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Preface

Electromagnetic wave scattering from randomly rough surfaces in the
presence of scatterers is an active, interdisciplinary area of research with
countless practical applications in fields such as optics, acoustics, geoscience
and remote sensing. In the last four decades, considerable theoretical progress
has been made in elucidating and understanding the scattering processes
involved in such problems. Numerical simulations allow us to solve the
Maxwell equations exactly, without the limitations of asymptotic approaches
whose regimes of validity are often difficult to assess. The purpose of this
book is to present both asymptotic approaches, such as the Kirchhoff
approximation, and numerical methods, such as the method of moments
(MoM), in order to solve scattering from rough surfaces.

Excellent textbooks on this subject are available and this book focuses on
some scattering problems such as the scattering from a rough surface, a rough
layer, a coated cylinder and an object near a rough surface. Although the
scattering problem is assumed to be two-dimensional (invariant with respect
to a direction), the problem is of practical interest because large problems can
easily be solved, unlike a direct three-dimensional scattering problem, for
which the equations are more complicated (because they are vectorial).
Indeed, due to computing time and memory space requirements, the size of
the problem to be solved is reduced. Nevertheless, advanced numerical
methods can handle large problems, but the complexity of programming
significantly increases.

This book is intended both for graduate students who wish to learn about
scattering by rough surfaces and engineers or researchers who have to solve
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x Method of Moments for 2D Scattering Problems

such problems. Adding a scatterer near a rough surface, from the MoM, the
problem size increases significantly and in order to solve this problem using
a standard personal computer, in Chapters 3 and 4, a versatile method, which
has been developed in the last decade, is presented in detail.

The increasingly important role of numerical simulations in solving
electromagnetic wave scattering problems has motivated us to provide the
readers with computer codes on topics relevant to the book. These computer
codes are written in the MatLab programming language. They are provided
for two main purposes. The first purpose is to provide the readers a hands-on
training for performing numerical experiments, through which the concepts of
the book can be better communicated. The second purpose is to give new
researchers a set of basic tools with which they could quickly build on their
own projects.

To have the MatLab programs, please send an email to Dr. C. Bourlier at
christophe.bourlier@univ-nantes.fr by providing a receipt of the purchase of
this book.

My thanks go to several people who made this book possible. I am grateful
to Professor Joseph Saillard (retired), for suggesting writing this book, and
both Professors Saillard and Serge Toutain (retired) for giving me the means
to develop this research. I would like to acknowledge Drs N. Déchamps and
G. Kubické, the PhD students whom I co-supervised and who developed the
PILE and E-PILE methods thoroughly presented in this book. I would also like
to thank the National Center for Scientific Research by whom I am employed,
and the DGA (Direction Générale de l’Armement) for their financial support.

Christophe BOURLIER

June 2013
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Introduction

In this book, the method of moments (MoM) is addressed to compute the
field scattered by scatterers such as canonical objects (cylinder or plate) or a
randomly rough surface, and also by an object above or below a random
rough surface. Because the problem is considered two-dimensional (2D), the
integral equations (IEs) are scalar and only the transverse electric (TE) and
transverse magnetic (TM) polarizations are considered (no cross polarizations
occur). Chapter 1 analyzes how the MoM with the point-matching method
and pulse basic functions is applied to convert the IEs into a linear system. In
addition, Chapter 1 presents the statistical parameters necessary to generate
Gaussian random rough surfaces. Chapter 2 compares the MoM with the
exact solution of the field scattered by a circular cylinder in free space, and
with the physical optics (PO) approximation for the scattering from a plate in
free space. Chapter 3 presents numerical results, obtained from the MoM
combined with the efficient E-PILE method, of the scattering from two
illuminated scatterers and shows how the E-PILE algorithm can be hybridized
with asymptotic or rigorous methods valid for the scattering from a single
scatterer (alone). Chapter 4 presents the same results as those in Chapter 3 but
for an object above a random rough surface or for a coated (circular or
elliptical) cylinder. In the last two chapters, the coupling between the two
scatterers is also studied in detail by inverting the impedance matrix by
blocks.
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1

Integral Equations for a Single Scatterer:
Method of Moments and Rough Surfaces

1.1. Introduction

In this chapter, the integral equations (IEs) are addressed to derive the field
scattered by a single scatterer in free space. They are obtained by introducing
the Green function concept and by applying the boundary conditions onto the
scatterer. In addition, the IEs are converted into a linear system by using the
method of moments (MoM) with the point-matching method. The impedance
matrix is then expressed for any shape of the object. The special case of a
perfectly conducting (PC) object is also discussed. This chapter also presents
the necessary statistical parameters to generate a random rough surface.

In all chapters, the media are considered as homogeneous, linear and
isotropic. In addition, they are considered as non-magnetic, which means that
the magnetic permeability is µ0 = 4π × 10−7 H/m. In addition, the medium
Ω0 (the subscript 0 is used for variables defined in vacuum) is considered as
vacuum and the time convention e−jωt is used. Then, the derivative over the
time t is ∂/∂t → −jω. For any media without sources, two Maxwell
equations [KON 05, TSA 00] are simplified as:�

curlH = � ∧H = −jω�E
curlE = � ∧E = jωµ0H

, [1.1]

where H is the magnetic field and E the electric field. In addition, ω is the
pulsation (rad/s) and � = �0�r is the permittivity, in which �0 = 1/(36π×109)
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2 Method of Moments for 2D Scattering Problems

is the permittivity in vacuum and �r is the relative permittivity (which equals
unity for vacuum). For a two-dimensional (2D) space of unitary vectors (x̂, ẑ),
the vectorial operator � is defined in Cartesian coordinates as:

� =
∂

∂x
x̂+

∂

∂z
ẑ. [1.2]

1.2. Integral equations

1.2.1. TE and TM polarizations and boundary conditions

Let n̂ be the normal to the surface S pointing toward Ω0 and lying in the
plane (x̂, ẑ) (2D problem), and separating two media, Ω0 (upper) and Ω1

(lower), of dielectric permittivities �0 and �1 (see Figure 1.1), respectively.

For the transverse electric (TE) polarization (the electric field is normal to
the incident plane (x̂, ẑ)), the electric field in the upper medium is defined as
E0 = ψ0ŷ, where ψ0 is a scalar number. In medium Ω0, the use of equation
[1.1] leads to:

H0 =
1

jωµ0
� ∧E0 = − 1

jωµ0
ŷ ∧�ψ0. [1.3]

knowing that A1∧(A2∧A3) = (A1 ·A3)A2−(A1 ·A2)A3, for any vectorial
function Ai, we have:

n̂ ∧H0 = − 1

jωµ0
n̂ ∧ (ŷ ∧�ψ0) = − 1

jωµ0
[(n̂ ·�ψ0)ŷ − (n̂ · ŷ)�ψ0]

= − ŷ

jωµ0
(n̂ ·�ψ0), [1.4]

where n̂·ŷ = 0 since the normal lies in the plane (x̂, ẑ). For the lower medium
Ω1, the quantities E1, H1 and ψ1 also satisfy equation [1.4], in which the
subscript “1” is used for variables defined in Ω1.

For a surface separating two dielectric media, the boundary conditions state
that the electric and magnetic tangential fields are continuous. Since E0,1 =
ψ0,1ŷ, this leads from equation [1.4] to:�

ψ0(r) = ψ1(r)
n̂ ·�ψ0(r) = n̂ ·�ψ1(r)

, ∀r ∈ S. [1.5]
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Integral Equations for a Single Scatterer 3

For the transverse magnetic (TM) polarization (the magnetic field is
normal to the incidence plane (x̂, ẑ)), the magnetic field in the upper medium
is defined as H0 = ψ0ŷ. The use of equation [1.1] leads to:

E0 = − 1

jω�0
� ∧H0 =

1

jω�0
ŷ ∧�ψ0, [1.6]

and

n̂ ∧E0 = − 1

jω�0
(ŷ ∧�ψ0) ∧ n̂ = +

1

jω�0
n̂ ∧ (ŷ ∧�ψ0)

= − 1

jω�0
[(n̂ ·�ψ0)ŷ − (n̂ · ŷ)�ψ0]

= +
ŷ

jω�0
(n̂ ·�ψ0). [1.7]

Moreover, for the lower medium Ω1, H1 = ψ1ŷ and n̂ ∧ E1 = +ŷ(n̂ ·
�ψ1)/(jω�1). The boundary conditions state that the electric and magnetic
tangential fields are continuous, leading to:�

ψ0(r) = ψ1(r)
n̂ ·�ψ0(r) =

�0
�1
n̂ ·�ψ1(r)

, ∀r ∈ S. [1.8]

In conclusion, for the TE and TM polarization, equations [1.5] and [1.8]
lead to:�

ψ0(r) = ψ1(r)
n̂ ·�ψ0(r) = ρ01n̂ ·�ψ1(r)

, ∀r ∈ S, [1.9]

where ρ01 = 1 for the TE polarization and ρ01 = �0/�1 for the TM
polarization.

1.2.2. Electric and magnetic currents for a 2D problem

For a 3D problem, the electric J0 and magnetic M0 currents are defined
on the surface as:

J0 = n̂ ∧ Ĥ0, M0 = −n̂ ∧ Ê0, [1.10]

where n̂ is the normal to the surface.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by D

haka U
niversity of E

ngineerin, W
iley O

nline L
ibrary on [16/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



4 Method of Moments for 2D Scattering Problems

For the TE polarization, E0 = ψ0ŷ and from equation [1.4], we then have:J0 = − 1

jωµ0
n̂ ∧ (ŷ ∧�ψ0) = − 1

jωµ0
(n̂ ·�ψ0) ŷ

M0 = −n̂ ∧ (ψ0ŷ) = ψ0 (−n̂ ∧ ŷ)
. [1.11]

For the TM polarization, H0 = ψ0ŷ and from equation [1.7], we then
have:J0 = n̂ ∧ (ψ0ŷ) = ψ0 (n̂ ∧ ŷ)

M0 = − 1

jω�0
n̂ ∧ (ŷ ∧�ψ0) = − 1

jω�0
(n̂ ·�ψ0) ŷ

. [1.12]

In conclusion, for the TE and TM polarizations, ψ0 and the normal
derivative n̂ · �ψ0 = ∂ψ0/∂n are related to the currents {M0,J0} and
{J0,M0}, respectively.

1.2.3. Huygens’ principle and extinction theorem

In Figure 1.1, the upper medium Ω0 stands for the domain bounded by the
surface S and the contour C0,∞, whereas Ω1 stands for the domain bounded
by the surface S and the contour C1,∞. We recall that the normal to the surface
n̂ pointed toward Ω0.

Figure 1.1. The domain Ω0 is bounded by the contour C0,∞ and the surface S
whereas Ω1 is bounded by the contour C1,∞ and the surface S
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Integral Equations for a Single Scatterer 5

In media Ω0 and Ω1 (without sources), the fields ψ0 and ψ1 satisfy the
scalar Helmholtz equation:

�2ψi(r) + k2i ψi(r) = 0, ∀r ∈ Ωi, [1.13]

where ki = ω
√
�iµ0 is the wave number in medium Ωi (i = {0, 1}) and �2 is

the scalar Laplacian. The scalar Green functions g0(r, r�) and g1(r, r
�) defined

in media Ω0 and Ω1, respectively, satisfy:

�2gi(r, r
�) + k2i gi(r, r

�) = −δ(r − r�), [1.14]

where r = xx̂+ zẑ are the Cartesian coordinates of the source point and r� =
x�x̂ + z�ẑ are the Cartesian coordinates of the observation point. Physically,
the Green function is the field radiated from a source point represented from
the Dirac delta function δ. It then satisfies the Helmholtz equation, in which
the right-hand side of equation [1.13] is −δ(r − r�).

Applying the scalar Green theorem, we have:%%
Ω
(f1�2f2 − f2�2f1)dr =

$
C
(f1�f2 − f2�f1) · dS, [1.15]

where dS = n̂dS, in which n̂ is the unitary vector normal to the closed
oriented contour bounding medium Ω.

Let f1 = ψ0 and f2 = g0 in equation [1.15]. Then, from equations [1.13]
and [1.14], for r ∈ Ω0 we have:%%

Ω0

�
ψ0(r)�2g0(r, r

�)− g0(r, r
�)�2ψ0(r)

�
dr

=

%%
Ω0

�
ψ0(r)

�−δ(r − r�)− k20g0(r, r
�)
�
+ g0(r, r

�)k20ψ0(r)
�
dr

= −
%%

Ω0

ψ0(r)δ(r − r�)dr

=

�−ψ0(r
�) if r� ∈ Ω0

0 if r� /∈ Ω0

=

%
C0

�
ψ0(r)�g0(r, r

�)− g0(r, r
�)�ψ0(r)

� · dS, [1.16]
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6 Method of Moments for 2D Scattering Problems

where the contour C0 = S ∪ C0,∞ bounding the medium Ω0. In addition, the
last line of equation [1.16] can be written as:%

C0

�
ψ0(r)�g0(r, r

�)− g0(r, r
�)�ψ0(r)

� · dS
= −

%
S

�
ψ0(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ0(r)

∂n

 
dS

+

%
C0,∞

�
ψ0(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ0(r)

∂n

 
dS� �� 	

−ψinc(r�)∀r�∈Ω0

, [1.17]

where ∂f/∂n = n̂ · �f . The minus sign before the integral over S is due
to the sense of the normal n̂, which points inside Ω0. The plus sign before the
integral over C0,∞ is due to the sense of the normal n̂0,∞, which points outside
Ω0.

It can be shown that the integral over the contour C0,∞ equals minus the
incident field (−ψinc(r

�)) [TSA 00]. For r ∈ S, the substitution of equation
[1.17] into equation [1.16] then leads to:����

−ψinc(r
�) =

�
S

�
ψ0(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ0(r)

∂n

�
dS if r� /∈ Ω0

ψ0(r
�)− ψinc(r

�) =
�
S

�
ψ0(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ0(r)

∂n

�
dS if r� ∈ Ω0

. [1.18]

Special attention must be paid when r� approaches the surface S from either
below or above. For more details see [TSA 00 Chapter 4, section 2]. For r� /∈
Ω0, equation [1.18] gives the extinction theorem. For r� ∈ Ω0 (S excluded),
equation [1.18] gives the Huygens’ principle:

ψsca,0(r
�) = ψ0(r

�)− ψinc(r
�) =

%
S

�
ψ0(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ0(r)

∂n

 
dS.

[1.19]
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Integral Equations for a Single Scatterer 7

This shows that the scattered field ψsca,0 is expressed from the field ψ0 and
its normal derivative on the surface ∂ψ0/∂n. These two quantities are often
called surface currents.

Applying the same principle for the field ψ1 in the lower medium Ω1, for
r ∈ S we have [TSA 00]:����

0 =

�
S

�
ψ1(r)

∂g1(r, r
�)

∂n
− g1(r, r

�)
∂ψ1(r)

∂n

�
dS if r� /∈ Ω1

ψ1(r
�) = −

�
S

�
ψ1(r)

∂g1(r, r
�)

∂n
− g1(r, r

�)
∂ψ1(r)

∂n

�
dS if r� ∈ Ω1

, [1.20]

and the scattered field ψsca,1 = ψ1 since ψ1,inc = 0 in Ω1. In equations [1.18]
and [1.20], the four surface unknowns to determine on the surface are ψ0(r),
∂ψ0(r)/∂n, ψ1(r) and ∂ψ1(r)/∂n, whereas the quantities ψinc(r

�), g0(r, r�)
and g1(r, r

�) are known. It is therefore necessary to have two additional
equations, which are obtained from the boundary conditions [1.9] on the
surface S, valid ∀(r, r�) ∈ S. Then, from equations [1.18] (the case for which
is r� ∈ Ω0), [1.20] (the case for which is r� ∈ Ω1) and [1.9], ∀(r, r�) ∈ S, the
IEs are [TSA 00]:����

ψinc(r
�) = +

1

2
ψ0(r

�)−−
�
S

ψ0(r)
∂g0(r, r

�)
∂n

dS +

�
S

g0(r, r
�)
∂ψ0(r)

∂n
dS

0 = −1

2
ψ0(r

�)−−
�
S

ψ0(r)
∂g1(r, r

�)
∂n

dS +

�
S

1

ρ01
g1(r, r

�)
∂ψ0(r)

∂n
dS

. [1.21]

The symbol −
&

stands for the Cauchy principal value, which means that the
case r = r� is not accounted for in the calculation of the integral. In addition,
letting

&
S dS = −

&
dS+

&
P dS (where P is a piece), it is important to note that

for r = r� ∈ S+ (at the upper limit),
&
P ψ0(r)

∂g0(r,r�)
∂n dS = +ψ0(r

�)/2, and
for r = r� ∈ S− (at the lower limit),

&
P ψ0(r)

∂g0(r,r�)
∂n dS = −ψ0(r

�)/2.

