(2.459) - - 1.2231 1.1612 1.0710 1.0066
A(2'459), % - - 8.05 4.62 1.06 0.0103

Analytical solution to Equation (2.451) can be sought in the form of a Fourier series or
saw-tooth functions proposed by Pilipchuk [67]. One can also use a fitting method.

Let us introduce the parameter § = (2n+ 1)~!, 8§ << 1. We consider only values x > 0, since
for x < 0 we get a symmetric solution. Applying the series

¥ =1+68In |x|+ 0@, (2.452)
a solution to the Cauchy problem (2.449), (2.450) is sought in the following form
x = Xy + 6x, + O(5?). (2.453)

Substituting Ansatz (2.453) into Equation (2.449), (2.450) and taking into account relations
(2.452) yield the following equation:

i =—In |x. (2.454)

We consider a solution to Equation (2.454) in the interval of the 1/4 period part. The zero
order solution of Equation (2.451) has the following form:

—%(t—ZA) for 0<1<2A,
x(t) =

§—3At+4A2 for 24 <t <4A,

x(t +nt) = x(1), T =4A.

First order approximation is
X=-In <tA - g) , (2.455)
x(0)=0, x(0)=0. (2.456)
Integrating Equation (2.455) gives
x;(1) =24t =32 = 2In 2 —4AA —1)In | —2A| +71n |2A — 1|+

21In t+4A%In | —2A +1] —4Arln | —2A +1].
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238 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

and finally we get

X R X + 6x. (2.457)
The PA yields
X
X~ . (2.458)
X0 — 5)(1

The exponential approximation follows
X & xgexp (6x;/xy). (2.459)

The results obtained by the obtained formulas have been compared with those obtained
through Runge-Kutta method (Table 2.6). Analysis of the results allows us to conclude that
best results are given by the formula (2.457). Relative error decreases fast with increase of n.
Besides, the exponential approximation give better results than the PA.

2.7.5 Boundary Conditions and First Order Approximation Theory

Theories devoted to improvement in accuracy regarding beams, plates and shells have been
widely applied [40]. It should be noted that all mentioned theories have been constructed on the
basis of certain introduced phenomenological approaches. As has been shown in the series of
works [38], the direct use of the improved equations without the associated modification of the
BCs may result in errors. Therefore, this section is aimed at presentation of relatively simple
examples, showing how modifications of the BCs may improve the solution approximation
accuracy.
To begin with we study vibration of a stretched beam governed by the equation
pFW,—-TW,  +EIW, . =0, (2.460)

XXXX

where T is the stretching force.
The following BCs are applied:

W=W, =0 for x=0,L. (2.461)
Let us rescale BVP (2.516), (2.517) taking into account & = x/L, > = EI /(TL?):
2
W=Wg,=0 for £=0,1. (2.463)
For € = 0 the BVP (2.516), (2.517) yields the string model
Wop = Wee =0, (2.464)
W=0 for £=0,]1. (2.465)

We note the second order derivative regarding the longitudinal coordinate, which essentially
simplifies further analysis [48]. In what follows we show how to keep the second order of
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the approximating equation with a simultaneous improvement of the approximation accuracy.
Namely, for the differential operator —9% /&> + €29*/0&* the following PA is applied:

—(32/(352
(14 £02/02)°

Then, Equation (2.518) with accuracy of £> can be recast to the form

2
(1 + 5266—52> W, — Wee =0. (2.466)

BCs for Equation (2.466) have the form (2.465). If the BVP (2.464), (2.465) approximates
eigenvalues of the studied problem with accuracy €2, then BVP (2.466), (2.465) does the same
with accuracy of *, whereas the order of the governing equation with respect to the spatial
coordinate does not change.

Observe that Equation (2.466) may be obtained by the differential approach. Namely, if the
operator 1 + £29?/0&* acts on Equation (2.518), then all terms of the accuracy order higher
than two are neglected.

Analogously, one may consider vibrations of a plate with the small bending stiffness
governed by the equation

W, — VW 4+ VW =0, (2.467)
W=V2W=0 for &n=0,1, (2.468)
where V2 = % + %.
Furthermore, one gets the membrane model from Equation (2.467) for € = 0:
W, — VW =0, (2.469)
W=0 for &n=0,1. (2.470)

The accuracy improved model takes the form
A+eVHW,, - VW =0 (2.471)

with BCs (2.470).

In what follows we consider the problem of formulation of the BCs for the Equation (2.466).
In the case of a simple support the approach so far works excellently.

Let us study the beam clamped on its ends:

W=W, =0 for x=0,L.

In this case Equation (2.464) does not allow satisfying all BCs, and hence the following state
(boundary layer) should be attached:

E W, — Wi =0, (2.472)
eWyor = =Wy, for x=0,L. (2.473)
The solution to Equation (2.472) has the following form:

W, = |Cyexp (—e'x) + Cyexp (7' (x — )] sinwr. (2.474)
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We assume that the beam possesses enough length that the mutual influence of the boundary
layers governed by formula (2.474) can be neglected.
Solution (2.474) suffers for the incorrectness of € order, which has occurred in the BCs with
respect to w:
Wo+eW,y#0 for x=0,L.

Consequently, application of the improved Equation (2.466) is not allowed in this case. How-
ever, taking into account solution (2.474) in BCs (2.473), one may reduce the BVP in a way
that the obtained BCs consisting of Equation (2.466) and BCs

W, —eW,, for x=0,L. (2.475)

yield a solution with the accuracy of €.
The examples illustrated and discussed so far can also be applied in the case of nonlinear
problems. For instance, consider the following nonlinear elastic formulation:

EWpe = W + W+ W, = 0.

In this case, the zeroth order nonlinear equation is of a second order regarding the spatial
coordinate with the following form:

~Woe + W2 + W, = 0. (2.476)

The accuracy improved equation, suitable for the case of simple support, has the form:
2.0 3
W+ (l+e— | (W +W,)=0.
0x2

In the case of clamping one can use Equation (2.476) with BCs (2.475).