To solve a scattering problem, the currents on the surfaces ψ0 and ∂ψ0/∂n
must be calculated. For an arbitrary shape of a surface, a numerically rigorous
method is needed to compute them because the IEs have no analytical
solution. This is discussed in the following section. From the knowledge of
these currents, the scattered field ψi,sca (i = {1, 2}) is then computed in the
domain Ωi − S from equations [1.19] and [1.20] (with r� ∈ Ωi), respectively.
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8 Method of Moments for 2D Scattering Problems

COMMENT 1.1.– 2D SCALAR GREEN FUNCTION–. For a 2D problem, the
Green function is expressed as:

gi(r, r
�) =

j

4
H(1)
0 (ki

55r − r�
55) = j

4
H(1)
0

�
ki
1

(x− x�)2 + (z − z�)2
�
, [1.22]

where H(1)
0 is the zeroth-order Hankel function of the first kind. Their

derivatives with respect to x and z are then (with D = 
r − r�
):������
∂gi(r, r

�)
∂x

=
∂gi(kiD)

∂D

∂D

∂x
= −jki

4
H(1)
1 (kiD)

x− x�

D

∂gi(r, r
�)

∂z
=

∂gi(kiD)

∂D

∂D

∂z
= −jki

4
H(1)
1 (kiD)

z − z�

D

. [1.23]

The quantity ∂gi(r, r
�)/∂n = n̂ ·�gi(r, r

�) is then:

∂gi(r, r
�)

∂n
= −jki

4

H(1)
1 (ki 
r − r�
)


r − r�
 (r − r�) · n̂. [1.24]

Figure 1.2 shows the real and the imaginary parts of H(1)
0 (x) and its

envelope versus x (x > 0). For x � 1, it behaves as a periodic function
because for x → +∞, we have [ABR 70]:

H(1)
0 (x) ≈

2
2

xπ
exp

�
j
'
x− π

4

+�
as x → +∞. [1.25]

Moreover, the equation of its envelope is
1
2/(xπ) ∝ 1

1/x, which
corresponds to a cylindrical wave (2D problem).

1.2.4. Radar cross-section (RCS)

For a 2D problem, in medium Ω0, the RCS is defined as:

RCS = lim
r�→∞

2πr�
6666ψsca,0

ψinc,0

66662 , [1.26]

where r� is the distance between the object (phase center) and the receiver.
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Integral Equations for a Single Scatterer 9
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Figure 1.2. Real and the imaginary parts of H(1)
0 (x) and its

envelope versus x (x > 0)

Figure 1.3. Huygens’ principle in the far field for a 2D problem

As shown in Figure 1.3, in the far field (r� → ∞, r� � and r� � λ0 =
2π/k0), 
r − r�
 = 
r� − r
 ≈ r� − k̂sca · r for the phase, whereas for
the amplitude term 
r − r�
 ≈ r�. From equation [1.25], in the observation
direction defined by k̂sca, the Green function can be simplified in the far field
as:

g0(r, r
�) =

j

4
H(1)
0 (k0

55r − r�
55) ≈ j

4

2
2

πk0r�
ej(k0r

�−ksca·r−π/4). [1.27]

Moreover,

∂g0(r, r
�)

∂n
= n̂ · �r�g0(r, r

�) ≈ −jg0(r, r
�)ksca · n̂. [1.28]
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10 Method of Moments for 2D Scattering Problems

Substituting these two equations into the Huygens’ principle [1.19], the
scattered field in medium Ω0 in the far-field zone (super script ∞) is:

ψ∞
sca,0 =

j

4

2
2

πk0r�
e−jπ/4+k0r�ψ∞,0

sca,0ψinc,0, [1.29]

where the variable ψ∞,0
sca,0 is:

ψ∞,0
sca,0 = − 1

ψinc,0

%
S

�
jksca · n̂ψ0(r) +

∂ψ0(r)

∂n

 
� �� 	

f(r)

e−jksca·rdS, [1.30]

and ψinc,0 is the modulus of the incident field ψinc in medium Ω0. Then, the
scattered far field is then obtained from the Fourier transform of f(r).

The substitution of equation [1.29] into equation [1.26] then leads to:

RCS =

666ψ∞,0
sca,0

6662
4 |k0| . [1.31]

Since ψ∞,0
sca,0 is dimensionless, the RCS has the dimension of a distance

(meter), since we consider it to be a 2D problem.

1.2.5. Normalized radar cross-section (NRCS)

If the surface has a finite extent, edge diffraction occurs, because the
incident field does not vanish on the edges of the surface. To reduce this
phenomenon, for the scattering from a rough surface, a tapered incident wave
is used instead of a plane incident wave. A possible option is the Thorsos
wave defined as [THO 88]:

ψinc(r) = ψinc,0 exp (jkinc · r)� �� 	
Plane wave

exp

*
−(x+ z tan θinc)

2

g2

.
� �� 	

Damping factor

exp [jw(r)kinc · r]� �� 	
Corrective term

,

[1.32]
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Integral Equations for a Single Scatterer 11

where

w(r) =

�
2(x+ z tan θinc)

2

g2
− 1

 
1

(k0g cos θinc)2
, [1.33]

and kinc = k0(sin θix̂ − cos θiẑ). The damping is orthogonal to the incident
vector kinc. The additional corrective term allows us to better satisfy the
Helmholtz equation. Nevertheless, the Thorsos wave verifies the Helmholtz
equation at the order O

'
1

(gk0 cos θinc)3

+
, implying that 1/C = gk0 cos θinc >>

1. This condition is not satisfied for:

– grazing incidence angles: Indeed, for given k0 and g, if θinc → π/2, then
gk0 cos θinc → 0.

– g small in comparison to the wavelength λ0: in other words, if the width
of the incident beam is small in comparison to the wavelength.

Typically, 1/(gk0 cos θinc) ≤ C = 0.037 and in the following, we take
g = L/6, where L is the surface length.

From the Thorsos wave, the normalized incident power on the rough surface
mean plane z = 0 is then:

pinc = − 1

|ψinc,0|2
% +∞

−∞
Sinc · ẑ|z=0 dx

= − 1

2|ψinc,0|2η0

% +∞

−∞
|ψinc|2k̂inc · ẑ

666
z=0

dx

=
cos θinc

2|ψinc,0|2η0

% +∞

−∞
|ψinc|2

66
z=0

dx

=
g cos θinc

2η0

2
π

2

�
1− 1 + 2 tan2 θinc

2k20g
2 cos2 θinc

 
, [1.34]

where η0 is the wave impedance in medium Ω0. In addition, Sinc is the
Poynting vector that gives the power density carried by the incident wave.
The NRCS is defined as [TSA 00]:

NRCS = lim
r�→∞

r�

2η0

66ψ∞
sca,0

662
pinc

=
1

16πη0k0

666ψ∞,0
sca,0

6662
pinc

, [1.35]
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12 Method of Moments for 2D Scattering Problems

where the field ψ∞,0
sca,0 is computed from equation [1.30]. Note that unlike the

RCS, the NRCS is dimensionless.

1.3. Method of moments with point-matching method

The MoM is a numerical method that has been used extensively for the
solution of scattering electromagnetic problems. Many excellent textbooks like
[HAR 68, TSA 00] have been written on this subject. A characteristic of this
technique is that it leads to a full matrix equation that can be solved from
a matrix inversion. In this book, the MoM with point-matching method and
pulse basis function is applied. Their main advantages are that they are simple
to program and are efficient for scattering from rough surfaces.

Consider a 1D IE of the form:

L (f) = g, [1.36]

where L is an integral operator or integral–differential operator, f is the
unknown function and g is a given function.

– Step 1: Basis functions

A set of N basis functions in the domain D is chosen. Let the basis
functions be f1, f2, . . . , fN . The unknown function is expanded in terms of
a linear combination of these functions:

f " f̃ =

N3
n=1

anfn, [1.37]

and f̃ verifies limN→+∞
666f − f̃

666 = 0. The substitution of equation [1.37] into
equation [1.36] leads to:

Lf = L
(

N3
n=1

anfn

,
+ ε = g, [1.38]

where ε is the residue due to the truncation of the sum at the order N . Since
Lf is a linear operator:

Lf =

N3
n=1

an(Lfn) + ε = g. [1.39]
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Integral Equations for a Single Scatterer 13

– Step 2: Testing functions

Next, a set of M weighting functions w1, w2, . . . , wM is chosen.
Multiplying equation [1.39] by wm(x) (with m = 1 . . .M ), assuming that
�wm, ε� ≈ 0 and integrating over the domain D, we obtain:�

wm,
N3

n=1

an(Lfn)
�

=
N3

n=1

an �wm,Lfn� = �wm, g� , [1.40]

where the inner product �. . .� is defined for a single variable x as:

�f, g� =
%
D
f(x)g(x)dx. [1.41]

– Step 3: Linear system

From equation [1.40], the linear system to be solved is:

Z̄X = b, [1.42]

in which the elements of the matrix Z̄ and the vector b are defined as:�
Zmn = �wm,Lfn�
bm = �wm, g� , [1.43]

and the elements of the vector X , which equals an, must be determined. The
matrix Z̄ is the impedance matrix of the scattering problem and depends on
the shape and the electric properties of the surface.

– Point-matching method

Basis functions can use full domain functions such as sines, cosines, special
functions, polynomials and modal solutions. A set that is useful for a practical
problem is the subsectional basis function. This means that each fn is only
non-zero over a subsection of the domain of f .

A common choice is the pulse function:

fn(x) =

�
1 if αn ≤ x ≤ βn
0 otherwise

, [1.44]

where the interval D is divided into N subintervals βn − αn with end points
α1 and βN with n = {1, 2, . . . , N}.
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14 Method of Moments for 2D Scattering Problems

For the weighting functions wm, the following are two common choices:

1) Galerkin’s method. In this case, the weighting functions are the same as
the basis function, that is wn(x) = fn(x) with n = {1, 2, . . . , N}.

2) Point-matching method. In this case, the weighting functions are the
Dirac delta functions wm = δ(x − xm) with m = {1, 2, . . . ,M}, and we
choose M = N .

From the point-matching method and equation [1.40], we obtain:

Zmn = �wm(x),L[fn(x)]� = �δ(x− xm),L[fn(x)]�

=

%
D
δ(x− xm)L[fn(x)]dx = L[fn(xm)], [1.45]

and

bm = �wm, g(x)� = �δ(x− xm), g(x)�

=

%
D
δ(x− xm)g(x)dx = g(xm). [1.46]

1.4. Application to a surface

In this section, the MoM is applied along with the point-matching method
to convert the IEs [1.21] into a linear system.

1.4.1. The Dirichlet boundary conditions

For a PC surface and for the TE polarization (the Dirichlet boundary
conditions), the field vanishes on the surface, ψ0 = 0. Thus, equation [1.21]
can be simplified as:

ψinc(r
�) =

%
S
g0(r, r

�)
∂ψ0(r)

∂n
dS, [1.47]

where the points r = (x, y) and r� = (x�, y�) are on the surface S.
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Integral Equations for a Single Scatterer 15

For a surface of length L and centered on x = 0, equation [1.47] can be
written as:

Lf = g, [1.48]

where��L• =

% L/2

−L/2

0
1 +

*
dz

dx

.2

g0(r, r
�)dx•

f = ∂ψ(r)
∂n , g = ψinc(r

�)

. [1.49]

The unknown is f . From the MoM, equation [1.47] is converted into a
linear system Z̄X = b. The elements of the impedance matrix Z̄, Zmn (with
(n,m) ∈ [1;N ]), and the components of the vector b, bm, are given from
equations [1.45] and [1.46] by:

Zmn =

% βn

αn

0
1 +

*
dz

dx

.2

g0(r, rm)dx

≈
0
1 +

*
dzn
dxn

.2

g0(rn, rm)(βn − αn), [1.50]

and

bm = ψinc(rm). [1.51]

For the calculation of the integration over x of Zmn, we assumed that the
integrand does not vary significantly on the range x ∈ [αn;βn]. Physically, this
condition is fulfilled if βn−αn � λ0 (corresponding to slow variations of the
Green function g0 over the distance βn − αn), where λ0 is the wave length in
medium Ω0. Typically, for the simulations βn−αn = λ0/10, corresponding to
a distance for which the Green function slowly varies. For m = n, the Green
function has a singularity. Then, the evaluation of integral [1.50] requires us
to make Taylor series expansions of the integrand around r = rm. For more
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16 Method of Moments for 2D Scattering Problems

details, see [TSA 00, Chapter 4]. In conclusion, the elements of the impedance
matrix are:

Zmn =
jΔn

1
1 + γ2n
4

��
�
1 +

2j

π
ln

'
0.164k0

1
1 + γ2

nΔn

+ 
for m = n

H(1)
0 (k0 
rn − rm
) for m �= n

, [1.52]

where 
rn − rm
 =
1

(xn − xm)2 + (zn − zm)2

and

Xn =
∂ψ(rn)

∂n
bm = ψinc(rm)

, [1.53]

with γn = dzn/dxn and Δn = βn − αn.

1.4.2. The Neumann boundary conditions

For a PC surface and for the TM polarization (the Neumann boundary
conditions), the normal derivative of the field vanishes on the surface,
∂ψ0/∂n = 0. Thus, equation [1.21] can be simplified as:

ψinc(r
�) =

1

2
ψ0(r

�)−−
%
S
ψ0(r)

∂g0(r, r
�)

∂n
dS, [1.54]

where the points r = (x, y) and r� = (x�, y�) are on the surface.

Using the same method as in the previous section and from equation [1.24],
we have:

Zmn =

����������������

−jk0Δn

4

H(1)
1 (k0
rn − rm
)


rn − rm


× [γn(xn − xm)− (zn − zm)] for m �= n

+
1

2
− Δn

4π

γ�n
1 + γ2n

for m = n

, [1.55]
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Integral Equations for a Single Scatterer 17

where γ�n = dγn
dxn

and�
Xn = ψ(rn)
bm = ψinc(rm).

[1.56]

1.4.3. General case

For a dielectric medium Ω1, equation [1.21] leads to:������������

ψinc(r
�) = +

1

2
ψ0(r

�)−−
�
S

ψ0(r)
∂g0(r, r

�)
∂n

dS� �� �
Neumann

+

�
S

g0(r, r
�)
∂ψ0(r)

∂n
dS� �� �

Dirichlet

0 = −1

2
ψ0(r

�)−−
�
S

ψ0(r)
∂g1(r, r

�)
∂n

dS� �� �
Neumann with k0 → k1

+

�
S

1

ρ01
g1(r, r

�)
∂ψ0(r)

∂n
dS� �� �

Dirichlet with k0 → k1

. [1.57]

The general case is then obtained from “linear combinations” of the
Neumann and Dirichlet boundary conditions. The discretization of the above
equations from the MoM then leads to the following impedance matrix:

Z̄ =

 Z̄Neu Z̄Dir

Z̄Neu,k0→k1

1

ρ01
Z̄Dir,k0→k1

 , [1.58]

where the subscripts “Neu” and “Dir” mean Neumann and Dirichlet,
respectively. It is important to note that for Z̄Neu,k0→k1 , the Cauchy principal
value is −1/2, instead of +1/2 for Z̄Neu. In addition, the vectors b and X
are:

b =



ψinc(r1)
ψinc(r2)
...
ψinc(rN )
0
0
...
0

������ N times


and X =



ψ0(r1)
ψ0(r2)
...
ψ0(rN )
∂ψ0(r1)

∂n
∂ψ0(r2)

∂n
...
∂ψ0(rN )

∂n


. [1.59]
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18 Method of Moments for 2D Scattering Problems

The square matrix Z̄ is of size 2N × 2N . The square matrices Z̄Dir and
Z̄Neu of size N × N are expressed from equations [1.52] and [1.55],
respectively.

For a dielectric media Ω1, the sampling step βn − αn is (λ0/10)/|√�r1|
instead of λ0/10 for a PC surface because the wave number in medium Ω1 is
k1 = k0

√
�r1, where k0 is the wave number in a vacuum. Thus, for a highly

conducting surface checking Im(�r1) � 1, the number of samples on the
surface increases significantly, which makes the inversion of the impedance
matrix very difficult. To overcome this issue, the impedance boundary
condition (IBC) is applied.

1.4.4. Impedance boundary condition

For Im(�r1) � 1, system [1.57] can be converted into only one IES. Indeed,
from the Leontovitch boundary condition which is also called IBC, we have on
the surface r ∈ S:��������

TE : ψ0(r) =
j

k0

2
�r0
�r1

∂ψ0(r)

∂n

TM :
∂ψ0(r)

∂n
=

k0
j

2
�r0
�r1

ψ0(r)

, [1.60]

where Im(�r1) � 1. System [1.57] is then simplified as:����
TE : ψinc(r

�) =
�
S

∂ψ0(r)

∂n

�
g0(r, r

�)− j

k0

�
�r0
�r1

∂g0(r, r
�)

∂n

�
dS

TM : ψinc(r
�) =

1

2
ψ0(r

�) +−
�
S

ψ0(r)

�
g0(r, r

�)
k0
j

�
�r0
�r1

− ∂g0(r, r
�)

∂n

�
dS

. [1.61]

For the TE polarization, it is important to note that the unknown is
∂ψ0(r)/∂n since |∂ψ0(r)/∂n| � |ψ0(r)|, which is similar to considering
the Dirichlet boundary condition. On the other hand, for the TM polarization,
the unknown is ψ0(r) since |ψ0(r)| � |∂ψ0(r)/∂n|, which is similar to
considering the Neumann boundary condition.
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Integral Equations for a Single Scatterer 19

From the MoM, the matrix impedance is then:

Z̄ = βZ̄Dir + αZ̄Neu, [1.62]

with������
TE : β = 1, α =

j

k0

2
�r0
�r1

, X =
∂ψ0(r)

∂n
, ψ0(r) = α

∂ψ0(r)

∂n

TM : β =
k0
j

2
�r0
�r1

, α = 1, X = ψ0(r),
∂ψ0(r)

∂n
= βψ0(r)

. [1.63]

In conclusion, the use of the IBC allows us to discretize the surface along
the wave number k0 and then it becomes independent of the permittivity of
medium Ω1. In terms of number of unknowns, it is equivalent to solving the
scattering by a PC surface.

1.5. Forward–Backward (FB) method

For a problem with many unknowns, it is interesting to investigate
rigorous fast numerical methods to treat the scattering from a large
electrically rough surface. For instance, for a single rough surface, we can
quote the banded-matrix-iterative-approach/canonical grid (BMIA-CAG) of
Tsang et al. [TSA 93a, TSA 93b, TSA 95] of complexity O(N logN), the
FB method of Holliday et al. [KAP 96, ADA 96, HOL 98, IOD 02] of
complexity O(N2) and the accelerated version FB method with spectral
acceleration (FB-SA) of Chou et al. [CHO 02, CHO 00, TOR 00, TOR 02] of
complexity O(N), in which N is the number of unknowns on the surface.

In this section, the FB method is applied to a dielectric surface to speed up
the calculation of Z̄−1

b, in order to reduce the complexity to O(N2) instead
of O(N3) from a direct lower–upper (LU) inversion.

We want to solve Z̄X = b ⇔ X = Z̄
−1

b. From equation [1.58], the
matrix Z̄ of size 2N × 2N can be expressed from four square submatrices of
size N ×N as:

Z̄ =

�
Ā B̄
C̄ D̄

 
, X =

�
X1

X2

 
, b =

�
b1
b2

 
. [1.64]
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20 Method of Moments for 2D Scattering Problems

The FB algorithm decomposes Z̄X = b into:�
ĀDiagX1,Forw + B̄DiagX2,Forw = b1 − ĀForwX1 − B̄ForwX2

C̄DiagX1,Forw + D̄DiagX2,Forw = b2 − C̄ForwX1 − D̄ForwX2
, [1.65]

and �
ĀDiagX1,Back + B̄DiagX2,Back = −ĀBackX1 − B̄BackX2

C̄DiagX1,Back + D̄DiagX2,Back = −C̄BackX1 − D̄BackX2
. [1.66]

For instance, ĀDiag is a diagonal matrix, ĀForw a lower triangular matrix
and ĀBack an upper triangular matrix, all built from Ā
(Ā = ĀForw + ĀDiag + ĀBack). The subscripts {Diag, Forw,Back} stand for
diagonal, forward and backward matrices and are referred to as diagonal,
lower and upper triangular matrices, respectively. Moreover,
{b1, b2,X1,X2} are column vectors of length N . Finally, the unknown
vectors are decomposed into X i = Xi,Forw +Xi,Back (i = {1, 2}), in which
Xi,Forw gives the forward contribution (from the points on the left of the
current point) and Xi,Back gives the backward contribution (from the right).
The surface is oriented by assuming that the incident beam propagates from
the left to the right.

To compute Xi = Xi,Forw + Xi,Back, an iterative procedure is applied.
Assuming first that Xi,Back = 0 ⇒ Xi = Xi,Forw + Xi,Back = Xi,Forw,
equation [1.65] is solved for Xi,Forw. Then, by introducing Xi,Forw in equation
[1.66], we obtain Xi,Back. The first iteration X

(0)
i is then equal to Xi,Forw +

Xi,Back. The scheme is repeated to calculate the next iterations X(p)
i up to the

order p = PFB.

The use of equations [1.65] and [1.66] is very convenient to solve by
substitution for Xi,Forw and Xi,Back. For instance, from [1.65], since
{ĀForw, B̄Forw, C̄Forw, D̄Forw} are lower triangular matrices with null
diagonal coefficients, we get with m ∈ [2;N ]:����������

Am,m
Diag Xm

1,Forw +Bm,m
Diag Xm

2,Forw = bm1 −
n=m−13
n=1

(Am,n
ForwX

n
1 +Bm,n

ForwX
n
2 )

Cm,m
Diag Xm

1,Forw +Dm,m
Diag Xm

2,Forw = bm2 −
n=m−13
n=1

(Cm,n
ForwX

n
1 +Dm,n

ForwX
n
2 )

. [1.67]
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Integral Equations for a Single Scatterer 21

For instance, Am,n is the element of the matrix Ā of column m and row n.
Xn

i is the nth component of the vector Xi. Thus, assuming first
XBack = 0 ⇒ Xi = Xi,Forw + Xi,Back = Xi,Forw and by solving equation
[1.67], the unknowns {Xm

1,Forw, X
m
2,Forw} with m ∈ [2;N ] are calculated from

4N2/2 multiplications. From equation [1.66], we obtain a similar equation
system to [1.67] but the sum over n is n ∈ [m + 1;N ], and the unknowns
{Xm

1,Back, X
m
1,Back} with m ∈ [1;N − 1] are also calculated from 4N2/2

multiplications. In conclusion, the complexity of the FB method is O(N2).

Déchamps et al. [DÉC 07b] mathematically showed that the FB method
converges if the spectral radius (i.e. the modulus of the eigenvalue, which has
the highest modulus) of the characteristic matrix M̄ c,FB is strictly smaller
than 1, where M̄ c,FB is expressed as:

M̄ c,FB =
)
Z̄Diag + Z̄Forw

-−1
Z̄Forw

)
Z̄Diag + Z̄Back

-−1
Z̄Back. [1.68]

This method will be tested in Chapter 2.

1.6. Random rough surface generation

In this section, we describe how to generate realizations of a random rough
surface. We assume that the surface is Gaussian, which means that the height
probability density function (PDF) follows a Gaussian process or a normal
law. We assume that the surface height profile z(x) is univocal and follows a
stationary Gaussian random process.

1.6.1. Statistical parameters

For a centered Gaussian process, the surface height PDF is given by:

pz(z) =
1

σz
√
2π

exp

*
− z2

2σ2
z

.
, [1.69]
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22 Method of Moments for 2D Scattering Problems

and checks:������������

�1� =
% ∞

−∞
pz(z)dz = 1

�z� =
% ∞

−∞
zpz(z)dz = 0

�(z − �z�)2� = �z2� =
% ∞

−∞
z2pz(z)dz = σ2

z

, [1.70]

where

�•� =
% ∞

−∞
(•)pz(z)dz. [1.71]

The real number σz stands for the surface height standard deviation and the
surface height mean value �z� is zero. Since the height PDF is Gaussian, the
derivative dnz(x)/dxn also follows a Gaussian process.

Full characterization of the random rough surface height z is necessary for
knowing the correlation between two heights on the surface of abscissa x1 and
x2. For z real, the surface height autocorrelation function is then defined as:

�z(x1)z(x1 + x)� = Cz(x). [1.72]

Since the process is stationary, Cz depends only on the abscissa difference
x = x2 − x1 between two points of the surface. Then, a Gaussian process is
fully characterized by its height PDF, pz(z), and its surface height
autocorrelation function, Cz(x).

The power spectral density (PSD) or the surface height spectrum is defined
as:

Ĉz(k) = FT[Cz(x)] =

% +∞

−∞
Cz(x)e

−jkxdx, [1.73]

and

Cz(x) =
1

2π
FT−1[Ĉz(k)] =

1

2π

% +∞

−∞
Ĉz(k)e

jkxdk, [1.74]

where FT denotes the Fourier transform.
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Integral Equations for a Single Scatterer 23

From equations [1.74], [1.73], [1.72] and [1.70], we have:

σ2
z = Cz(0) =

1

2π

% +∞

−∞
Ĉz(k)dk. [1.75]

In addition, we can show that the surface slope autocorrelation function Cs

is defined from the surface height autocorrelation function Cz as [BOU 99]:

Cs(x) = −d2Cz

dx2
=

1

2π

% +∞

−∞
k2Ĉz(k)e

jkxdx, [1.76]

and then the slope variance is:

σ2
s = Cs(0) =

1

2π

% +∞

−∞
k2Ĉz(k)dk. [1.77]

In addition, equation [1.77] shows that the surface slope spectrum is
Ĉs(k) = k2Ĉz(k).

1.6.2. Generation of a random profile

At the input of a linear filter, if e is a stationary process (of second order)
of PSD Ĉe, then the output signal s of PSD Ĉs satisfies [KUN 91]:

Ĉs =
666Ĉg

6662 Ĉe, [1.78]

where Ĉg = FT(g) is the PSD of g, where g is the impulse response of the
filter. In addition, if Ĉg ∈ R+, then:

Ĉg =

0
Ĉs

Ĉe

. [1.79]

Since the system is assumed to be linear, we have [KUN 91]:

s = g ∗ e = FT−1 [FT(g)FT(e)] = FT−1

0 Ĉs

Ĉe

FT(e)

 , [1.80]

where the symbol * stands for the convolution product.
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24 Method of Moments for 2D Scattering Problems

Since we want to generate a surface height Gaussian process z = s, a
Gaussian white noise of unitary variance is applied at the input of the filter,
which implies that Ĉe = 1 ∀k. Then:

z = FT−1

�/
Ĉz FT(e)

 
. [1.81]

Numerically, the convolution product is calculated in the Fourier domain
because the complexity of a fast Fourier transform (FFT) is O(N logN)
instead of O(N2) if the convolution product is calculated from its definition:

z(i) = g(i) ∗ e(i) = 1

N

N3
n=1

g(n)e(n− i), [1.82]

where N is the length of both g and e. Since the surface height z is real, from
equation [1.81], the function inside the operator FT−1 must satisfy f∗(−k) =
f(k) ∀k, with ∗ the complex conjugate operator. As shown further, Ĉz is real
and an even function of k. Thus, FT(e) = ê is a complex Gaussian white noise,
which must satisfy ê(−k)∗ = ê(k). For more details, see [TSA 00, Chapter 4].

For surface height Gaussian and exponential autocorrelation functions
defined as:����

Cz(x) = σ2
z exp

*
−x2

L2
c

.
Cz(x) = σ2

z exp

*
−|x|
Lc

. , [1.83]

the surface height spectra (or PSD) are given from equation [1.73] by:����
Ĉz(k) = σ2

zLc
√
π exp

*
−k2L2

c

4

.
Ĉz(k) =

2σ2
zLc

1 + k2L2
c

. [1.84]
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Integral Equations for a Single Scatterer 25

For an exponential autocorrelation function, its derivative is not defined for
x = 0. This implies, from equation [1.77], that the surface slope variance is
not defined (from −C ��

z (0)). On the other hand, it can be estimated from the
spectrum of the generated surface Ĉz(k), because Ĉz(k) has a limited band,
of upper cutoff spatial frequency kc. Indeed, to have kc → ∞, the sampling
step of the surface (generates from an FFT algorithm) must tend to zero since
Δx = π/(2kc).

From equations [1.84], [1.83], [1.77] and [1.75], we can show for a
Gaussian autocorrelation function that:σz,kc ≈ σz,∞erf

)
kcLc

2

-
σs,kc ≈ σs,∞

�
erf

)
kcLc

2

-− kcLc√
π

exp

*
−k2cL

2
c

4

. 
, σs,∞ =

σz,∞
√
2

Lc

, [1.85]

and for an exponential autocorrelation function that:����
σz,kc = σz,∞

2
2 arctan(kcLc)

π

σs,kc = σs,∞

2
1− arctan(kcLc)

kcLc
, σs,∞ = σz,∞

2
2kc
πLc

. [1.86]

For kc → ∞, arctan(kcLc) → π/2 and arctan(kcLc)/(kcLc) → 0. Then,
σz,∞ = σz and σs,∞ = σs. Compared to a Gaussian autocorrelation function,
the decreasing is slower since the function arctan(u)/u decreases more slowly
than the functions ue−u2/4/

√
π and erf(u/2).

For remote sensing applications, it is interesting to study the case of a sea
surface. Under approximations [ELF 97], the sea surface can be modeled as a
Gaussian process. For a 2D surface, the surface height autocorrelation function
is defined from its spectrum as:

Cz(x, y) =
1

(2π)2

% +∞

−∞

% +∞

−∞
Ĉz(kx, ky)e

jkxx+jkyydkxdky. [1.87]
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26 Method of Moments for 2D Scattering Problems

In addition, an ocean-like 2D spectrum is defined in polar coordinates
(kρ, φ) from Ĉz(kx, ky)dkxdky = kρĈzρ(ρ,φ )dkρdφ = S(kρ)[1+
f(φ)]dkρdφ, where S(kρ) is the isotropic part of the sea spectrum and f(φ) is
its anisotropic part. As Cz(0, 0) = σ2

z , we then have:

σ2
z =

1

(2π)2

% +∞

−∞

% +∞

−∞
Ĉz(kx, ky)dkxdky

=
1

(2π)2

% 2π

0
[1 + f(φ)]

% ∞

0
S(kρ)dkρ

=
1

2π

% ∞

0
S(kρ)dkρ, [1.88]

since f is a periodic function over φ.

To set up a correspondence between a 2D spectrum S(kρ) and 1D
spectrum Ĉz(k), the comparison of equation [1.88] with equation [1.74] leads
to Ĉz(|k|) = S(kρ)/2 since Ĉz is an even function of k. In the following, the
spectrum of Elfouhaily et al. is used [ELF 97] for dealing with the case of a
sea surface.

1.6.3. Simulations

In Figure 1.4, the surface height autocorrelation function is Gaussian of
correlation length Lc = 10 and of variance σz = 1. a) The number of samples
is N = 8,192, and b) the number of samples is N = 1,6384.

The top of Figure 1.4 shows that the surface heights (more precisely,
erf(3/

1
(2)) =99.7% of heights) range from −3σz to +3σz . As the

correlation length decreases, the simulations show (not displayed here) that
the surface is more irregular (the horizontal distance between two consecutive
extrema decreases) because the surface slope variance increases.
Theoretically, from equation [1.85], if Lc is divided by 2, then the slope
variance σs,∞ is multiplied by 2.

In the middle of Figure 1.4, the histograms show that z follows a Gaussian
process and as the number of samples N increases, the histogram better
matches the theoretical histogram (which is related to the height PDF by a
normalization).
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Integral Equations for a Single Scatterer 27

0 20 40 60 80 100 120 140 160 180 200

0
1
2

Abscissa

H
ei
gh
t

0 1 2
0

0.2
0.4
0.6
0.8
1

Height

H
is
to
gr
am

Numerical
Theoretical

0 5 10 15 20 25 40

0
0.2
0.4
0.6
0.8
1

AbscissaA
ut
oc
or
re
la
tio
n
fu
nc
tio
n

Numerical
Theoretical

a) N = 8,192
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Figure 1.4. Top: Surface heights over x ∈ [0; 200] versus the abscissa x. Middle: Height
histogram versus the surface heights. Bottom: Surface height autocorrelation function versus
the abscissa x. The surface height autocorrelation function is Gaussian of correlation
length Lc = 10 and of variance σz = 1. a) The number of samples is N = 8,192,
and b) the number of samples is N = 1,6384

The bottom of Figure 1.4 shows as N increases, the curve obtained
numerically from z and equation [1.82] better matches the theoretical curve
(equation [1.83]) for larger x. Indeed, as N increases, the length of the
surface increases (with a constant sampling step) and then the correlation
between far surface points is better predicted.