2.8 Links between the Adomian and Homotopy Perturbation
Approaches

Recently the development of various practical approaches of analytical approximate integra-
tions of nonlinear differential equations are mainly matched with the application of the solution
continuation with respect to a parameter within two main modifications: the Adomian decom-
position method (ADM) and HPM. ADM in spite of a lack of any links with either small or
large parameters [1], [3], [25], practically coincides with the special form perturbation method
(see [16]). On the other hand, the method of HPM initially uses the artificially introduced
parameter and takes into account a special function, called a homotopic mapping. Today’s
variant of this method influenced theory of analytical solutions of nonlinear DEs considerably.
However, the authors of the papers devoted to those problems usually do not study links of
the homotopic functional properties and the help obtained with its approximations (existence,
domain of applicability, stability, convergence, etc.). Although for the ADM the convergence
properties have been widely studied via various methods [1], [3], [25], [26], [46] the HPM
has been less investigated. This problem has been analyzed for instance in [64], where only
algebraic equations have been studied. However, numerous references illustrate the efficiency
of the method devoted to solve numerous model and real problems.
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If the known functions occurred in an ODE can be presented in the form of the generalized
series regarding the unknown variable, the function and its derivative being sought, then the
approximate solution obtained either by the ADM or the HPM has a polynomial form with
the power of the integration variable. The ADM variant described so far is called the modified
ADM approach [46]. In some cases solutions obtained via those different approaches coincide,
but not always. Therefore, a problem of relation between approximations obtained via the
ADM and HPM appears. It should be emphasized that in the case of algebraic equations this
question has been rigorously solved in [64], where the coincidence of the results has been
shown for the suitable chosen parameters. In what follows we show how two methods can be
unified through the novel synthetic approach.

In the beginning we study the model examples of ODEs, where a solution obtained via either
the ADM or HPM do not coincide, and then we study the qualitative behavior of the solutions.

Let us take a nonhomogenous linear singularly ODE perturbated with the following initial
conditions:

e +z=1, z20), 0<e<<lL. (2.477)

Exact solution of this problem z =1 —exp (—x/¢e) while developing into the Maclaurin
series regarding the independent variable is presented in the following form
2 "
z=’—“—x—+~~+(—1)"+1l<f) T (2.478)
e 2e? n!'\e

Equations (2.477) and (2.478) show that either the exact solution or its representation in
the power of the series have the logarithmic singularity at point € = 0, where the series is
divergent. Therefore, accuracy of the solution approximation through the Maclaurin series
part is nonhomogenous in the neighborhood of the singularity.

Let us introduce parameter ¢, in the following way:

’ 1 <

z = ——61—. (2479)
€ €
This idea of the parameter introduction reduces the problem to a sequence of the ADM
approximations [16]. Let us present z in the form of the series with respect to €, and let us
substitute this series into Equation (2.479), and then let us compare to zero the terms standing

by the same power of this parameter. We obtain:

0. _1 _ _x
EI.ZO—;,Zo(O)—O$Z0—‘

e’
2
)7

2 3
200 — 4 X _ _ X 21 (x
&i=-L=5 50=0%5=2=CD%(2),

6e3 3

o
T T e (n—=1)!' \ e e)’

£
L) =0=z, = (—1)’1%(5)"“,

2
Lo — _%0 — _X — — X _ 11
51'11__?—_6_27Z1(0)—0=>21—_g—(—l)5(

w M=

—_—=

x X ¥,

€ 25261 * 6¢3 &1

n+1
- -~-+(—1)"i<f> et .
n!\e
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For £, = 1 we get the approximate solution in the form overlapping with series (2.478),
which is an agreement with the results reported in reference [16].

In order to remove the nonhomogeneity in the neighborhood of zero point the PA is applied.
Since in the approximation two variable quantities appear (the introduced parameter and inde-
pendent variable), the PA is constructed according to the following three steps:

(i) with respect to €, for x = const, x # 0;
(i1) with respect to x for €, = const, €, # 0;
(iii) two-dimensional form with respect to both £, and x, simultaneously.

In what follows we apply the method of V. Vavillov [86] while the 2D PA is constructed. The
method allows to get uniquely defined coefficients of the approximation, as well as it guaran-
tees that the 2D PA possesses a whole spectrum of properties in the sense of the Montessus de
Ballore theorem [18].

If the considerations are restricted to the first order approximation, then for all studied cases
and for £ = 1 we obtain approximation z,, regarding ¢, in the following form:

b4 —5(1— 3 )
SR 6e+2x/’

whereas the coinciding approximations of z, regarding x as well as the two-dimensional z,,,
have the following forms:

2x
2e +x

i =%p =

It is clear that the first PA, contrary to the second and third, does not remove the singularity
at the point € = 0.

If all terms of Equation (2.477) are shifted into its Lh.s., and if then we add a higher order
derivative to both sides of the obtained equation and we introduce €, in the following form:

Z=g(l-z+1-e)7) (2.480)
one gets the following sequence of approximations regarding to the HPM [43]:
) 170 =0,2)(0) =z = 0;
g, 4 =1-zp+( -8z =1,7(00=0=>7 =x;

1

1

1

e 1=+ - =-x+1-8.,50=0
:}Zzz—%+(l_5)x;

6? :Zg:_Zz+(1—6)1'2=%2—(1—6)x+(1—g)(—x+(1_5))’
GO =05=5—(1-e+(1 -0l

1

et 7y =-z3+ (1 - &) =—%3+(1—£)x2—(1—£)2x+(1—£)(xz—2—2(1—£)x+
(1-e2.50) =035 =5 +(1 -5 —3(1-e2% +(1-e)x.

Therefore, the following approximation of the HPM is obtained:

x* 2 x 2 2 3
7=xg| + —2—!+(1—6)x e+ 5—(1—8))6 + (1 —-e)x I
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Equivalently, for e, = 1 we get

=1+ -8+ -e?+(1—e)+ ... x+

1 1 3 X4
(§+(1—5)§+ >x —

which coincides with series (2.478) taking into account the development of its coefficients into
the series regarding ¢ in the neighborhood of € = 1.

In what follows we construct the PA in the way analogous to that of the ADM construction.
For € = 1 we get approximations regarding ¢, in the following form:

_ 2
S TAD T o iy
whereas the approximation regarding x is
2(2 — e)*x

ST 0o +x
Parameter ¢ is introduced in the following form:

7=l —£, (2.482)

which yields the novel system of subsequent approximations.

We present z in the series form with respect to powers of &, substitute this series into
Equation (2.482), and then after the comparison of terms standing by the same parameter
into zero we get

5?:z(’)=0,zo(0)20:z0:0;

1
1. 1= _1 _ X _ 2L (x).
frin=—"=ou0=05z="=0D 1!<e>’
2. 2 x X2 31 (x 2
El . Z2=_;=_€_2’Z2(0)=0=>Z2=__262 =(—l) 5(;) 5

B
& i gy= -2t = - (1) (1), 5,0 =0

-1 \ &
_ 11(x\".
>z,= 1 L(2)

£

.”x 1 x22 1 x3
Z:261_5<Z> £l+§(;) + ...