From Figure 1.5, the same remarks hold for an exponential autocorrelation
function. The comparison of Figure 1.5 with Figure 1.4 shows that the surface
is more irregular than that obtained from a Gaussian autocorrelation function,
because the high frequencies contribute more to an exponential
autocorrelation function. Indeed, as k increases, equation [1.84] shows that
the corresponding spectrum decreases more slowly than that obtained from a
Gaussian autocorrelation function. From an electromagnetic point of view,
these high frequencies can have a strong impact on the scattered field.

Table 1.1 shows the values of the surface height and slope standard
deviations, where σz,kc and σs,kc are computed from equations [1.85] and
[1.86]. Moreover, σ̃z and σ̃s are computed from the generated surfaces shown
in Figures 1.4 and 1.5. For the height variance, we can observe that σz,kc is
very close to σ̃z and the difference decreases as N increases. For the slope
variance and for a Gaussian autocorrelation function, a good agreement is
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28 Method of Moments for 2D Scattering Problems

also obtained between σs,kc and σ̃s, whereas the agreement is less good for an
exponential autocorrelation function. In addition, as N increases, the slope
variance does not change significantly with a Gaussian autocorrelation
function, whereas with an exponential autocorrelation function, it changes
significantly.
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Figure 1.5. Same plots as in Figure 1.4 but for an exponential
autocorrelation function

N σ̃z σz,kc σ̃s σs,kc
Gaussian 8,192 0.963 1.000 0.132 0.141
Gaussian 16,384 0.988 1.000 0.141 0.141
Exponential 8,192 0.985 0.999 0.132 1.272
Exponential 16,384 0.993 0.999 1.587 1.805

Table 1.1. Values of the surface height and standard deviations

The comparison of the surface heights and slopes computed from a sea-
like spectrum and a Gaussian autocorrelation function of the same height and
slope variances is shown in Figure 1.6. The wind speed defined at 10 m above
the sea is u10 = 5 m/s, the number of samples is N = 524,288 and the
surface length is 400 m. Figure 1.6a) shows that the surface heights are similar,
whereas the surface slopes strongly differ. Indeed, as shown in Figure 1.7, the
sea slope spectrum contributes significantly to high wave numbers whereas for
a Gaussian autocorrelation function, its slope spectrum rapidly decreases as k
increases.
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Figure 1.6. Top: Surface heights in m versus the abscissa x in m. Bottom: Surface slopes versus
the abscissa x in m. For the sea spectrum, the wind speed u10 = 5 m/s. The number of samples is
N = 524288 and the surface length is 400 m. For the Gaussian surface height autocorrelation
function, the height variance σ2

z is the same as the sea surface and its associated correlation
length Lc is computed from the sea surface slope variance σ2

s and equation [1.85] with kc → ∞
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Figure 1.7. a) Surface height spectra Ĉz versus the wave number k in rad/m.
b) Surface slope spectra Ĉs = k2Ĉz versus the wave number k in rad/m.

Same parameters as in Figure 1.6
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30 Method of Moments for 2D Scattering Problems

1.6.4. Conclusion

This section shows that the elevations of a random rough surface following
a Gaussian process depend strongly on the choice of the height
autocorrelation function. Indeed, two random rough surfaces having the same
slope and height variances can strongly differ if the slope spectrum of one of
the surfaces contributes to high frequencies. In fact, the surface variance
(height, slope etc.) is obtained by integrating the corresponding spectrum over
all the wave numbers, and cannot give the associated power for each
frequency. When we want to properly characterize a natural surface (ocean,
land, mountain, etc.), this point highlights that the knowledge of the surface
height autocorrelation function or its spectrum is essential. Indeed, we will
show in Chapter 2 that the high-frequency components of the surface can
have a strong impact on the scattered field.
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2

Validation of the Method of Moments for a
Single Scatterer

2.1. Introduction

In this chapter, the method of moments (MoM), presented in Chapter 1, is
tested on a cylinder of infinite length along the ŷ direction. Indeed, from this
canonical shape, the scattered field can be derived exactly and analytically by
using the Bessel functions. Then, the scattered fields calculated with these two
methods are compared for both a perfectly conducting and a dielectric cylinder.
In addition, the MoM is compared with the physical optics (PO) approximation
for the scattering from an elliptical cylinder, a plate and a rough surface.

Recall that the time convention e−jωt is used. Then, the derivative over the
time t is ∂/∂t → −jω.

2.2. Solutions of a scattering problem

In this section, the possible ways to solve an electromagnetic scattering
two-dimensional (2D) problem are described.
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32 Method of Moments for 2D Scattering Problems

For a 2D problem and ∀ (r, r�) ∈ S, we have shown in Chapter 1 that the
currents ψ0 and ∂ψ0/∂n on the surface S separating two dielectric media Ωi

(i = {0, 1}) satisfy:��������
ψinc(r

�) = −
%
S

�
ψ0(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ0(r)

∂n

 
dS

0 =

%
S

�
ψ0(r)

∂g1(r, r
�)

∂n
− 1

ρ01
g1(r, r

�)
∂ψ0(r)

∂n

 
dS

, [2.1]

where r� = x�x̂ + z�ẑ and r = xx̂ + zẑ are two points on the surface, and
ψinc is the incident field in medium Ω0 illuminating the surface. The problem
is assumed to be invariant with respect to the ŷ direction. The Green function
inside Ωi is expressed as:

gi(r, r
�) =

j

4
H(1)
0 (ki

55r − r�
55) = j

4
H(1)
0

�
ki
1

(x− x�)2 + (z − z�)2
�
, [2.2]

where H(1)
0 is the zeroth-order Hankel function of the first kind. The scattered

field ψsca,i inside Ωi (r� ∈ Ωi and S excluded) is then computed using the
Huygens’ principle, in which the currents ψ0 and ∂ψ0/∂n on the surface are
involved.

For the transverse electric (TE) polarization, the electric field Ei = ψiŷ
(i = {0, 1}) and ρ01 = 1, whereas for the transverse magnetic (TM)
polarization, the magnetic field H i = ψiŷ and ρ01 = �0/�1, in which �i is the
permittivity of Ωi, which is assumed to be non-magnetic. The wave number
ki = k0ni = k0

√
�ri, where �ri is the relative permittivity of the medium Ωi

and k0 is the wave number in vacuum.

In addition, the field ψi satisfies the Helmholtz scalar wave equation in
medium Ωi:

�2ψi(r) + k2i ψi(r) = 0, [2.3]
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Validation of the MoM for a Single Scatterer 33

and the boundary conditions������
Dielectric media:

�
ψ0(r) = ψ1(r)
n̂ ·�ψ0(r) = ρ01n̂ ·�ψ1(r)

Dirichlet: ψ0(r) = 0

Neumann:
∂ψ0(r)

∂n
= 0

. [2.4]

for r ∈ S, and n̂ is the normal to the surface oriented toward Ω0.

Finally, to have uniqueness of the solution, the scattered field must satisfy
the far radiation condition (far from the object r → ∞), which is expressed as
[BOW 87]:

lim
r→∞

√
r

*
∂

∂r
− jki

.
ψi = 0. [2.5]

If the incident field is a plane wave, only the scattered field satisfies
condition [2.5].

According to the scattering problem that needs to be solved, either the
integral equations [2.1] or the Helmholtz equation [2.3] combined with the
boundary conditions [2.4] and condition [2.5] are used.

For objects of simple shape, such as circular cylinder, elliptical cylinder
and sphere for a three-dimensional problem, the scattered field can be derived
with any approximation [BOW 87]. Section 2.3 derives the expression of the
scattered field by an infinite cylinder illuminated by a plane wave.

For objects of complex shapes, the integral equations are solved
numerically. One possible candidate is the MoM presented in Chapter 1. This
method will be validated from the exact solution of the scattering from a
circular cylinder and will be also used to study the accuracy of the PO
approximation.

To solve the scattering problem, approximations can be introduced,
allowing us to obtain an approximate expression (often analytical and applied
next on a local region of the scatterer) of the scattered field. Section 2.4
presents the PO approximation.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by D

haka U
niversity of E

ngineerin, W
iley O

nline L
ibrary on [16/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



34 Method of Moments for 2D Scattering Problems

2.3. Comparison with the exact solution of a circular cylinder in free
space

In this section, the field scattered by a cylinder is discussed. Since the
cylinder is assumed to be invariant with respect to the direction ŷ, its length is
infinite in this direction (see Figure 2.1). The curl operator in Cartesian
(F = Fy(x, z)ŷ) and polar coordinates (r,θ ) (F = Frr̂ + Fθθ̂) is defined as:

curlF = −∂Fy

∂z
x̂+

∂Fy

∂z
ẑ, [2.6]

and

curlF =
1

r

∂Fy

∂θ
r̂ +

∂Fy

∂r
θ̂. [2.7]

Figure 2.1. Scattering from an infinite cylinder

respectively. In addition

� =
∂

∂x
x̂+

∂

∂z
ẑ =

∂

∂r
r̂ +

1

r

∂

∂θ
θ̂. [2.8]

With n̂ = r̂, from equation [2.4] the boundary conditions [2.4] are then:����������
Dielectric media:



ψ0(r) = ψ1(r)
∂ψ0

∂r
= ρ01

∂ψ1

∂r
Dirichlet: ψ0(r) = 0

Neumann:
∂ψ0(r)

∂r
= 0

. [2.9]
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Validation of the MoM for a Single Scatterer 35

For the TE polarization, E = ψ(x, z)ŷ and from a Maxwell equation [1.1],
H = curlE/(jωµ0). Then, from equations [2.6] and [2.7], we have:

H =
1

jωµ0

*
∂ψ

∂z
x̂− ∂ψ

∂x
ẑ

.
=

1

jωµ0

*
1

r

∂ψ

∂θ
r̂ − ∂ψ

∂r
θ̂

.
. [2.10]

For the TM polarization, H = ψ(x, z)ŷ and from a Maxwell equation
[1.1], E = −curlH/(jω�). Then, from equations [2.6] and [2.7], we have:

E =
1

jω�

*
∂ψ

∂x
ẑ − ∂ψ

∂z
x̂

.
=

1

jω�

*
∂ψ

∂r
θ̂ − 1

r

∂ψ

∂θ
r̂

.
. [2.11]

2.3.1. Solution of the Helmholtz equation

The method of variable separation leads to ψsca(r,θ ) = ψ1(r)ψ2(θ). Since
in polar coordinates:

�2f =
1

r

∂

∂r

*
r
∂f

∂r

.
+

1

r2
∂2f

∂θ2
, [2.12]

the substitution of ψsca(r,θ ) in the Helmholtz equation leads to:

1

r

∂

∂r

�
r
∂

∂r
[ψ1(r)ψ2(θ)]

�
+

1

r2
∂2 [ψ1(r)ψ2(θ)]

∂θ2
+ k2ψ1(r)ψ2(θ) = 0

⇒ ψ2

r

�
dψ1

dr
+ r

d2ψ1

dr2

�
+

ψ1

r2
d2ψ2

dθ2
+ k2ψ1ψ2 = 0

⇒ r2

ψ1
ψ��
1 +

r

ψ1
ψ�
1 + k2r2 = −ψ��

2

ψ2
. [2.13]

The left-hand side of the equality depends only on the variable r, whereas
the right-hand side of the equality depends only on the variable θ. Thus, these
two terms are equal if they are equal to the same constant −α2. This leads to:����

ψ��
2(θ)

ψ2(θ)
= −α2

r2

ψ1(r)
ψ��
1(r) +

r

ψ1(r)
ψ�
1(r) +K2r2 = +α2

. [2.14]
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36 Method of Moments for 2D Scattering Problems

The solution of the first differential equation is ψ2(θ) = ejαθ (circular
symmetry). In addition, since ψ2(θ + 2π) = ψ2(θ), the constant α = n is an
integer. The second differential equation is then:

r2ψ��
1(r) + rψ�

1(r) + (K2r2 − n2)ψ1(r) = 0. [2.15]

The solution of this differential equation can be expressed by the following
Bessel functions [ABR 70]:�

Jn(kr) Bessel function of first kind and order n
Yn(kr) or Nn(kr) Neumann function of first kind and order n

, [2.16]

where Yn(x) = [Jn(x) cos(nπ)− J−n(x)]/ sin(nπ) [ABR 70].

Moreover, all linear combinations of both of these solutions, as, for
instance, the Hankel functions defined by [ABR 70]:�

H(1)
n (kr) = Jn(Kr) + jYn(kr) Hankel function of first kind and order n

H(2)
n (kr) = Jn(Kr)− jYn(kr) Hankel function of second kind and order n

,

[2.17]

are also solutions to the differential equation.

In conclusion, the solution of the scalar wave propagation equation in polar
coordinates is:

ψsca(r,θ ) =

n=+∞3
n=−∞

[AnJn(kr) +BnYn(kr)] e
jnθ

=

n=+∞3
n=−∞

�
CnH(1)

n (kr) +DnH(2)
n (kr)

�
ejnθ, [2.18]

where An = Cn +Dn and Bn = i(Cn −Dn).
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Validation of the MoM for a Single Scatterer 37

The series expansions of the functions H(1)
n and H(2)

n are expressed as
[ABR 70]:��������

H(1)
n (z) =

2
2

πz
ej(z−

1
2
nπ− 1

4
π)

H(2)
n (z) =

2
2

πz
e−j(z− 1

2
nπ− 1

4
π)

when |z| → ∞, [2.19]

leading for |z| → ∞ to����������
∂H(1)

n (z)

∂z
− jH(1)

n (z) = − 1√
2zπz

e
j

�
z−

nπ

2
−
π

4

�
∼= 1

z
√
z

∂H(2)
n (z)

∂z
− jH(2)

n (z) = −2j
√
2√

zπ
e
−j

�
z−

nπ

2
−
π

4

�
∼= 1√

z

.

Therefore, the function H(2)
n (Kr) does not satisfy the far radiation

condition [2.5] and cannot be a solution (Dn = 0). The solution is then
simplified as:

ψsca(r,θ ) =

n=+∞3
n=−∞

CnH(1)
n (kr)ejnθ, [2.20]

where the constant Cn will be determined from the boundary conditions.

Figure 2.2 shows the real and imaginary parts of H(1)
n (x) ∈ C versus x and

n and the Bessel functions Jn(x) ∈ R versus x and n.

First, we consider the TE polarization and we assume a perfectly
conducting cylinder; next the TM polarization (Neumann condition) and
finally, a dielectric cylinder.

2.3.2. Dirichlet boundary conditions

For the Dirichlet boundary condition, from equation [2.9], on the cylinder
of radius a, ψ0(r = a,θ ) = 0 ∀θ, and the field inside Ω1 is zero (that is inside
the cylinder). This implies that ψsca,0(a,θ ) + ψinc(a,θ ) = 0 ∀θ.
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38 Method of Moments for 2D Scattering Problems
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Figure 2.2. a) Real and imaginary parts of H(1)
n (x) versus x.

b) the Bessel functions {Jn(x)} versus x

Assuming a plane incident wave, ψinc =ψinc,0e
jk0(x sin θinc−z cos θinc)=

ψinc,0e
jk0r sin(θinc−θ) (k0 = k0(x̂ sin θinc − ẑ cos θinc)) with tan θ = z/x and

r =
√
x2 + z2, we have:

ψinc,0e
jk0a sin(θinc−θ) +

n=+∞3
n=−∞

CnH(1)
n (k0a)e

−jnθ = 0 ∀θ. [2.21]

To have all the terms inside the sum, the plane wave is decomposed on the
basis of the Bessel functions according to the [ABR 70]:

e

1
2
z

�
t−
1

t

�
=

n=+∞3
n=−∞

tnJn(z). [2.22]

Setting z = k0r and t = ej(θinc−θ), we have:

ejk0r sin(θ−θinc) =

n=+∞3
n=−∞

ejn(θinc−θ)Jn(k0r). [2.23]

Then, equation [2.21] is:

n=+∞3
n=−∞

�
ψinc,0e

jnθincJn(k0a) + CnH(1)
n (k0a)

�
e−jnθ = 0 ∀θ. [2.24]
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Validation of the MoM for a Single Scatterer 39

This equality must be verified for any (θ, n), then:

Cn = −ψinc,0e
jnθincJn(k0a)

H(1)
n (k0a)

. [2.25]

In conclusion, for the TE polarization, the scattered field for a perfectly
conducting cylinder is:

ψsca,0(r,θ ) = −ψinc,0

n=+∞3
n=−∞

Jn(k0a)

H(1)
n (k0a)

H(1)
n (k0r)e

jn(θinc−θ), r ≥ a. [2.26]

To reduce the computing time, the following recurrence relation with
fn(z) = {Jn(z),H(1)

n (z),H(2)
n (z)} is used [ABR 70]:

fn+1(z) =
2n

z
fn(z)− fn−1(z). [2.27]

Moreover, if n is an integer, then:

f−n(z) = (−1)nfn(z). [2.28]

In conclusion, from f0(z) and f1(z), the sum for n > 1 can be computed
and

ψsca,0(r,θ )

ψinc,0
=

n=+∞3
n=1

Jn(k0a)

H(1)
n (k0a)

H(1)
n (k0r)

�
ejn(θinc−θ)

+ (−1)ne−jn(θinc−θ)
�
+

J0(k0a)

H(1)
0 (k0a)

H(1)
0 (k0r) for r ≥ a. [2.29]

2.3.3. Neumann boundary conditions

For the Neumann boundary condition, from equation [2.9], on the cylinder
of radius a, ∂ψ/∂r = 0. Thus, from equation [2.20], using the same process
as in the TE polarization, we obtain with ψinc = ψinc,0ŷe

jk0r sin(θinc−θ):

ψsca,0(r,θ ) =

n=+∞3
n=−∞

CnH(1)
n (k0r)e

−jnθ, [2.30]
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40 Method of Moments for 2D Scattering Problems

where Cn satisfies the following boundary condition:

∂

∂r



n=+∞3
n=−∞

�
ψinc,0e

−jnθincJn(k0r) + CnH(1)
n (k0r)

�
e−jnθ

�66666
r=a

= 0 ∀θ.[2.31]

Then

Cn = −ψinc,0e
jnθincJ�n(k0a)

H�(1)
n (k0a)

, [2.32]

where the prime symbol denotes the derivative. The scattered field inside Ω0

is then:

ψsca,0(r,θ ) = −ψinc,0

n=+∞3
n=−∞

J�n(k0a)

H�(1)
n (k0a)

H(1)
n (Kr)ejn(θinc−θ), r ≥ a. [2.33]

Inside the cylinder, the scattered field ψsca,1 is zero.

To avoid the need to numerically compute the deviations of the
Bessel functions, the following recurrence relations with fn(x) =

{Jn(z),H(1)
n (z),H(2)

n (z)} are applied [ABR 70]:

f �
n(z) = fn−1(z)− n+ 1

z
fn(z) =

n

z
fn(z)− fn+1(z). [2.34]

Knowing f0 and f1, the derivatives f �
0 and f �

1 are calculated and from
equations [2.27], [2.28] and [2.34], the sum over n can be reduced for n > 0.

Numerically, for the evaluation of equation [2.29] and [2.33], the sum over
n must be truncated. Typically, the end value of n is chosen as the integer part
of 2k0a+ 1 [BOW 87].

Figure 2.3a) shows the modulus of the total field versus the abscissa x and
the height z for a perfectly conducting cylinder and for the TE polarization.
Figure 2.3b) shows |Cn| (equation [2.25]) versus the sum index n, λ0 = 1 m,
a = 2λ0, ψinc,0 = 1 and θinc = 0. Figure 2.4 shows the same results as in
Figure 2.3, but for the TM polarization.

Figures 2.3a) and 2.4a) show behind (region z < 0) and near the cylinder
that the total field is small, because the object is not directly illuminated on this

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by D

haka U
niversity of E

ngineerin, W
iley O

nline L
ibrary on [16/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Validation of the MoM for a Single Scatterer 41

side by the incident field. It corresponds to the so-called shadow zone. We can
also observe the interference phenomenon between the scattered field and the
incident field. As expected for the TE polarization, the total field is zero on the
cylinder whereas for the TM polarization, the total field is maximized. Figures
2.3b) and 2.4b) show that the truncation of the sum at n = N , which equals
the integer part of 2k0a + 1, is a good criterion since |CN | ≈ 0 and then, the
higher order terms n > N can be neglected in the calculation of the sum. For
a = 2λ0, N = 27.

a) |ψsca,0 + ψinc|

0 2 4 6 8 10 12 14 16 18 20 22 24 260
0.1
0.2
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0.5
0.6
0.7
0.8
0.9
1

Integer n
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b) |Cn|

Figure 2.3. a) Modulus of the total field versus the abscissa x and the height z
for a perfectly conducting cylinder and for the TE polarization.

b) |Cn| versus the sum index n. λ0 = 1 m, a = 2λ0, ψinc,0 = 1 and θinc = 0

a) |ψsca,0 + ψinc|
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b) |Cn|

Figure 2.4. Same results as in Figure 2.3 but for the TM polarization
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42 Method of Moments for 2D Scattering Problems

2.3.4. Dielectric cylinder

For a dielectric cylinder (dielectric medium Ω1), the Helmholtz scalar wave
equation is:��2 + k2i (r)

�
ψi = 0, [2.35]

where

ki(r) =

�
k0 for r > a
k1 for r ≤ a

. [2.36]

For r > a, from section 2.3.2, the total field inside Ω0 can be written as
(equations [2.20] and [2.23]):

ψ0(r,θ ) =

n=+∞3
n=−∞

�
BnJn(k0r) + CnH(1)

n (k0r)
�
e−jnθ with Bn = ψinc,0e

jnθinc .

[2.37]

For the field inside the cylinder (r ≤ a), the first line of equation [2.18]
is used, corresponding to a decomposition of an infinite sum of Bessel Jn and
Neumann Yn(x) functions. Moreover, since the Neumann function diverges
for a null argument (r = 0, center of the cylinder), we have Bn = 0 in equation
[2.18] and the field is then simplified as:

ψ1(r,θ ) =

n=+∞3
n=−∞

AnJn(k1r)e−jnθ. [2.38]

In equations [2.37] and [2.38], the two unknowns are Cn and An. From the
boundary conditions [2.9], we have:

ψ0(a,θ ) = ψ1(a,θ )
∂ψ0(r,θ )

∂r

6666
r=a

= ρ01
∂ψ1(r,θ )

∂r

6666
r=a

[2.39]
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Validation of the MoM for a Single Scatterer 43

Thus,����������

n=+∞3
n=−∞

�
BnJn(k0a) + CnH(1)

n (k0a)
�
e−jnθ =

n=+∞3
n=−∞

AnJn(k1a)e−jnθ

k0

n=+∞3
n=−∞

�
BnJ�n(k0a) + CnH�(1)

n (k0a)
�
e−jnθ = ρ01k1

n=+∞3
n=−∞

AnJ�n(k1a)e
−jnθ

[2.40]

The above equation must be satisfied for all (θ, n). Then����
BnJn(k0a) + CnH(1)

n (k0a) = AnJn(k1a)

BnJ�n(k0a) + CnH�(1)
n (k0a) = ρ01

k1
k0

AnJ�n(k1a)
, [2.41]

leading with α = ρ01k1/k0 = ρ01
1

�1/�0 to����������
An = Bn

H(1)
n (k0a)J�n(k0a)− H�(1)

n (k0a)Jn(k0a)

αH(1)
n (k0a)J�n(k1a)− H�(1)

n (k0a)Jn(k1a)

Cn = Bn
Jn(k1a)J�n(k0a)− αJn(k0a)J�n(k1a)

αH(1)
n (k0a)J�n(k1a)− H�(1)

n (k0a)Jn(k1a)

. [2.42]

Substituting equation [2.42] into equations [2.37] and [2.38], the total field
can be computed inside and outside the cylinder. Using the recurrence relations
[2.27], [2.28] and [2.34], the sum over n can be reduced for n > 0 and the
derivatives can be calculated analytically.

Figure 2.5a) shows the modulus of the total field versus the abscissa x and
the height z for a dielectric cylinder and for the TE polarization. Figure 2.5b)
shows |An| and |Cn| (equation [2.42]) versus the sum index n, λ0 = 1 m,
a = 2λ0, ψinc,0 = 1, θinc = 0 and �r1 = 4 + 0.05j. Figure 2.6 shows the same
results as in Figure 2.5, but for the TM polarization.

Unlike a perfectly conducting cylinder, the scattered field inside the
cylinder is not zero. Like the case of a perfectly conducting cylinder,
Figures 2.5b) and 2.6b) show that the truncation of the sum at n = N , which
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44 Method of Moments for 2D Scattering Problems

equals the integer part of 2k0a + 1, is a good criterion since |AN | ≈ 0 and
|CN | ≈ 0.

a) |ψsca,0 + ψinc|
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b) |An| and |Cn|

Figure 2.5. a) Modulus of the total field versus the abscissa x and the height z
for a dielectric cylinder and for the TE polarization. b) |An| and |Cn| versus

the sum index n. λ0 = 1 m, a = 2λ0, ψinc,0 = 1, θinc = 0 and �r1 = 4+0.05j

a) |ψsca,0 + ψinc|
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b) |An| and |Cn|

Figure 2.6. Same results as in Figure 2.5, but for the TM polarization
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Validation of the MoM for a Single Scatterer 45

2.3.5. MoM for an elliptical cylinder

The MoM with point-matching method is thoroughly explained in section
1.3. The MoM converts the integral equation into a linear system as:

Z̄X = b, [2.43]

where Z̄ is the impedance matrix, X is the unknown vector (currents on the
sampled surface) and b is a vector of components equal to the incident field on
the sampled surface.

For the Dirichlet boundary condition, the elements of Z̄ are expressed
from equation [1.52], and the components of the vectors X and b are
Xn = ∂ψ0(rn)/∂n and bm = ψinc(rm), respectively. For the Neumann
boundary condition, the elements of Z̄ are expressed by equation [1.55] and
the components of the vectors X and b are Xn = ψ0(rn) and
bm = ψinc(rm), respectively. For dielectric media, the elements of Z̄ are
expressed by equation [1.58] and the vectors X and b are expressed by
equation [1.59].

Using the Huygens’ principle expressed in far field, the radar cross-section
(RCS) is expressed as [1.31]:

RCS =

666ψ∞,0
sca,0

6662
4 |k0| , [2.44]

where

ψ∞,0
sca,0 = − 1

ψinc,0

%
S

�
jksca · n̂ψ0(r) +

∂ψ0(r)

∂n

 
e−jksca·rdS. [2.45]

In addition, ψinc,0 is the modulus of the incident field in Ω0 and the vector
ksca gives the observation direction.

The surface currents, ψ0 and ∂ψ0/∂n, are computed from inverting the
impedance matrix, and then the RCS is computed from the numerical
integration on these surface currents via equation [2.45].
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46 Method of Moments for 2D Scattering Problems

In polar coordinates, an elliptical cylinder of major and minor axis a and b
is defined as:�

x = xc + x0 cosα− z0 sinα
z = zc + x0 sinα+ z0 cosα

with
�
x0 = a cos θ
z0 = b sin θ

, [2.46]

where (xc, zc) are the center coordinates of the cylinder and α the rotation
angle defined from the direction x̂ and θ ∈ [0; 2π[. Then, the slope on the
cylinder surface is:

γ =
dz

dx
=

dz0 cosα+ dx0 sinα

dx0 cosα− dz0 sinα
=

sinα+ γ0 cosα

cosα− γ0 sinα
, [2.47]

where

γ0 =
dz0
dx0

=
dz0
dθ

dθ

dx0
=

b cos θdθ

−a sin θdθ
= − b

a
cot θ. [2.48]

In addition, the derivative of γ is

γ� =
dγ

dx
=

dγ

dθ

dθ

dx
= − ab

(a cosα sin θ + b sinα cos θ)3
. [2.49]

The surface element dS > 0 is:

dS =
1

(dx)2 + (dz)2 =
1

(dx0)2 + (dz0)2 = |dx0|
/
1 + γ20

=
1

a2 sin2 θ + b2 cos2 θdθ. [2.50]

The unitary vector normal to the cylinder n̂ is:

n̂ = − sgn(dx)1
1 + γ2

(−γx̂+ ẑ). [2.51]

For θ ∈ [0, π] (upper part of the cylinder), −sgn(dx) = +1, which is
consistent with a rough surface, for which the normal to the surface always
points toward Ω0. For the Neumann boundary condition, the sampling step
Δn = xn+1 − xn must be substituted for −|Δn|sgn(dx) for the computation
of the elements [1.55] of the impedance matrix, whereas for the Dirichlet
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Validation of the MoM for a Single Scatterer 47

boundary condition, the sampling step Δn must be substituted for |Δn| for
the computation of the elements [1.52] of the impedance matrix.

To apply the MoM, the cylinder must be sampled as follows:

θn = (n− 1)Δθ with Δθ =
2π

N
and n ∈ [1;N ], [2.52]

where Nc is the number of samples describing the ellipse. We then define:

Nc =
Nλ0p

λ0
, [2.53]

where Nλ0 is the number of samples per wavelength and p is the perimeter of
the ellipse defined as:

p =

% 2π

0
dS = 4

% π/2

0

1
a2 sin2 θ + b2 cos2 θdθ

= 4a

% π/2

0

1
1− e2 cos2 θdθ = 4a

% 1

0

√
1− e2t2√
1− t2

dt, [2.54]

where e =
1|a2 − b2|/max(a, b) is the ellipse eccentricity. Then, p is

computed from the “ellipke” Matlab function.

From θn, the coordinates (xn, zn), the slope γn, the sampling step Δn,
sgn(Δn), and

1
1 + γ2n =

1
a2 sin2 θn + b2 cos2 θn of the ellipse are

computed, which allows us to compute the elements of the impedance matrix.
The incident wave is assumed to be a plane wave ψinc = ψinc,0e

jki·r =
ψinc,0e

jk0 sin(θinc−θ), with ki = k0(sin θix̂− cos θiẑ).

2.3.6. Numerical comparisons for a circular cylinder

Here, the specific case of a circular cylinder of radius a = b, center
(xx, zc) = (0, 0) and rotation angle α = 0 is considered, in order to validate
the MoM with an exact analytical solution.

For the Dirichlet boundary condition, the total field on the cylinder is zero.
To compare the exact solution with that obtained from the MoM, the normal
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48 Method of Moments for 2D Scattering Problems

derivative of ψ0(r,θ ) = ψsca,0(r,θ ) + ψinc(r,θ ) must be derived. In polar
coordinates, we have for a circular cylinder:

∂ψ

∂n
= �ψ · n̂ =

*
∂ψ

∂r
r̂ +

1

r

∂ψ

∂θ
θ̂

.
·
(
−γx̂+ ẑ1

1 + γ2

,
sgn(θ). [2.55]

Knowing that r̂ = cos θx̂+ sin θẑ, θ̂ = sin θx̂− cos θẑ, γ = − cot θ, we
have:

∂ψ

∂n
=

�
∂ψ

∂r
(−γ cos θ + sin θ) +

1

r

∂ψ

∂θ
(−γ sin θ − cos θ)

 
11

1 + γ2

=
∂ψ

∂r
sgn2(sin θ) =

∂ψ

∂r
. [2.56]

From equation [2.26], this leads, on the cylinder r = a, to:

∂ψ0

∂r

6666
r=a

=
∂ψsca,0

∂r

6666
r=a

+
∂ψinc

∂r

6666
r=a

= k0ψinc,0

n=+∞3
n=−∞

�
J�n(k0a)−

Jn(k0a)

H(1)
n (k0a)

H�(1)
n (k0a)

�
ejn(θinc−θ)

= ψinc,0

n=+∞3
n=−∞

2

jπaH(1)
n (k0a)

ejn(θinc−θ), [2.57]

since the Wonskrian H(1)
n (u)J�n(u) − H�(1)

n (u)Jn(u) = 2/(jπu) ∀(n, u)
[ABR 70].

For the Neumann boundary condition, the field on the cylinder is expressed
by equation [2.33] as:

ψ0(a,θ ) = ψinc,0

n=+∞3
n=−∞

�
Jn(k0a)− J�n(k0a)

H�(1)
n (k0a)

H(1)
n (k0a)e

jn(θinc−θ)

�

= −ψinc,0

n=+∞3
n=−∞

2

jπk0aH�(1)
n (k0a)

ejn(θinc−θ). [2.58]
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Validation of the MoM for a Single Scatterer 49

Using the same process, from equation [2.42] and [2.38], we can show that
the currents on a dielectric cylinder are:������������

ψ0(a,θ ) = ψinc,0

n=+∞3
n=−∞

2Jn(k1a)ejn(θinc−θ)

jπk0a
�
αH(1)

n (k0a)J�n(k1a)− H�(1)
n (k0a)Jn(k1a)

�
∂ψ0

∂r

6666
r=a

= ψinc,0

n=+∞3
n=−∞

2αJ�n(k1a)e
jn(θinc−θ)

jπa
�
αH(1)

n (k0a)J�n(k1a)− H�(1)
n (k0a)Jn(k1a)

�
.

[2.59]

For the Dirichlet boundary condition, |α| = |1�r1/�r0| → ∞, and then
equation [2.57] is retrieved where ψ0(a,θ ) = 0. For the Neumann boundary
condition, |α| = |1�r0/�r1| → 0 and, then equation [2.58] is retrieved, where
∂ψ0(r,θ )/∂r |r=a = 0.