Observe that for £, = 1 we obtain the solution being sought in the form coinciding with
series (2.478).
PA for £, = 1 in this case yields

.
2e +x

Zsl =4 =Zop
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As the second example we consider the nonhomogenous linear singular perturbated ODE
with variable coefficients with the following BC:

e +xz=x, 20)=2, O0<e<<l. (2.483)

Exact solution of Equation (2.483) z = 1 + exp <—)2‘—2> can be developed into the Maclaurin

£

series:
2

cma-Z Xk (2Y (2.484)
T 26 82 n!\ 2e ’

As in the first case in order to proceed with the ADM, we introduce the parameter ¢

X X
7=2—¢ sy (2.485)

€ €
Let us present z in the series form with powers of ¢, and let us introduce this series into

Equation (2.485). After splitting with respect to £, we get

6(1) 326=§’Zo(0)=2=>10=2+£;
€= =t (242) 50 =07 =-2 -
z=2+§+<—"6—2—;£—42>51+<%+%>ef—
For £, = 1 the approximate solution is
2 2 4 4 6

z7=2+ x_ — )C_ — x_ x_ + X —
2¢ & 82 4g2 483 T
Observe that it coincides with series (2.484) up to the summation term with power 2n
regarding x, which is in agreement with the result presented in [16].

Diagonal PA of the first order with respect to £, and for £, = 1 has the following form:

. =2 ﬁ—x2 (8e +x2)?
€1 2e 3843 + 32x2€2 + 8x*’
whereas the expecting approximation z, and z,, do not exist.
Since the solution practically depends on x2, let us apply the following change ¥ = x? during
construction of the PA. Approximation regarding £, will not change in this case, whereas
approximation with respect to x and the 2D form are as follows

8e
de +x2°

In order to carry out the HPM, we shift all terms of Equation (2.483) into its L.h.s. We add
a higher order derivative to both sides of the obtained equation, and we introduce ¢; in the
following way:

i =Z2p =

7 =ex—xz+ (1 -¢e)7); (2.486)
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€12, =0,20) =27 =2;
2
5} D =x—agy+ (1 —8)26 =x-2,1(00=0=>z = —%;
3
el =—xgy +(1-e)) = "7 —(1—ex,2,0)=0

4 P
=>Zz=%_(1_5)x_;

o 2 4 2
Z:2—%el+<%—(l—e)%>6%+

For £, = 1 we get approximation of the HPM in the following form:

2=2—(+(-6)+ )x—z+<1+ )x—z+ (2.487)
= )3 St )7t .
which corresponds to series (2.484) taking into account the development of its coefficients into
the series regarding ¢ in the vicinity of € = 1.
Diagonal PA of both first order regarding £, and the 2D approximation have the following
forms

. o = 8¢
G T g 2
and
7 »8 —de + €2
Z, =
8 — de + x2

Solving Equation (2.483) with respect to the higher derivative and introducing the parameter

€ in the following way:

=g X (2.488)
&

we get

:Z6:O,Z0(O):2$20:2;

X—X: 2 1
=T e =03 =5 =(D'E(5)
2
X

3
2.0 _ X 0)=0 o 121 .
EI‘ZZ__E_P’ZZ()_ iZz—&g—z_(_)ﬁ_g >

P I | _(_l)n 1 /ﬁ -l (0)_0
1 =TT T —D! \ 2¢ LV =

2

5z, =C1rL(£))

L2 Ealpy!
z=2 eIt gaE T
For £, = 1 we obtain the approximate solution being sought in the form coinciding with
series (2.484) without a need for summation with respect to x and .
Diagonal PA of the first order for £, = 1 has the following form:
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246 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Now we study nonhomogenous singularly Riccati ODE [68], with the initial condition of
the form:
e =2 +x, zZ()=1, 0<e<<l. (2.489)

It is known that a general solution can be obtained using the special functions, and it has the
following form:

/
7= —5%, w=/x <CIJ% (%x%> +G¥) <32—ex;)) :
where J,, Y, are the Bessel functions of the order a ([2], chapter 9), and C,, C, are arbitrary
constants.
It is known that for & = < the solution cannot be obtained in the quadratures of elementary
functions, as well as the determination of the constants do not belong to a trivial problem.
General solution can be presented in the following form:

d 2 3 d 2 3
1 Ca.’% <§X2>+EY% <§x2) C Cl
— ’; 3 E) = _’
2 ¢, (ixz) e (1)&) G
3 3e 3 3¢

and 2 2 d 2
+e
o (R)ran(3)
2te 2 d 2\’
() e (3)
Since the illustrated methods are particularly suitable to be applied having the initial condi-
tion in zero, we change the variable and we obtain the following problem equivalent to (2.489):

e =—2+x-1, z0)=1, 0<e<<l. (2.490)

To realize the ADM we solve Equation (2.490) with respect to the derivative and we intro-
duce the parameter €, in the following way:

2 —
d=—e,f 422l Jo=1 (2.491)
& &

We present z in the series regarding €, substitute this series into Equation (2.491), and com-
pare to zero terms standing by the same powers of €.

We obtain
0. _ x=1 _ _x2 X .
£ 'Z()__g ,ZO(O)—1=>ZO—Z—;+1,
4 3 2
1.0 _ X Xx° 2x 2x 1 _
61 .zl——m+g—3—s—3+e—2—;,zl(0)—0

= 2 = =5 (=300 + 15 — 400 + 60ex? — 60€x);

€2 : z’2 = —60%(—3x5 + 15x* — 40x3 + 60ex? — 60£2x)(x> — 2x + 2¢),
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B0 =0z = <—ﬁ +3x7 — G (186 4 16) -

(1562 4 50e)x* + 80&2x> — 60e3x2);

o _x 21 ans 4 0.3 2 0,2
z=1 8+2£+6053( 30x° + 15x" — 40x° 4+ 60ex~ — 60e-x)e |+

(38 7 _ (3e455%0 5_
6055(8 +3x 99 4 (186 + 16)x

(1562 + 50e)x* + 80e2x> — 6083)62)6% + ...
For £, = 1 we obtain the approximation being sought in the following form:

X I 2\, 1 5 4 3
Z—l—?+(2—6+;>x + (=300 + 152° — 40x')-

1 < 38 g Be 4550
6

+ (18¢ + 16)x°—
605 \ 8 (18 + 16)x

(1562 + 50e)x* + 802x).
Diagonal PA of the first order with respect to £, and for £, = 1 has the following form:

2
o= 1=F 2 L35 115 — 400 + 60ex? — 60620
1 e 2e  60e3

3
<3x5 + 15x* — 40x3 + 60ex? — 60%x + (—% +3x'—

3e + 55)%x0
% + (18 + 1615 — (1562 + 50e)x* + 8020 - 6Oe3x2>> ,
whereas the approximation z, is
_de+(e—06)x
T 4e + (e +2x
and the 2D approximation reads:
_2e+(e—3)x
DT S e+ x

In order to proceed with the HPM, we introduce ¢, in the following way:

?=e,((1-e)7 = +x—1); (2.492)

17 =020 =1=z=1
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248 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

1 =x-2,50)=0=z7 =% —2x
| s 4] 1 2 ’
el = +(5-ex-2(1-£).20)=0=

3 _
5 =-%+ 592 -2 - e)x;

2 3 _
Z:1+(%—2x>81+(—%-F%)CZ—Z(I—&))C)S%-I-

For £, = 1 we obtain the following approximation of the HPM:

6-¢)
2

7=1-2Q2 —e)x + X2, (2.493)

where the coefficients standing by x represent the series part regarding the development of
ADM coefficients with respect to € in the neighborhood of one.
Diagonal PA of the first order for £; = 1 has the following form:

x(x — 4)2
232 + (3e — 12)x — 12¢°

3
ZEl=1+§

_ 42 -e)+(-26+3le - 8e2)x
&= 42—6) + (6 -6

s

_de—(e—Dx+de(e - 1)
DT e e — Mt a2 —1)

Let us introduce the parameter €, in the following way:

_2 _
P Sl S R (2.494)

3

‘We obtain

) :7=0,700)=1=z=1

[S)

. x=2 X 2x .
€ 17 =Tv21(0)=0=>zl=z_?’

24
€ =-5+3,50=0=
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For £, = 1 the solution being sought has the following form:
2x 1 2\ , X
=1-Z4 (- +5) P25
¢ € 2 g2/

which fully coincides with the first terms of the ADM formula.
Diagonal PA of the first order for £, = 1 is

N x(x — 4)?
Z = = s
€l 2202 + 3e — 12)x — 12¢
_ _de+(e—4x
e Py G

It is seen that z, overlaps with analogous approximation of the HPM.
Therefore we have illustrated that:

- governing equations of the ADM are solved regarding higher derivative with respect to the
independent variable, whereas the HPM allows to get the similar result only for € = 1;

- coefficients of the ADM approximation yield the exact solution after the summation of the
corresponding approximations, whereas the HPM, after both the same summation procedure
and development of the exact solution coefficients versus the real small parameter ¢, yields
the exact solution in the neighborhood of € = 1;

- in the given examples both approximations coincide in a limit approaching the real solution
in the domain of its holomorphicity with respect to both the independent variable and small
parameter;

- proposed method allows us to get values of coefficients standing by powers of the independent
variable without their summation with respect to higher order approximations.

Let us formulate the problem more rigorously. Namely, let us formally introduce the ADM
and HPM for the system of ODE:s in the asymptotic terminology language.

It is recognized [90], that an ODE or system of ODEs can be recast to the so called normal
form of the first order regarding unknown functions {u; = u;(§)}}_, in the same interval e :
& €]0, 1] of the following form:

Lu; + R, uy, ... uy) + Ni(&uy, o) = gi(€), L= %, i=1,n, (2.495)

with the BCs on the boundary dw : { =0U 1
Gy ty)lgo =0, j=1.n, (2.496)

where: L is the operator of the derivative with respect to the independent variable &; R; is
the linear differential operator with respect to the sought function; N; and G; are nonlinear
differential operators regarding the function being sought g; = g;(&).

We also assume the point &, = 0 belonging to a closure of Q, whereas R;, N; and G; are the
holomorphic functions regarding {u;}’_,. Owing to the ADM, a solution can be presented in
the following form:

w= Yt i=Tn (2.497)

[Se]
Jj=0
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250 Asymptotic Methods in the Theory of Plates with Mixed Boundary Conditions

Component of a solution can be found from the equations

Li;} = A, i=Ln  j=0,o00. (2.498)

where A;; are the Adomian polynomials [3] defined through the following formulas:

. j J
_ _ 1 6’ m m

i=ln j=1,c0.

As has been shown in [16], the ADM is equivalent to both development of the governing
equation and its solution with respect to powers of the artificial parameter A, which is intro-
duced in the following way:

oo
W=D wiH, L+ ARy, ) + Ny, u) =g, i=1n

i
j=0

for 1 = 1.
In the case of the HPM, the governing equation (in general) cannot be solved regarding a
higher derivative, therefore the system of ODEs can be cast to the following form:

Luy + R (uy,...,u,) + Ny(uy,...,u,) + F(Luy,uy, ..., u,) = gy,

- (2.500)
Lu; + Ri(uy,...,u,) + Nj(uy,...,u,)=g;, i=2,n,

where F is the nonlinear differential operator, and ¢ is introduced in the following way:

u; = Zufje’,

Jj=0
(1 — )Lty — Lity | o) + €Lty + R, + N, + F —g,) =0, (2.501)
(1 —&)(Lu; — Lu;lp) + e(Lu; + R, +N; — g;) =0, i=2,n,
Gj(ullag,...,unlag)lag=O, J= l,n,

u; |50 are referred to as the “probe” functions satisfying the BCs [44].
System (2.501) can be rewritten in the following form:

Lu; + e(Lu;lyo + R, + N; + F6! —g) =0, i=1Ln, (2.502)

where 51.1 is the Cronecker symbol.