The RCS is expressed by equation [1.26]. Using equation [2.19] for the
Taylor series expansion of the Hankel function when r → ∞, from equations
[2.26], [2.33], [2.42] and [2.38], and θ = π/2 − θsca (from Figures 1.3 and
2.1), we have:

RCS(θinc, θsca) =
4

k0

66666
n=+∞3
n=−∞

Ane
jn(θinc+θsca−π)

66666
2

, [2.60]

where

An =

����������������������

Jn(k0a)

H(1)
n (k0a)

Dirichlet

J�n(k0a)

H�(1)
n (k0a)

Neumann

Jn(k1a)J�n(k0a)− αJn(k0a)J�n(k1a)

αH(1)
n (k0a)J�n(k1a)− H�(1)

n (k0a)Jn(k1a)
Dielectric

, [2.61]

and α =
1
�r1/�r0 for the TE polarization and α =

1
�r0/�r1 for the TM

polarization.
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50 Method of Moments for 2D Scattering Problems

In Figure 2.7, the label “MoM (N )” stands for the MoM, in which N is
the number of unknowns on the cylinder, and the label “Ana (Nc)” stands for
the exact analytical solution, in which Nc is the number of terms to compute
the sum over n. Moreover, the RCS is plotted over the range θsca ∈ [0;π]
because it is symmetric with respect to θinc = 0.
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Figure 2.7. a) Modulus |∂ψ0/∂n| and phase arg(∂ψ0/∂n) on the cylinder
for the Dirichlet boundary condition (TE polarization) versus the angle θ.

b) RCS in dBm scale versus the observation angle θsca. λ0 = 1 m, Nλ0 = 10,
a = 2λ0 and θinc = 0

Figure 2.7a) shows the modulus |∂ψ0/∂n| and the phase arg(∂ψ0/∂n) on
the cylinder versus the angle θ for the Dirichlet boundary condition (TE
polarization). Figure 2.7b) shows the RCS in dBm scale versus the
observation angle θsca. The simulations parameters are λ0 = 1 m, Nλ0 = 10,
a = 2λ0 and θinc = 0. Figure 2.8 shows the same results as in Figure 2.7 but
for the Neumann boundary condition (TM polarization).

In Figure 2.7a), the modulus reaches its maximum in the direction θ = 90o

and decreases from this direction to reach its minimum behind the object
defined for θ = 270o. This corresponds to the shadow zone. For the Dirichlet
boundary condition and for θ = π/2, |∂ψ0/∂n| = 2|∂ψinc/∂n| =
2|∂ψinc/∂r | = 2|jk0 sin(θinc − θ)ψinc| = 2k0 ≈ 12.57 (also
arg(∂ψinc/∂n) = −π/2), whereas for the Neumann boundary condition,
|ψ0| = 2|ψinc| = 2 (also arg(ψ0) = 0). As shown, these levels can be
predicted from the PO approximation. In addition, in Figure 2.8a), a perfect
agreement between the two methods is observed, whereas the agreement is
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Validation of the MoM for a Single Scatterer 51

good in Figure 2.7a). In Figures 2.7b) and 2.8b), a perfect agreement is
obtained between the two methods, and the RCS is maximum in the forward
direction given by θsca = π + θinc. For this specific direction, it can be shown
that the RCS is independent of the object shape and depends only on the
silhouette of the object [KUB 11] in the high-frequency domain.
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Figure 2.8. Same results as in Figure 2.7 but for the Neumann boundary
condition (TM polarization)

Figure 2.9 shows the same results as in Figure 2.7 but for Nλ0 = 20. The
increase of the number of samples slightly improves the agreement between
the two methods.
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Figure 2.9. Same results as in Figure 2.7 but for Nλ0 = 20
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52 Method of Moments for 2D Scattering Problems

Figure 2.10a) shows |ψ0|, arg(ψ0), |∂ψ0/∂r | and arg(∂ψ0/∂r) versus the
angle θ. The simulation parameters are λ0 = 1 m, a = 2λ0, ψinc,0 = 1,
θinc = 0 and �r1 = 4 + 0.5j and the polarization is TE. Figure 2.10b) shows
the same results as in Figure 2.10a), but for the TM polarization. Unlike a
perfectly conducting cylinder (Figures 2.7a) and 2.8a)), the currents are
maximum behind the object defined for θ = 270o, because a part of the
incident field is transmitted into the cylinder. This phenomenon can also be
observed in Figures 2.5 and 2.6. A perfect agreement between the two
methods is observed.

0 60 120 180 240 300 3600

0.5

1

1.5

2

2.5

M
od

ulu
so

fψ
0

Angle θ [°]
0 60 120 180 240 300 360−180

−120

−60

0

60

120

180

Ph
as

e
of

ψ
0
[°]

Angle θ [°]

0 60 120 180 240 300 3600

3

6

9

12

15

M
od

ulu
so

f∂
ψ

0/∂
n

Angle θ [°]
0 60 120 180 240 300 360−180

−120

−60

0

60

120

180

Ph
as

e
of

∂ψ
0/∂

n
[°]

Angle θ [°]

MoM (502)
Ana ( 27)

a)

0 60 120 180 240 300 3600

0.5

1

1.5

2

2.5

M
od

ulu
so

fψ
0

Angle θ [°]
0 60 120 180 240 300 360−180

−120

−60

0

60

120

180

Ph
as

e
of

ψ
0
[°]

Angle θ [°]

0 60 120 180 240 300 3600

3

6

9

12

15

M
od

ulu
so

f∂
ψ

0/∂
n

Angle θ [°]
0 60 120 180 240 300 360−180

−120

−60

0

60

120

180

Ph
as

e
of

∂ψ
0/∂

n
[°]

Angle θ [°]

MoM (502)
Ana ( 27)

b)

Figure 2.10. Top: |ψ0| and arg(ψ0) versus the angle θ. Bottom: |∂ψ0/∂r |
and arg(∂ψ0/∂r) versus the angle θ. λ0 = 1 m, a = 2λ0, ψinc,0 = 1, θinc = 0

and �r1 = 4 + 0.5j. a) TE polarization, b) TM polarization

Figure 2.11 shows the RCS in dBm scale versus the angle θsca for the TE
and TM polarizations. The simulation parameters are the same as in Figure
2.10a). Like a perfectly conducting cylinder (Figures 2.7b) and 2.8b)), the RCS
is maximum in the forward direction defined as θsca = π + θinc = π but its
level is smaller than that obtained from a perfectly conducting cylinder.

For a dielectric cylinder, it is important to note that the number of samples
per wavelength is Nλ1 = Nλ0 |

1
�r1/�r0| because the wave number inside the

cylinder is k1 = k0
√
�r1. In addition, the number of unknowns is multiplied

by two in comparison to a perfectly conducting cylinder, because both ψ0 and
∂ψ0/∂n must be computed.

Figure 2.12 shows the RCS in dBm scale, computed from the MoM,
versus the angle θsca and for the TE polarization. λ0 = 1 m, a = 2λ0,
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Validation of the MoM for a Single Scatterer 53

ψinc,0 = 1 and θinc = 0. Figure 2.13 shows the same results as in Figure 2.12,
but for the TM polarization. In Figure 2.12, the labels “MoM–PC (N )”,
“MoM–IBC (N )” and “MoM–DI (N )” stand for the MoM by considering
perfectly conducting, IBC (highly conducting surface with impedance
boundary condition) and dielectric surfaces, respectively. Moreover, N is the
number of unknowns. For the IBC approximation, the elements of the
impedance matrix are expressed by equation [1.62]. For both figures, the left
figure a) shows results for �r1 = 4 + 0.5j, whereas the right figure b) shows
results for �r1 = 4 + 2j.
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Figure 2.11. RCS in dBm scale versus the angle θsca. Same simulation
parameters as in Figure 2.10a)
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Figure 2.12. RCS in dBm scale, computed from the MoM, versus the angle θsca

and for the TE polarization. λ0 = 1 m, a = 2λ0, ψinc,0 = 1 and θinc = 0
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54 Method of Moments for 2D Scattering Problems

0 30 60 90 120 150 180−20
−15
−10
−5
0
5

10
15
20
25

Angle θsca [°]

RC
S
[d
Bm

]

MoM − PC (126)
MoM − IBC (126)
MoM − DI (502)

a) �r1 = 4 + 0.5j

0 30 60 90 120 150 180−20
−15
−10
−5
0
5

10
15
20
25

Angle θsca [°]

RC
S
[d
Bm

]

MoM − PC (126)
MoM − IBC (126)
MoM − DI (528)

b) �r1 = 4 + 2j

Figure 2.13. Same results as in Figure 2.12 but for the TM polarization

As the imaginary part of the permittivity increases (from 0.5 to 2), the
agreement between dielectric and IBC surfaces is better, especially for the TE
polarization. The difference with a perfectly conducting surface remains
significant.

The use of the IBC allows us to sample the surface along the wave number
k0 instead of k1 and then the sampling step is independent of the permittivity
of medium Ω1. In terms of number of unknowns, it is equivalent to solve the
scattering by a perfectly conducting surface, which makes the IBC very
powerful.

2.3.7. Conclusion

By comparison with the exact solution, this section clearly shows that the
MoM is efficient for calculating the field scattered by a (circular) cylinder.
The advantage of the MoM is that it is able to numerically calculate the
scattered field from an object of any shape. For example, for an elliptical
cylinder, it is possible to obtain an exact solution [BOW 87] of the scattered
field by introducing the Mathieu functions [ABR 70]. Nevertheless, unlike the
Bessel functions, these functions are difficult to calculate numerically. It is,
therefore, convenient to use the MoM for this specific shape.

As the frequency f increases (k0 = 2π/λ0 = 2πf/c increases, where c is
the celerity of light in a vacuum), the number of unknowns N increases and
then the size (N × N ) of the impedance matrix increases. From a
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Validation of the MoM for a Single Scatterer 55

lower–upper (LU) inversion, the complexity (number of multiplications) is
O(N3) and then the inversion can require a long computing time. In addition,
the impedance matrix must be stored to be inverted. The analytical solution
requires the computation of a sum, where the number of terms is the integer
part of 2k0a + 1. Then, at high frequencies, the series converges very slowly.
In this case, the Watson transformation can be used to convert the solution
into a rapidly convergent series. For more details, see [KON 05, Chapter 6].

It is then useful to develop methods to calculate the scattered field at high
frequencies. It is discussed in the following section, which is focus on the PO
approximation.

2.4. PO approximation

2.4.1. Formulation

For a surface illuminated by the incident field, the PO approximation
assumes that a point on the surface M(x, z) can be substituted for a straight
line of infinite length which is tangent to the surface at this point. Then, the
currents can be expressed by the Fresnel coefficient (valid for a planar surface
of infinite area) and from a Snell–Descartes law giving the direction of the
reflected field. In the shadowed zone SSha, the currents vanish. Then, the total
field on the surface is:

ψ0 =

�
[1 +R(θ)]ψinc r ∈ SIll
0 r ∈ SSha

, [2.62]

where R is the Fresnel coefficients and θ is the angle between the normal to the
surface n̂ and the direction of the incident wave k̂inc (see Figure 2.14) defined
as cos θ = −k̂inc · n̂. In addition, SIll stands for the illuminated surface and
SSha stands for the shadowed surface (S = SIll ∪SSha). The PO approximation
is valid for ρ0 cos3 θ � λ0 [BRE 80], where ρ0 is the local radius of curvature
of the surface.

Assuming a plane incident wave defined by ψinc = ψinc,0e
jkinc·r, the use of

the PO approximation leads to:��
ψ0(r) = [1 +R (θ(r))]ψinc(r)

∂ψ0(r)

∂n
= jkinc · n̂(r) [1−R (θ(r))]ψinc(r)

, ∀r ∈ SIll [2.63]
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56 Method of Moments for 2D Scattering Problems

and 0, otherwise. Substituting equation [2.63] into equation [2.45], the RCS
under the PO approximation is:

RCS =

666ψ∞,0
sca,0

6662
4 |k0| , [2.64]

where

ψ∞,0
sca,0 = −j

%
SIll

{ksca · n̂ [1 +R(θ)] + kinc · n̂ [1−R(θ)]} ej(kinc−ksca)·rdS.

[2.65]

Figure 2.14. Physical optics approximation

2.4.2. Applications

2.4.2.1. Perfectly conducting plate

For a perfectly conducting plate (of length L and centered on (0,0), see
Figure 2.15), the Fresnel reflection coefficient is R(θ) = −1 for the TE
polarization and R(θ) = +1 for the TM polarization. In addition, the normal
to the surface n̂ = ẑ and dS = dx for any x ∈ S. Equation [2.65] is then
simplified as:

ψ∞,0
sca,0 = −2jkα · ẑ

% +L/2

−L/2
ej(kinc−ksca)·xdx, [2.66]
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Validation of the MoM for a Single Scatterer 57

where kα = kinc for the TE polarization and kα = ksca for the TM
polarization. The integration over x can then be done analytically starting
from equation [2.64] to:

RCS =
1

k0

�
k0L cos θαsinc

�
k0L(sin θinc − sin θsca)

2

 �2

, [2.67]

where sinc(u) = sin(u)/u, θα = θinc for the TE polarization and θα = θsca
for the TM polarization.

Figure 2.15. Field scattered by a plate with the PO approximation

In Figure 2.16, the label “MoM (N )” stands for the MoM, in which N is
the number of unknowns on the plate, and the label “PO” stands for the PO
solution. Moreover, the RCS is plotted over the range θsca ∈ [0;π] because it
is symmetric with respect to θinc = 0.

Figure 2.16a) shows the modulus |∂ψ0/∂n| and the phase arg(∂ψ0/∂n)
on the plate versus the integer n ∈ [1;N ] for the Dirichlet boundary
condition. Figure 2.16b) shows the RCS in dBm scale versus the observation
angle θsca, λ0 = 1 m, Nλ0 = 10, L = 5λ0, and θinc = 0. Figure 2.17 shows
the same results as in Figure 2.7, but for the Neumann boundary condition
(TM polarization).

For the directly illuminated surface (n ∈ [1;N/2]), a good agreement is
obtained between the PO approximation and the MoM. As expected, in the
shadow region (n ∈ [N/2 + 1;N ]), the PO predicts a null field, whereas the
MoM predicts a small field, but does not equal zero due to the creeping waves.
Moreover, the PO does not take into account the edge diffraction contribution
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58 Method of Moments for 2D Scattering Problems

coming from the fact that the surface has a finite length and explains why the
field increases near the illuminated surface edges.
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Figure 2.16. a) Modulus |∂ψ0/∂n| and the phase arg(∂ψ0/∂n) on the plate
for the Dirichlet boundary condition versus the integer n. b) RCS in dBm scale

versus the observation angle θsca. λ0 = 1 m, Nλ0 = 10, L = 5λ0

and θinc = 0
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Figure 2.17. Same results as in Figure 2.16, but for the TM polarization

Figure 2.18 shows the same results as in Figure 2.16 but for L = 10λ0. In
comparison to Figure 2.16a), the agreement with the MoM is better because
the surface length is twice longer, and then the currents related to the edge
diffraction are more concentrated on the edges. On the RCS, the spreading
around the specular (θsca = θinc = 0) and forward (θsca = π − θinc = π)
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Validation of the MoM for a Single Scatterer 59

directions is smaller than that observed in Figure 2.16b) because the length L
is twice longer. Like in Figures 2.16b) and 2.17b), far from these directions, the
difference between the RCS computed from MoM and that from PO increases,
but in this region, the levels are small.
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Figure 2.18. Same results as in Figure 2.16 but L = 10λ0

Figure 2.19. Field scattered by a perfectly conducting elliptical cylinder with
the PO approximation

For the MoM, a plate thickness is introduced, which equals λ0/Nλ0 . The
advantage of introducing a thickness is to exhibit physical phenomena as the
shadow and illuminated regions. The drawback is that the number of unknowns
is twice as many. In fact, for the simulations, it is not necessary to introduce

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by D

haka U
niversity of E

ngineerin, W
iley O

nline L
ibrary on [16/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



60 Method of Moments for 2D Scattering Problems

a thickness. Due to the linearity of the integral operator, the currents on the
plate are then equal to the sum of the currents on the front and back sides (with
thickness).

2.4.2.2. Perfectly conducting elliptical cylinder

In polar coordinates, the equation of an ellipse of center (0, 0) is:�
x = a cos θ
z = b sin θ

, θ ∈ [0; 2π[ [2.68]

where a is the major axis and b is the minor axis. Moreover

dSn̂ · ksca =
−γx̂+ ẑ1

1 + γ2
· ksca

1
1 + γ2sgn(sin θ)dx

= (−γksca · x̂+ ksca · ẑ) sgn(sin θ)dx, [2.69]

where γ = dz
dx . Since γdx = dz = b cos θdθ and dz = −a sin θdθ, equation

[2.63] is simplified as:

ψ∞,0
sca,0 = 2j

%
SIll

(b cos θkα · x̂+ a sin θkα · ẑ)×

ej[a(kinc−ksca)·x̂ cos θ+b(kinc−ksca)·ẑ sin θ]sgn(sin θ)dθ, [2.70]

where α = inc for the TE polarization and α = sca for the TM polarization.
Let cosχ = a

u(kinc − ksca) · x̂ and sinχ = b
u(kinc − ksca) · ẑ, where:������

u =
/
[a(kinc − ksca) · x̂]2 + [b(kinc − ksca) · ẑ]2

tanχ =
b(kinc − ksca) · ẑ
a(kinc − ksca) · x̂ = − b

a
cot

*
θinc − θsca

2

. , [2.71]

we obtain

ψ∞,0
sca,0 = 2j

%
SIll

(b cos θkα · x̂+ a sin θkα · ẑ) eju cos(θ−χ)sgn(sin θ)dθ.[2.72]

To easily calculate the illuminated zone, we assume that θi = 0 and then
the integration variable is θ ∈ [0;π]. It is possible to treat the general case
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Validation of the MoM for a Single Scatterer 61

θi �= 0 for which θ ∈ [θmin; θmax], in which θmin and θmax are calculated from
the condition n̂ · k̂i = 0 (limit between the illuminated and shadow regions).

From equation [2.22], we have:

eju cos(θ−χ) =

n=+∞3
n=−∞

jnJn(u)ejn(θ−χ). [2.73]

Then% π

0
eju cos(θ−χ) cos θdθ =

n=+∞3
n=−∞

jnJn(u)e−jnχ

% π

0
ejnθ cos θdθ

=
n=+∞3
n=−∞

jnjnJn(u)
[1 + (−1)n] e−jnχ

n2 − 1
. [2.74]

Using the same process, we show that:

% π

0
eju cos(θ−χ) sin θdθ = −

n=+∞3
n=−∞

jnJn(u)
[1 + (−1)n] e−jnχ

n2 − 1
. [2.75]

Thus, the integration over θ ∈ [0;π] of equation [2.72] leads to:

ψ∞,0
sca,0 = 2j

n=+∞3
n=−∞

jnJn(u)
[1 + (−1)n] e−jnχ

n2 − 1
(jnbkα · x̂− akα · ẑ) . [2.76]

From equation [2.64], the RCS of an elliptical cylinder for θi = 0 is:

RCS =
1

|k0|

66666
n=+∞3
n=−∞

jnJn(u)
[1 + (−1)n] e−jnχ

n2 − 1
(jnbkα · x̂− akα · ẑ)

66666
2

. [2.77]

For a circular cylinder, a = b, the above equation is valid ∀θi by making
a rotation of the cylinder (due to the cylindrical symmetry). From equation
[2.71], tanχ = cot([θsca − θinc]/2) and u = 2a| cos([θsca − θinc]/2)|.
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62 Method of Moments for 2D Scattering Problems

For a plate of length L = 2a, b = 0, sinχ = 0 and cosχ = sgn[(kinc −
ksca) · ẑ] = ±1. Then, χ = ±π, e−jnχ = e	jnπ = (−1)n. In addition,
u = L|(kinc − ksca) · x̂|/2 = L| sin θinc − sin θsca|/2. Thus

RCS =
1

k0
(k0L cos θα)

2

6666612
n=+∞3
n=−∞

jnJn(u)
(−1)n + 1

n2 − 1

66666
2

. [2.78]

The comparison of equation [2.78] with equation [2.67] leads to:

sinc(u) = −1

2

n=+∞3
n=−∞

jnJn(u)
(−1)n + 1

n2 − 1
. [2.79]

In Figure 2.20, the label “MoM (N )” stands for the MoM, in which N is
the number of unknowns on the elliptical cylinder, and the label “PO” stands
for the PO solution. Moreover, the RCS is plotted over the range θsca ∈ [0;π],
because it is symmetric with respect to θinc = 0.
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Figure 2.20. RCS in dBm scale versus the observation angle θsca. λ0 = 1 m,
Nλ0 = 10, a = 5λ0, θinc = 0 and the polarization is TE

Figure 2.20 shows the RCS in dBm scale versus the observation angle θsca
and for different values of b. The simulation parameters are λ0 = 1 m,
Nλ0 = 10, a = 5λ0, θinc = 0 and the polarization is TE. Figure 2.21 shows
the same results as in Figure 2.20 but for the TM polarization. Like for a
plate, a good agreement between the MoM and PO is observed around the
specular and the forward directions. Far from these directions, the difference
increases between the two methods, but it remains smaller than that observed
for a plate. Indeed, for an elliptical cylinder, the edge diffraction contribution
is smaller. As b decreases, the region in which a difference is noticeable
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Validation of the MoM for a Single Scatterer 63

increases and in the forward direction, the RCS remains unchanged, whereas
in the specular direction, the RCS increases. For more details on these
phenomena, see [KUB 11].
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Figure 2.21. Same results as in Figure 2.20, but for the TM polarization

2.4.2.3. Gaussian random rough surface

In this section, for a random rough surface, the PO is compared with the
MoM. The generation of a rough surface is detailed in section 1.6. In addition,
to avoid the edge diffraction phenomenon, the Thorsos tapered wave defined
in section 1.2.5 is used as the incident field and the normalized radar cross-
section (NRCS) is defined by equation [1.35]. For all simulations, the extent g
is g = L/6 where L is the surface length.

Figure 2.22a) shows the surface heights versus the abscissa. Figure 2.22b)
shows the associated NRCS in dB scale versus the observation angle θsca for
the TE polarization and for a perfectly conducting surface. The surface height
autocorrelation function is Gaussian, the wavelength is λ0 = 1 m, the number
of samples per wavelength is Nλ0 = 10, the surface length is L = 300λ0, the
height standard deviation is σz = 0.5λ0, the correlation length is Lc = 5λ0, the
incidence angle is θinc = 30o and the surface height autocorrelation function
is Gaussian. Figure 2.23 shows the same results as in Figure 2.22b), but one
parameter changes: (a) TM polarization, (b) Lc = 2λ0, (c) σz = λ0 and (d)
�r1 = 2 + 0.1j.

Figure 2.22b) shows that the NRCS is maximum around the specular
direction defined by θsca = θinc = 30o and that far from this direction, the
NRCS decreases rapidly. For a smooth surface of infinite length, the NRCS is
proportional to the Dirac delta function δ(θsca − θinc) and then, the incident
field is scattered only in the specular direction. As the correlation length
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64 Method of Moments for 2D Scattering Problems

decreases (divided by 2.5 in Figure 2.23b)) or σz increases (multiplied by 2 in
Figure 2.23c)), the power is scattered in a larger angular domain θsca than that
observed in Figure 2.22b).
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Figure 2.22. a) Surface heights versus the abscissa. b) Associated NRCS in dB
scale versus the observation angle θsca for the TE polarization and for a perfectly
conducting surface. λ0 = 1 m, Nλ0 = 10, L = 300λ0, σz = 0.5λ0, Lc = 5λ0,

θinc = 30o and the surface height autocorrelation function is Gaussian

In Figure 2.23b), the surface is more “irregular” because the slope
standard deviation is larger (theoretically, σs =

√
2σz/Lc) than that of Figure

2.22a). This implies higher NRCS contributions far from the specular
direction. In addition, for grazing angles (|θsca| approaching π/2), the results
obtained from the two methods differ slightly because the PO (developed at
the first order, here) does not take the multiple reflections into account. The
PO can be extended to account for this phenomenon
[ISH 86, BOU 04a, BOU 04b], but then the complexity increases. Besides,
from the view point of the geometric optics approximation, due to the surface
roughness, a part of the surface cannot be illuminated from the transmitter
or/and the receiver. This phenomenon can also be integrated via a shadowing
function [BOU 04a, BOU 04b, LI 11, PIN 13]. These two phenomena are
illustrated in Figure 2.24.

In Figure 2.23c), the surface is rougher from the view point of the Rayleigh
parameter defined as Ra = k0σz(cos θinc + cos θsca) [OGI 91, PIN 13]. This
parameter is related to the phase difference from a point of the surface to its
mean plane. Thus, as σz increases, the surface becomes rougher and the power
is more incoherent.
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Validation of the MoM for a Single Scatterer 65
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Figure 2.23. Same results as in Figure 2.22b), but for a) TM polarization,
b) Lc = 2λ0, c) σz = λ0 and d) �r1 = 2 + 0.1j

Figure 2.24. Illustration of phenomena not accounted for in PO: multiple
reflections and the shadow
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66 Method of Moments for 2D Scattering Problems

Figures 2.23a) and d) highlight a good agreement between the two methods,
and for a lower dielectric medium, the NRCS levels are smaller than those
obtained from a perfectly conducting surface, because a part of the scattered
field is transmitted into the lower medium.

2.4.2.4. Exponential random rough surface

Figure 2.25 shows the same results as in Figure 2.22, but for an
exponential surface height autocorrelation function. As expected, the surface
elevations differ strongly from those of a Gaussian autocorrelation function
(see Figure 2.22a)). As explained in section 1.6, this comes from the
contribution of the surface high frequencies. The comparison of Figure 2.25b)
with Figure 2.22b) clearly shows that two rough surfaces having the same
correlation length and the same height standard deviation can give totally
different NRCSs. In addition, Figure 2.25b) shows that the agreement
between the PO and the MoM is poor because the PO can not correctly
estimate the contribution of the surface high-frequencies. Indeed, for Figure
2.22a), the mean value of ρ0 cos3 θ is 106.77 � λ0 = 1, whereas for Figure
2.25a),

�
ρ0 cos

3 θ
� ≈ 0.66 < λ0.
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Figure 2.25. Same results as in Figure 2.22, but for an exponential surface
height autocorrelation function

2.4.3. Sea-like surface

Figure 2.26 shows the same results as in Figure 2.22a), but for a sea surface.
The wind speed, u10, defined at 10 m above the sea is 5 m/s. The surface length
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Validation of the MoM for a Single Scatterer 67

is L = 50 m, the number of points is 5,000 and the surface height spectrum is
that of Elfouhaily et al. [ELF 97]. Figure 2.27 shows the NRCS of this surface
in dB scale versus the observation angle θsca: (a) TE polarization and (b) TM
polarization. The simulation parameters are λ0 = 0.1 m, Nλ0 = 10, �r1 =
70.4 + 40.6j and θinc = 30o.
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Figure 2.26. Same results as in Figure 2.22a) but for a sea surface. The wind
speed, u10, defined at 10 m above the sea is 5 m/s. The surface length is

L = 50 m, the number of points is 5,000 and the surface height spectrum is
that of Elfouhaily et al. [ELF 97]

Figure 2.26 shows that the surface length is large enough to observe
several periods of the waves having the greatest wavelength. Since a fast
Fourier transform (FFT) algorithm is applied to generate the surface, the sea
spectrum is truncated at kmin = π/L, for the lower frequency, and at
kmax = π/Δx, for the upper frequency. With a sampling step Δx = λ0/10,
we have kmax = 10π/λ0. In [BOU 00], a criterion is given to ensure that all
the frequencies of the surface height spectrum are generated:
kmin ≤ 0.28kpeak in which kpeak = Ω2g/u210 is the wave number of the most
energetic wave, with Ω = 0.84 for a fully developed sea and g = 9.81 m/s2.
Thus, with u10 = 5 m/s, kpeak = 0.277 rad/m, which implies that
kmin ≤ 0.0775 rad/m, and then L ≥ 40.5 m. With L < 40.5 m, the low
frequencies of the sea spectrum are truncated.

Figure 2.27 shows a good agreement between the MoM and PO methods
and the agreement is better for the TM polarization. A better agreement can
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68 Method of Moments for 2D Scattering Problems

be obtained by using specific asymptotic models [PIN 13, ELF 04, BOU 05]
developed for a sea surface. Since |�r1| � 1, the IBC approximation is
applied to calculate the scattered field. This allows us to decrease the number
of unknowns if the surface is considered as dielectric. Otherwise, the number
of unknowns should be approximately multiplied by |√�r1| ≈ 9 leading to
45,000.
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Figure 2.27. NRCS in dB scale versus the observation angle θsca.
a) TE polarization. b) TM polarization. λ0 = 0.1 m, Nλ0 = 10, L = 50 m,

�r1 = 70.4 + 40.6j, u10 = 5 m/s, θinc = 30o and the surface height spectrum
is that of Elfouhaily et al. [ELF 97]

As shown previously, as the wind speed and/or the frequency increases,
the number of unknowns increases significantly, and then the impedance
matrix can become difficult to invert from a standard algorithm, such as LU,
with a standard computer. Then, specific algorithms are applied to overcome
this issue. For more details, see [TSA 93a, TSA 93b, TSA 95] for the
banded matrix iterative method/canonical grid (BMIA/CAG),
[KAP 96, ADA 96, HOL 98, IOD 02] for the forward–backward (FB) and
[CHO 02, CHO 00, TOR 00, TOR 02] for the FB spectral acceleration
(FB-SA). These methods allow us to reduce the memory space requirement
and the complexity of the impedance matrix inversion. In fact, this operation
is not made explicitly, and the matrix-vector product Z̄−1

b is substituted for a
succession of the matrix-vector products. It is also worth reading the topical
reviews in [WAR 01, SAI 01].
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Validation of the MoM for a Single Scatterer 69

2.5. FB method

In this section, the FB method is tested on a random rough surface, which
was discussed in detail in Chapter 1.

Figure 2.28 shows the NRCS in dB scale computed from an LU (RCSLU)
inversion and the FB method (RCSFB) versus the observation angle θsca. The
simulation parameters are λ0 = 1 m, Nλ0 = 10, L = 300λ0, σz = 0.5λ0,
Lc = 5λ0, θinc = 30o and the surface height autocorrelation function is
Gaussian: (a) Dirichlet boundary condition, (b) Neumann boundary
condition, (c) Dielectric case, TE polarization and �r1 = 2 + 0.1j, and (d)
Dielectric case, TM polarization and �r1 = 2 + 0.1j.
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c) Dielectric case and TE
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Figure 2.28. NRCS in dB scale versus the observation angle θsca computed from an LU
inversion and the FB method. λ0 = 1 m, Nλ0 = 10, L = 300λ0, σz = 0.5λ0, Lc =
5λ0, θinc = 30o and the surface height autocorrelation function is Gaussian. a) Dirichlet
boundary condition; b) Neumann boundary condition; c) dielectric case, TE polarization and
�r1 = 2 + 0.1j, and d) dielectric case, TM polarization and �r1 = 2 + 0.1j
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70 Method of Moments for 2D Scattering Problems

In Figure 2.28, for a given FB order, the value in parentheses is the relative
residual error defined as:

�FB =
normθsca∈[−π/2;π/2] (NRCSFB − NRCSLU)

normθsca∈[−π/2;π/2] (NRCSLU)
, [2.80]

where the “norm” stands for the norm two.

The results show that the FB converges rapidly for the TE polarization and
very rapidly for the TM polarization and the convergence is slower for a
dielectric surface. It was shown in [BOU 08, KUB 08] that the convergence
order of the FB method is quite insensitive to the height variance σ2

z and the
incidence angle θinc.

For a dielectric rough surface, Iodice [IOD 02] studied in detail the
convergence of the FB against the choice of the height autocorrelation
function (HAF). For a Gaussian HAF, the FB always converges, whereas for
an exponential HAF (with the same correlation length and variance height as
the Gaussian case), the FB may fail for very rough surfaces. Déchamps et al.
[DÉC 07b] mathematically showed that the FB method converges if the
spectral radius (i.e. the modulus of the eigenvalue that has the highest
modulus) of the characteristic matrix M̄ c,FB is strictly smaller than one,
where M̄ c,FB is expressed as:

M̄ c,FB =
)
Z̄Diag + Z̄Forw

-−1
Z̄Forw

)
Z̄Diag + Z̄Back

-−1
Z̄Back. [2.81]

Figure 2.29 shows the same variation as in Figure 2.28, but for a sea surface.
The simulation parameters are λ0 = 0.1 m, Nλ0 = 10, L = 50 m, �r1 =
70.4 + 40.6j, u10 = 5 m/s, θinc = 30o and the surface height spectrum is that
of Elfouhaily et al. [ELF 97]. The IBC approximation is applied to calculate
the currents on the surface. The FB method converges more rapidly for the TM
polarization.