Assuming {u; = u;(§)}"_, and their derivatives as the independent arguments, let us substi-
tute the operators R;, N;, F' and G; in the form of the generalized multidimensional Taylor
series:

c 1 - .
R, +N; = E <Nl-juj + 31 E Nijpujup + ... >, i=1,n, (2.503)
Jj=1 Cp=l1
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n
1
F= <F0Lu1 + 57 2 FoptLity + .. >+

p=1
n 1
Z (F}u/ + 5 Z }FIPMJMP + . > ’ (2504)
G = ( (l/t —u |59)+ 20 Z ]q[—’ Mqlag)(up _upldQ)+ >,
j=Tn

Let us also develop the coefficients of the applied operators and functions g; into the series
with respect to powers of &:

[e] o0
N; = ZNZ‘?’ Nijp Ny bLP = 50
r=0 r=0
(o] [s+] _
F;= Z Fi&', Fp,=) F &, ... jp=0n, (2.505)
r=0 r=0
© —
8= g, i=1Ln
j=0

We substitute the series (2.503)—(2.505) into Equations (2.499):

10 z 1 z
Aij = _._'_. Nirur + _, Nlrpurup + . =
Jjlov oy 2! = 0
= = =

. n ]
—%%(21<Ni,.;uuk+—zzv,,pz S A )) _
= =0

q=0
2 < irtly; + ZN”P z UMty T - > . (2.506)
=1

The following sequence of the ADM problems is obtained:

e Lu?0=g,, Gu/l‘o,...,uﬁo)bgz:o j=1Ln,
r=1 plmO
Wil =0, j=1n, (2.507)
e Luj =—Z(Ni,u‘;‘l+ZN,rp(uflu20+ufou?l)+ )
r=1 p=1
=1,n

u‘;‘42|09=0’ ] 1, .
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Let us substitute Ansatzes (2.500), (2.503)—(2.505) into Equations (2.502) and let us collect
terms standing by the same powers of €:

Lu; +e<Lu log + 6 <F0Lu1 +2‘ ZFOP w,Lity + ... )+

p=1

n 1 n
1
51. Z <F]uj + 2 Z F]pujup + . ) Z (Nlju] +
J=1 Cp=l1

J=1

%;NWW + . ) > LZ ulle +e( 2

<FOLZ ull e +2‘2F0P2 Zu e+ . )
=
n n [Se]
51'1214< Z ]ke + gZIFfl’; ,ksz €l + >
i= p=
n
D, e +— iip whel+ .. | —g )=
5 (Bl 4 o Bl s . )-:)
=
[se]
Lu% — g+ ]; ek (Luf.L(Ik_])LSS2 + 5} (FOLqu(k_l) +

n k—1
1 H H 1
EZFOP up(k—q—l)Lulq+ >+5 Z( , r(k nt
T p=1 q=0

n

zl.ZFrpZ Urgthpis—g-1) + > Z( e+

=1 q=0

- Z IVPZ U p(k —-nT )) (2.508)

" p=1

Comparing to zero the coefficients standing by the same power of ¢, the following sequence
of problems of the HPM is obtained:

0. H H H .

e 1 Luy=0, Guy,-. ,un0)|5g =0, i=1,n,

e v Luff — g+ Lufl|, + 6! | FoLul + E F, u, Lu +
. i1~ 8i i0loQ i 0 10 00 10

51.121<Fu +2'Z rpropo >+
r=
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n
— H — P
2<N,,u,0+_2 Ll ¢ ..>_o, Hla =0, =T

r=1

n
2. H H 1 Ho 1 Hy H , Hrp H
e° 1 Luy + Lu oo +6; <F0Lu11 + ol 2 Fyo (upOLu11 + uplLulo) + ... > +
'

1 z z H _ H
5 ( r rl 2’ FFP (urlup0+ur0 pl>+ >+
(2.509)
H H
E (Nl,ur1 + = X E irp (”n”po"'”ro p]) + ... ) =0,

r=1
H|  _ _
uizlaQ—O, l—l,n.

Substituting Ansatz (2.505) into Equations (2.507) and (2.509), the following sequence of
the ADM approximations is obtained:

e §g,,¢l W l)log =0, j=1.n,
- &
v +1
> = u;lgn + /
loo j§=0 0.+1)§

SR 1, 1 S o Sy 41
Nirz (I-+ 1)5 + 5 Nirp |3Qz (/+ 1)5 +

Jj=0 p=1
= g’l j 1 - o — gr/'gpq . )
u gt )+ L+ (=) N, oo g2y ) )
- n (o)
]1|‘)Q:O’ J=Ln = i1~ Z(( ir r|0Q
r=1 k=0

1 c §k+l

21 = zrp "|0Q |0Q ) (k+ 1)
- & .

NEN gkt (2.510)

< (j+ D(k+j+2)

1 N Z U908 + 1, Idﬂgrj§k+j+2 + )y
2! T G+ DKk+j+2)
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1o v 81i8pq ktj+g+3
— ) N: A ,
(2! w2 2 DG T kAT T

r=1 p=1
jzldﬂzo’ J=Ln,
In the case of the HPM we get
0. H H H H T
e Lui0 =0, Gi(ulo, ...,uno)lag =0, = Uy = Uilyo, 1=1,n,
1. 1
e Lu -8 +Lu0|0g +9; <F0Lu10 2 ZFOOM Lu >+

5! Z‘f (Frur0+ 5 2 plhutt + ) Z( Jull+
e

- &
_ H _ H u 1
2,2 it >_o, WWo=0 = uf = Z(}+l)€/+ _
0 §k+l n
Y o Y ((Nk + 6! Fyu, |, + (2.511)
k=0 r=1

1 % R
2—!21<lerp+5F )u,lagup|09+ >, i=1,n,
p:
1 n
e Lug+Lug|m+5il (FOLM?] +EZF00 <u11)10Lu1111 +u51Lu1110> + ... >+

p=1

n
Z( (N;, + 8! F,) ul + o 2( ip + 81 F )bty + ulully + ) 0,
r=1

o0 oo
H _ H __ 1 k k
k=0 p=1

o & giratl o
<Z (]+Jl)§k+ﬁr1 Z(q+1)2 (V3 + FDulog +

j=0
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1 n
5 Z(qulp + FZJ)MI|aQup|()Q>) -
b
SR s 1 s S L sH+2_
ZZ((M#QR) (2 G+ DG+i+2°

s=0 r=1 j=0
i é<:x+t+2 i . .
—————— ) (N, + 6, F)uyl o+
S+ Ds+i+2) =
LN (v 4 slpt
5 <erq+($rqu> ulléguqlag'l' +
]

1 ‘ - gr] .
=~ Y +6'F &
2! p;( irp ™ i ’P)<”P|asz (Z G+ (s +j+2)5 -

j=0
e §s+t+2 n

s . ]FT
; (t + 1)(5 +1r+ 2) ;((er + 6r l)u1|0S2+

n

1
5 2 (N}t’lq + 6:F;q> I/lllaguqldg>> +

g=1
| Z ngﬁz _
T\ E G+ DG +j+2)

had gstit2 i

g:g (+D(s+1+2) &

n
1 . —

q=1

((N;[ + 6;F;)MI|OQ+
1

~

Summation of the coefficients standing by powers of & yields for the ADM:

u; = E[u;l 401 + 101+ [0] + ... )+ (2.512)

n n
1
£l <[g,-o]+ l—( 1 <N3+52{N3puj|mup|m> + .. >] +0+ ... >+
Jj= p=

8il 1 ¥ RN
52 ([7] + l—a Z <<Ni1rur|09 + E ZNilrpurl()Qupl()Q + ... ) -
tr=l T p=1
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n
080 1 0 8rotploa + &pottrlog
(Nlrz, +2,2Nirp< 5 )+ )+ )
p=
=1Ln,
and for the HPM

up = 50([u1|ag] +[0]+[0]+ ... )+

51 ([O] + lglo — Z ((N?r + F?)Mrlag'i‘

r=1

o Z(Nlrp + FO)ulggltylog + - >] + (2.513)

0 n
[_ <Fg + Foo Zup|0§2> (glo =D (N +F) w10 +
p=1

r=1

n
1
EZ(N?W+FO i laatyloa + - >>] + ... >+
! &

& ([0] + lg—” - % D (N, + Fhu oo+

r=1

Z(Nlrp + Fpity|aqitylog + - )] +
l— (F(l) +Féo ZMP|0Q> <g10 - Z ((Nlo, +F§)) ulaa +
p=1

=1

Z(N”P %)ullaguplag'i' ))—
FO 811 I - 1 h
+F002u oo 5 (N + F)) wloo +
=1
1 n © g
Z(Nllp zlp)“l|aszup|asz+ >>+Z< (N° +F?) <Z J_

“p= r=1 j=0

_2< “z|ag+2, Z(N”q ?q)ullaguqlag+ )>+
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Square brackets include expressions corresponding to subsequent approximations regarding
powers of the parameter.

Analysis of relations between solutions yielded by the ADM and HPM is explicitly defined
by the relation of the nonlinear operator of the studied ODEs in both normal and general forms.
Although in general this approach seems to be difficult, but assuming that the considerations
will be limited to the second order terms in the series (2.503), the normal form of the system
(2.500) can be recast in the following way:

Ny +F,
Ly + Z( 1+F, ‘4t
Z Nyjp + Fjp)(1 + Fy) = F,(Nyj + Fj) — Fi(Ny, + F),) g (2.514)
— wu, | = ,
2 & 2(1 + Fy)? " ) T 14 F,

Lui+Rl-(u1,...,un)+Ni(u1,...,u”)=gl-, l=2,_n.
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In other words, the application of the ADM to Equations (2.514) is equivalent to application
of the HPM to Equations (2.500) taking into account terms of less than the second order in
Equations (2.503).

There are also a few particular cases worthy to be studied from an application point of view.
In what follows for a nonlinear equation having a real small parameter ¢ standing by a higher
derivative Fy = Fg =& — 1 = const, Fj = Fjp =0,j,p = 1,n, formulas (2.513)—(2.514) yield:

o (M 1 M g
Lu, +Z<?uj+5 Sty ) == (2.515)
j=1 p=1

uy = %y |yo + &' <(810— < lrlog + =5 o ZNI,,, ulooUylog + - >—
r=1
n 1 n
(e-1 (glo - z (N‘i)rurlag + ol ZN?rerlaguplag + ... >> + ... >+

r=1 p=1

g _ 1 IR\
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I & ! &

(NO Uloo + 57 o ZNU,]MH()Q” loo + - >
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1 n 20 1 n
51 N?,,, <up|ag <% 5 2 < qtilog + 57 X 2 rlq“1|a§z“q|ag)> +
: =1

8p0
u |ag<— -5 Z( p,“1|og 7 Z plq”zbguqbsz))) + .. >+ s

In words, the coefficients standing by the powers of the independent variable in the HPM
solution represent the development of the ADM coefficients with respect to the real small
parameter in the vicinity of one.

Let us now apply PA. Relations (2.512)—(2.513) show that if the equation is solvable regard-
ing its higher derivative, then the coefficients standing by the same powers of the variable & of
both ADM and HPM tend to each other and overlap with increase of the approximation order.
It has been shown in reference [16], if the ADM is convergent to the development of the real
solution into the Taylor series in its domain of holomorphicity in the neighborhood of & = 0,
then those properties will also be exhibited by a solution of the HPM for the solvable equation.
This allows us to apply to the obtained approximations the meromorphic continuation in the
PA form [18]. In the case of ADM this type of continuation procedure has been proposed by
many researchers [16] and has been called the modified Adomian method supplemented by
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the PA (MHPM-Padé¢). One may also apply the PA in the case of the HPM through its modi-
fication method of the nonlinear terms into series regarding the independent variable and the
functions being sought (MHPM-Padé).

It seems, however, that more perspectives are associated with application of two-dimensional
PA in the form proposed by V. Vavilov [86]. The latter approach allows us to define the approx-
imation coefficients and a set of coefficients of the two-dimensional Taylor series uniquely,
which are further used in order to construct approximations, as well as which, this approach
guarantees the PA optimality in the sense of the Montessus de Ballore theorem. This is matched
with the input requirements of the 2D approximations satisfying their transformation into 1D
approximation, for the case in which the second variable is equal zero [86]. Furthermore, in
order to apply the continuation procedure, one requires applicability of this transition for the
parameter equal one. This can be done via the construction described so far of the 2D of PA
regarding the transformed parameter mapping one into zero.

The method proposed by us coincides with the HPM for F' = 0, and with the ADM for g = 0,
and hence generalizes both approaches. It should be emphasized that the method does not
require introducing into the equations the probe functions satisfying the BCs. This is carried
out in a natural way in the process of construction of the successive approximations and allows
us to solve the problem even for complicated BCs [16].

In order to apply the so far described method, we introduce the parameter ¢ in the following
way:

1]
TIMs
<
=

Lu; = e(g; — R,(uy, ..., u,) = Ny(uy,...,u,)), i=1,n,

Gilulogs - tylodlog =0, j=1n.

Applying series (2.505) and equating to the zero coefficients standing by the same powers
of € one obtains:

0. M _ M M _ M _ -
e Lu, =0, Gi(ulo,...,uno)laQ—O:uiO—uilag, i=1,n,

07

n
1. M
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n
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© n 0 2
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Summing up coefficients by powers of the independent variables yields
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It has been shown in [16] that approximation yielded by the proposed method is equiva-
lent to the development of the exact solution into the Taylor series in the neighborhood of
zero and allows us to carry out the analytical continuation into its meromorphic space using
PA. Analysis of the obtained approximation allows us to conclude that this approximation,
in contrary to the ADM and HPM, yields coefficients standing by powers of the independent
variable up to the order of the approximation order keeping the accuracy of development into
a series of the sought functions. This guarantees a stability of computations with limitation of
the approximation order regarding the independent variable.

Geometrically nonlinear static equations governing the behavior of thin-walled construction
include products and squares of the sought functions and their derivatives [7]. In this case
solution (2.461) takes the following form:

0 i
;= & tilpo + & <8io Z( irltrloa + o5 o Z inpttrlolty |ag>>+

r=1

8i1
52 <<7[ 2 z <1vllrurlaQ 2! Z irp r|()§2u |0Q>> - (2518)
c 8
r0
< <— - = Z( u1|ag + — X Z rzq“1|aguq|ag>> +
r=1
1 0 810 1
2_!p=1Ni”’ ( <7 - 5 ( atiloa + 3y 21 Z rlq“l|aguq|ag)> +
8o 1
trloa <7 2 ; < Plullf’g 5 21 Z plq“l|a£2”q|ag>)>)> + ...,

i=1,n.

=

(=)

Let us consider numerical aspects of the obtained approximations and their PA.
A typical behavior of the approximations in the case of the following initial value problem:

el +z7=1, 2(0) =

ADM approximation describes the exact solution only in part of the interval compared with
the real small parameter approach. In spite of that, the errors of solution obtained via the HPM
are essentially of lower order than those introduced by the ADM. The latter one exhibits the
boundary layer occurrence in the neighborhood of zero. On the contrary, the PA regarding the
independent variable of the ADM approximation, when the proposed method is applied, gives
reliable qualitative and quantitative results (Figure 2.67).

Analogous results are also given by analysis of initial value problem for the following
equation with variable coefficients:

e +xz=nx, 2(0) =2

and the obtained results are reported in Figure 2.68.
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Figure 2.67 The exact solution (solid line) of Equation (2.477) when € = 0.1 and approximate solu-
tions (1-three terms ADM, 2—zgl for ADM, 3—three terms HPM, 4—z, for HPM, 5-2D Padé for
MMPC, ADM and HPM)
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Figure 2.68 The exact solution (solid line) of Equation (2.483) when € = 0.2 and approximate solu-
tions (1 — three terms ADM, 2 — Z, for ADM, 3 — three terms HPM, 4 — z, for HPM, 5 — 2D Padé for
MMPC, ADM and HPM)

Figure 2.69 presents graphs of approximation for the essentially nonlinear problem governed
by the following initial value problem:
' Zz x—1

7 =—g—+ , 2(0) = 1.
& 13

One can see that approximations of the HPM and MHPM-Pad¢ describe relatively well the
curve in average and rather badly in the case of the boundary layer. On the contrary, the ADM
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Figure 2.69  Approximate solutions of Equation (2.489) when ¢ = 0.2 (1 — three terms ADM, 2 -z,
for ADM, 3 — z, for ADM, 4 — three terms HPM, 5 — z, for HPM, 6 — z, for HPM and MMPC, 7 — z
and 2D Padé for MMPC)

and MADM-Padé approximations well coincide with the solution behavior in the vicinity of
zero, and rather badly on its stationary part. However, the PA results obtained on a basis of the
proposed method are in good agreement with the exact solution in the whole studied interval.

2.9 Conclusions

Let us finish our book with comments related to (i) advantages and (ii) disadvantages of the
asymptotic methods.

(i.1.) Essential simplification of a solution, which in many cases can be found analytically.

(i.2.) In general, asymptotic methods are rather easily matched with computational approaches
including numerical and variational ones. Namely, after a simplification of the studied BVP
and after separation of its key features, one may apply a wide spectrum of the numeri-
cal methods. It should be emphasized that the asymptotic methods allow detecting main
properties of the solution, and hence yield a proper recommendation regarding a choice of
the approximating functions associated with the Bubnov-Galerkin, Rayleight-Ritz, Trefftz,
Kantonorovich, etc. approaches. Furthermore, sometimes a zeroth order asymptotic approx-
imation can be directly applied in other iterational processes, such as for instance in the case
of the Newton-Kantorovich method.

(1.3.) Since the asymptotic methods are tightly linked with the physical interpretation of a
studied problem, they usually give the full picture of its behavior and allow for a deep
understanding.
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(i.4.) Asymptotic methods allow clarifying both mathematical and physical backgrounds of the
engineering oriented procedures and approaches, as well as usually improving the accuracy,
validity and reliability of the obtained solutions.

(i.5.) Asymptotic methods are universal ones, since in many cases they allow us to use one
general approach to sometimes different, for a first glance, problems and exhibit their hidden
universal property.

(ii.1.) In many cases the first approximating solution does not guarantee an expected accuracy.

(i1.2.) Construction of higher order approximations sometimes requires hard computational
effort.

(ii.3.) Estimation of both the accuracy of asymptotic methods and intervals of their application
does not belong to trivial tasks.

Finally, it seems that the further development of asymptotic methods is associated with
the use of numerical-asymptotic approaches. Namely, a smooth solution part can be moni-
tored numerically, whereas boundary layers can be constructed with the help of an asymptotic
approach.

As for the HPM, one can conclude the following. HPM has often been applied recently [43],
but it suffers for the lack of any rigorous treatment. We are aiming at an extension of the main
concept of this method into effective solutions of complicated problems of mechanics. We have
shown that matching of the HPM with PA allows to solve problems of natural, free and forced
vibrations, as well as the SSS and stability of plates with mixed BCs in an analytical way.

In the case of nonlinear problems the proposed approach allows for the effective investi-
gation of the infinite systems of nonlinear either algebraic or differential equations. Possible
generalizations are associated with the solution to the mixed problems of the theory of elas-
ticity (in the 2D-case, there are already promising results [16]) as well as mixed problems of
the theory of shells. The proposed way of modification and validity extension also concerns
the Ishlinskii-Leibenzon method applied in the theory of stability, numerous methods devoted
to investigation of dynamic stability problems and the SSS of nonhomogenous constructions,
as well as series of nonlinear problems, including those with nonlinear BCs.
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Cubic (continued)
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Elastically coupled masess, 35, 62
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Envelope continualization, 66
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dynamic, 54
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integro-differential, 74
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Fredholm, 107
Kirchhoff, 51, 79
Poisson, 88, 92
Schrodinger, 16, 32, 45
transcendental, 15, 29, 40, 59, 94, 112,
116, 118, 175, 207, 215, 219, 222,
232,235
Van der Pol, 41, 71
Equilibrium position, 32, 62, 85

Force
restoring, 13, 146, 154, 156, 159
stretching, 155, 231, 238
Formula
Cauchy-Hadamard, 21
Euler-Maclaurin, 70

Frequency
circular, 109, 119
fundamental, 51, 58, 139, 145, 149
vibration, 11, 50, 65, 74, 77, 140, 145,
236
Function
asymptotically equivalent, 7, 38, 45
continuous, 28, 61
Gamma, 2
Heaviside, 19, 128
Heriside, 66
holomorphic, 27, 249
Lambert, 10
Pilipchuk
saw-tooth, 237
rational, 3, 37, 41
Stieltjes, 2
Freedom degrees, 60

Heat flux, 46
Homogenization, 61, 71, 79, 81, 92, 107
Hooke’s law, 35, 62

Interpolation
rational, 36
Iterative process, 29

Limiting transition, 8, 92, 201
Load
buckling, 209, 213, 219
normal periodic, 85, 194, 198
Local properties, 66
Longitudinal displacement, 145, 222

Method

Adomian decomposition (ADM), 240,
243,246, 248, 253, 255, 257, 261,
258

Aitken, 30

AEF construction, 39, 43, 233

Bloch, 92

Bolotin’s, 51, 59, 77, 106, 139

boundary conditions perturbation, 11,
84, 107

Bubnov-Galerkin, 8, 105, 127,
233
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Cauchy-Hadamard, 21

computational, 45, 105

D’ Alembert, 65

dynamical edge effect, 49, 58, 60

finite element (FEM), 105, 175, 178,
181, 183

Floquet, 92

homotopy perturbation (HPM), 10, 108,
147, 150, 154, 157, 179, 200,
222,224,240, 244, 247, 252, 254,
256, 261

Ishlinskii-Leibenzon, 224, 228, 230

Kantorovitch, 53, 56, 88, 105

Keller-Rubinov, 51

Kuzmak-Whitham, 77

large delta, 10, 17

least squares, 4

multiscale, 71, 77

Newton-Kantorovich, 105, 263

R-function, 106, 139, 215, 219

Rayleigh-Bolotin, 59

Rayleigh-Ritz, 58, 105

Runge-Kutta, 237

semi-analytical, 107

Shanks, 30

small delta, 10, 13, 234

Southwell, 127

Van der Pol, 71

variational-asymptotic, 225

Vavilov, 259

WKB, 43, 75

Multiplier, 7, 56, 201, 205

Newton
laws, 35, 61
polygon, 34
numerator, 9, 25, 27, 37, 44

Operator
differential, 64, 107
linear, 249
non-linear, 249, 250
pseudo, 36, 65
Origin co-ordinate, 180
Oscillation
period, 42

Oscillator
nonlinear, 33

Padé
approximants, 24
table, 26
two-point, 41, 69
Paradox, 66, 92
Parameter
bifurcation, 11
homotopy, 11, 13, 157, 160
perturbation, 2, 11, 85, 223
small, 2, 8, 11, 18, 34, 67, 85, 88, 94,
145, 148, 240, 249, 258, 261
Perturbation
method, 9, 84, 94, 107, 236, 240
non-standart procedure, 8
Plate
clamped, 60, 89, 118, 122, 132, 134,
139, 166, 169, 173, 179, 190, 201,
209, 219
cylindrical, 59, 180, 182
displacement, 78, 166, 169, 172, 175,
178, 180, 192, 197, 201, 206, 216
edge, 56, 60, 107, 123, 128, 132, 134,
140, 143, 170, 172, 179, 183, 194,
197, 200, 206, 216, 219
lying, 11, 107, 123, 158
orthotropic, 123, 126
partially clamped, 135
rectangular, 54, 60, 74, 106, 118, 122,
135, 140, 155, 158, 166, 172, 180,
190, 194, 202, 209, 211, 227
stability, 60, 209, 219, 227
Plot
Domb-Sykes, 21
Polynomial
Adomian, 250
form, 241
Thread stiffness
relative, 85

Relaxation kernel, 74
Scalar product, 92

Series
asymptotic, 1, 6, 21, 49
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Series (continued) Floquet, 93
convergent, 2, 72 molecular, 61
divergent, 2, 164, 241 Montessus de Ballore, 242, 259
hyperasymptotic, 3 structurally-orthotropic, 87
MacLaurin, 3, 18, 26, 28, 33, 36, 44, 65, Thin-walled construction, 261
94,222,241, 244 Truncation procedure, 3
power type, 2,7, 11, 23, 28, 45 Transformation
Taylor, 19, 24, 26, 69, 250, 258, 261 Euler, 23
Singulant, 2 Fourier, 36, 41, 65, 69
Solution Hilbert, 71
asymptotic, 2, 4, 5, 41, 45, 60, 223, 233 Laplace, 19, 36, 38, 43, 69
exact, 3, 5, 10, 16, 19, 31, 37, 49, 59, 64, Shanks, 30
68, 74, 105, 109, 112, 114, 116, Transversal crossection, 76, 153
160, 181, 183, 185, 189, 200, 204,
208, 215, 219, 225, 241, 244, 249, Uniqueness, 6
261
numerical, 4, 10, 33, 82, 105, 112, 116, Variational
122, 143, 208, 211, 215, 221, 223 approaches, 58, 105, 234
Timoshenko, 175 asymptotic method, 84, 225
Space arrangement, 46 Vavilov method, 259
Splash, 65, 68 Vibration
Symbol forced, 69, 106, 184, 189, 194, 197,
asymptotic, 5 202
System linear, 49, 60, 155, 158

continuous, 60, 62, 65, 70, 144, 146
discrete, 60, 62, 65, 68

non-linear, 11, 60, 77
spring-mass-dashpot, 230
subsequent approximations, 243

Term
secular, 12, 14, 16, 73, 130, 137, 145,
148, 154, 158, 186, 233, 235
Theory
composites, 46

natural, 11, 49, 109, 113, 118, 123, 128,
132, 135, 140, 155
string, 230, 233

Wave, 11, 14, 16, 50, 59, 63, 65, 69, 92,
113, 155, 158, 215, 220, 233

Wiener bounds, 35

Winkler-Fuss foundation, 123

Wynn algorithm, 30

Young modulus, 109
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