The FB method accelerates the computation of the surface currents in
comparison to a direct LU inversion, but the memory requirement is the same
for the both methods, since the elements of the impedance matrix must be
stored. From the FB algorithmic scheme, it is possible to compute for each
iteration and for a given component of the current vector, only a row of Z̄.
Then, the memory requirement becomes N instead of N2, but the computing
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Validation of the MoM for a Single Scatterer 71

time increases, because this row must be recalculated for each iteration. To
solve this issue, the FB combined with the spectral-acceleration (FB-SA)
[CHO 02, CHO 00, TOR 00, TOR 02] has been developed to both reduce the
memory requirement and the computing time (complexity O(N) instead of
O(N2) with the FB). Its principle is to split up the impedance matrix into
strong and weak interactions. Then, the strong interactions are calculated
from the FB, whereas the weak interactions are computed from the SA. Since
the limit distance between the strong and weak interactions xSA is much
shorter than the surface length, the complexity of the method is that of SA,
that is O(N). The BMIA-CAG [TSA 93a, TSA 93b, TSA 95] use the same
process. The FB-SA is very efficient for a sea surface, since xSA = 0.02u210
[KUB 10c, KUB 10b], and as well as for a Gaussian autocorrelation function,
since xSA = 3Lc [BOU 08, KUB 08]. The FB-SA has also shown its
efficiency for the diffraction from the Earth in High-Frequency (HF) band
([3− 30] MHz) [BOU 11a, BOU 11b].
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a) TE polarization
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Figure 2.29. Same variation as in Figure 2.28, but for a sea surface. λ0 = 0.1
m, Nλ0 = 10, L = 50 m, �r1 = 70.4 + 40.6j, u10 = 5 m/s, θinc = 30o and

the surface height spectrum is that of Elfouhaily et al. [ELF 97]

2.6. Conclusion

In this chapter, from the MoM, the currents on the surface and then the
corresponding RCSs are computed. The results are then compared with the
exact solution of an infinite circular cylinder, leading to a very good agreement
between the two methods. In addition, for a perfectly conducting elliptical
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72 Method of Moments for 2D Scattering Problems

cylinder, a perfectly conducting plate and a rough dielectric surface, the PO
approximation has been compared with the MoM.

Here, the scatterer is assumed to be in free space. In many scattering
problems, the scatterer is often in the presence of another scatterer. For
instance, this topic concerns the scattering of an object near (below or above)
a random rough surface or the scattering from a stack of two one-dimensional
rough interfaces separating homogeneous media. Chapters 3 and 4 solve this
issue with the MoM.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by D

haka U
niversity of E

ngineerin, W
iley O

nline L
ibrary on [16/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



3

Scattering from Two Illuminated Scatterers

3.1. Introduction

The study of scattering from several objects or several objects near a
surface (smooth or rough) is an active research area. Many applications are
concerned by these works, for instance in the remote sensing domain, for the
detection of ocean ice, sand cover of arid regions, or oil slicks on the ocean.
Also in the optics domain, for instance, for optical studies of thin films and
coated surfaces and in the treatment of antireflection coatings. When the
objects are circular cylinders near a smooth surface
[SOM 64, YOU 88, VAL 94, MAD 95, VID 97, HEN 07, AHM 08, LEE 11,
PAW 11, FIA 12, PAW 12], exact closed-form expressions of the scattered
field can be obtained, but the complexity of programming is high. When the
shape of the cylinder is elliptic [TSO 10, ZOU 11, ZOU 13], it is also
possible to have a closed form expression of the scattered field by introducing
the Mathieu functions [ABR 70], but these functions are very difficult to
program, unlike the well-known Bessel functions, used for circular cylinders.
References cited above can be referred for an exhaustive review of these
issues. A means of validating the resulting formula is to compare it with
another exact method, such as the method of moments (MoM), presented in
this chapter. In addition, the advantage of the MoM is that it can be used for
any incident wave, instead of a plane wave, which is often used in the above
references. The MatLab codes provided with this book can be used by
researchers or engineers to validate their models. When the surface is rough,
some asymptotic models and exact numerical methods have been investigated
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74 Method of Moments for 2D Scattering Problems

[PIN 99, JOH 02, WAN 03, LIU 04, YE 06, DON 07, YE 07] (see also
references therein for an exhaustive review).

For the problem of scattering from a single electrically large or multi-scale
(like the sea) rough surface (i.e. many unknowns), starting from the MoM,
exact, fast numerical methods have been investigated to solve this issue (see
Chapter 2). For instance, we can quote the banded-matrix-iterative-
approach/canonical grid (BMIA-CAG) of Tsang et al. [TSA 93a, TSA 93b,
TSA 95] of complexity O(N logN), the forward–backward (FB) method of
Holliday et al. [KAP 96, ADA 96, HOL 98, IOD 02] of complexity O(N2)
and the accelerated FB spectral acceleration (FB-SA) version of Chou et al.
[CHO 02, CHO 00, TOR 00, TOR 02, PIN 99] of complexity O(N), in which
N is the number of unknowns on the surface.

In the same spirit, from the MoM, Kubické et al. have developed the
extended propagation-inside-layer expansion (E-PILE) method to explain the
case of two illuminated scatterers and applied it to an object located above a
rough surface [KUB 08, KUB 10a, KUB 10c, KUB 10b]. In [KUB 08],
[KUB 10c] and [KUB 10b], E-PILE is combined with the FB-SA to calculate
the local interactions on the rough surface. Moreover, in [KUB 10a], the
E-PILE is combined with both the FB-SA and the physical optics (PO)
approximation up to second order to calculate the local interactions on the
object (a cross). As a result, since the number of unknowns on the surface N1

is much greater than that of the object N2, the complexity of the method is
reduced to O(N1) instead of O([N1 + N2]

3), if a direct lower–upper (LU)
inversion is applied to inverse the impedance matrix of the two scatterers.

The aim of this chapter is to present the efficient E-PILE method and to
explain how the calculation of the local interactions on each scatterer can be
accelerated by the PO and FB methods, which are valid for a single scatterer.
Chapter 4 will present the PILE method, for which only one scatterer is
illuminated from the incident wave, and numerical results will be shown for a
coated cylinder, an object below a rough surface and a rough layer.

The following section presents the integral equations and the MoM, in
which the MoM is generalized to P > 2 scatterers. In section 3.3, the E-PILE
algorithm is presented and section 3.4 presents how PO and FB can be
combined with E-PILE. Several numerical examples are also analyzed, like
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Scattering from Two Illuminated Scatterers 75

the scattering from two cylinders, from two PC plates, from P plates and
cylinders, and an object above a rough surface.

3.2. Integral equations and method of moments

3.2.1. Integral equations for two scatterers

The problem to be solved is illustrated in Figure 3.1. A source is defined
in the medium Ω0 of permittivity �0. This medium contains two scatterers:
scatterer 1 of medium Ω1 and of permittivity �1, and scatterer 2 of medium Ω2

and of permittivity �2. The surface Si (i = {1, 2}) bounds Ωi; its normal, n̂i,
points toward Ω0. S∞ is the surface bounding the space Ω0; its normal, n̂∞,
points toward outside Ω0.

!

!

!nà

1nà
V

VS

!S

!
VS
àn

Figure 3.1. Scattering from two scatterers: integral equations

From the Helmoltz wave propagation equation [1.13] in each medium, from
the definition of the Green function [1.14] and from the far radiation condition,
the use of the Green theorem for two scatterers leads to [WAN 03]:�
ψ0(r

�) if r� ∈ Ω0

0 otherwise
= ψinc(r

�)

+

%
S1

�
ψ1(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ1(r)

∂n

 
dS

+

%
S2

�
ψ2(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ2(r)

∂n

 
dS, [3.1]
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76 Method of Moments for 2D Scattering Problems

where ψinc is the incident field defined inside the medium Ω0. In equation [3.1],
if r� → S+

1 (case r� ∈ Ω0), then:

ψinc(r
�) = +

1

2
ψ1(r

�)−−
%
S1

∂g0(r, r
�)

∂n
ψ1(r)dS� �� 	

⇒Ā1

+

%
S1

g0(r, r
�)
∂ψ1(r)

∂n
dS� �� 	

⇒B̄1

−
%
S2

∂g0(r, r
�)

∂n
ψ2(r)dS� �� 	

⇒Ā21

+

%
S2

g0(r, r
�)
∂ψ2(r)

∂n
dS� �� 	

⇒B̄21

.

[3.2]

The symbol −
&

stands for the Cauchy principal value, which means that the
case r = r� is not accounted for in the calculation of the integral. In addition,
letting

&
S1

dS = −
&
dS+

&
P dS (where P is a piece), it is important to note that

for r = r� ∈ S+
1 (above the surface),

&
P ψ1(r)

∂g0(r,r�)
∂n dS = +ψ1(r

�)/2, and
for r = r� ∈ S−

1 (below the surface),
&
P ψ1(r)

∂g0(r,r�)
∂n dS = −ψ1(r

�)/2. The
difference in sign between the two equations is due to the sense of the normal
to the surface S1.

In equation [3.1], if r� → S+
2 (case r� ∈ Ω0), the use of the same method

leads to:

ψinc(r
�) = +

1

2
ψ2(r

�)−−
%
S2

∂g0(r, r
�)

∂n
ψ2(r)dS� �� 	

⇒Ā2

+

%
S2

g0(r, r
�)
∂ψ2(r)

∂n
dS� �� 	

⇒B̄2

−
%
S1

∂g0(r, r
�)

∂n
ψ1(r)dS� �� 	

⇒Ā12

+

%
S1

g0(r, r
�)
∂ψ1(r)

∂n
dS� �� 	

⇒B̄12

.

[3.3]
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Scattering from Two Illuminated Scatterers 77

The four unknowns to be determined are the currents {ψi, ∂ψi/∂n} on the
surfaces {Si} (i = {1, 2}). Two additional equations are required. Applying
the Green theorem in medium Ωi, we have [TSA 00] (or equation [1.20]):��������

0 =

%
Si

�
ψi(r)

∂gi(r, r
�)

∂n
− gi(r, r

�)
∂ψi(r)

∂n

 
dS if r� /∈ Ωi

−ψi(r
�) =

%
Si

�
ψi(r)

∂gi(r, r
�)

∂n
− gi(r, r

�)
∂ψi(r)

∂n

 
dS if r� ∈ Ωi

. [3.4]

From the boundary conditions on scatterer i expressed as:ψ0(r) = ψi(r)
∂ψ0(r)

∂n
= ρ0i

∂ψi(r)

∂n

, [3.5]

where ρ0i = 1 for the transverse electric (TE) polarization and ρ0i = �0/�i for
the transverse magnetic (TM) polarization, we have for r� → S1 (r� ∈ Ω1):

0 = −1

2
ψ1(r

�)−−
%
S1

ψ1(r)
∂g1(r, r

�)
∂n

dS� �� 	
C̄1

+
1

ρ01

%
S1

g1(r, r
�)
∂ψ1(r)

∂n
dS� �� 	

D̄1

,[3.6]

and for r� → S2 (r� ∈ Ω2):

0 = −1

2
ψ2(r

�)−−
%
S2

ψ2(r)
∂g2(r, r

�)
∂n

dS� �� 	
C̄2

+
1

ρ02

%
S2

g2(r, r
�)
∂ψ2(r)

∂n
dS� �� 	

D̄2

.[3.7]

From equations [3.2], [3.3], [3.6] and [3.7], the unknowns on the surfaces
S1 and S2 can be computed from the MoM.

3.2.2. Method of moments for two scatterers

In this section, the MoM is applied with the point-matching method and
the pulse basis function to convert the integral equations [3.2], [3.3], [3.6] and
[3.7] into a linear system. This method is thoroughly explained in section 1.3.
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78 Method of Moments for 2D Scattering Problems

Equations [3.2], [3.3], [3.6] and [3.7] lead to a coupled system. From the
MoM, the equations are discretized on the surface of each scatterer, leading to
the linear system Z̄X = b. The unknown vector X is then:

X =

�
X1

X2

 
, [3.8]

where the components of the vectors X1 and X2 are the currents discretized
on the surface S1 and S2, respectively. They are written as:

X1 =

�
ψ1(r1) . . . ψ1(rN1)

∂ψ1(r1)

∂n
. . .

∂ψ1(rN1)

∂n

 T

rp∈[1;N1] ∈ S1, [3.9]

X2 =

�
ψ2(r1) . . . ψ2(rN2)

∂ψ2(r2)

∂n
. . .

∂ψ2(rN2)

∂n

 T

rp∈[1;N2] ∈ S2,[3.10]

where the symbol T stands for transpose, and Ni is the number of samples on
the surface Si. The length of the vector Xi is then 2Ni.

The vector b of length 2(N1 + N2) is the incident field discretized on the
surfaces S1 and S2. It is defined as:

b =

�
b1
b2

�
=

ψinc(r1) . . . ψinc(rN1) 0 . . . 0� �� �
N1 times� �� �

bT
1,r∈S1

ψinc(r1) . . . ψinc(rN2) 0 . . . 0� �� �
N2 times� �� �

bT
2,r∈S2


T

. [3.11]

The impedance matrix of size 2(N1 +N2)× 2(N1 +N2) is then:

Z̄ =


Ā1 B̄1 Ā21 B̄21

C̄1
1

ρ01
D̄1 0̄ 0̄

Ā12 B̄12 Ā2 B̄2

0̄ 0̄ C̄2
1

ρ02
D̄2

 =

�
Z̄1 Z̄21

Z̄12 Z̄2

 
, [3.12]

where

Z̄1 =

 Ā1 B̄1

C̄1
1

ρ01
D̄1

 , Z̄2 =

 Ā2 B̄2

C̄2
1

ρ02
D̄2

 , [3.13]
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Scattering from Two Illuminated Scatterers 79

and

Z̄21 =

�
Ā21 B̄21

0̄ 0̄

 
, Z̄12 =

�
Ā12 B̄12

0̄ 0̄

 
. [3.14]

The impedance matrix Z̄i of size 2Ni×2Ni is the impedance matrix of the
scatterer i in free space.

The matrix Āi of size Ni × Ni is the matrix of a Neumann boundary
condition problem expressed from equation [1.55] with Δn → vn|Δn| for
any orientation of the normal to the surface. Its elements are:

Ai,mn =

����������������

−jk0vn|Δn|
4

H
(1)
1 (k0
rn − rm
)


rn − rm


× [γn(xn − xm)− (zn − zm)] for m �= n

+
1

2
− vn|Δn|

4π

γ�(xm)

1 + γ2(xm)
for m = n

, [3.15]

where (xn, zn) ∈ Si, (xm, zm) ∈ Si, γ = dz/dx,

rn − rm
 =

1
(xn − xm)2 + (zn − zm)2, v = n̂ · ẑ is the sense of the

normal to the surface, Δn is the sampling step, H(1)
0 is the zeroth-order

Hankel function of the first kind and H(1)
1 is its derivative.

The matrix B̄i of size Ni × Ni is the matrix of a Dirichlet boundary
condition problem expressed from equation [1.52] with Δn → |Δn|. Its
elements are:

Bi,mn =
j|Δn|

1
1 + γ2n

4

��
H

(1)
0 (k0 
rn − rm
) for m �= n

1 +
2j

π
ln

'
0.164k0

1
1 + γ2

n|Δn|
+

for m = n

,[3.16]

where (xn, zn) ∈ Si and (xm, zm) ∈ Si.

The matrix C̄i is similar to the matrix Āi but the Cauchy principal value
is −1/2 instead of +1/2 for the calculation of the diagonal elements Ci,nn. In
addition, the matrices C̄i and D̄i are obtained from the matrices Āi and B̄i

by substituting k0 for ki.
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80 Method of Moments for 2D Scattering Problems

The matrices Z̄21 (of size 2N1 × 2N2) and Z̄12 (of size 2N2 × 2N1) can
be interpreted as coupling matrices. For instance, from equation [3.3], the
matrices Ā12 and B̄12 multiplied by the vector containing the currents on S1

(ψ1 and ∂ψ1/∂n, respectively) give a scattered field calculated on scatterer 2.
Then, the matrices Ā12 and B̄12 propagate the currents from scatterer 1 to
scatterer 2. It is then a coupling matrix. The same remark holds for the
matrices Ā21 and B̄21. These matrices are expressed from the matrices Āi

and B̄i, with the main difference that the case n = m does not occur since a
point of scatterer 1 always points onto a point of scatterer 2 and vice versa.
Their elements are expressed as:����������������������������������������

A12,mn = −jk0v1,n|Δ1,n|
4

H
(1)
1 (k0
r1,n − r2,m
)


r1,n − r2,m

× [γ1,n(x1,n − x2,m)− (z1,n − z2,m)]

A21,mn = −jk0v2,n|Δ2,n|
4

H
(1)
1 (k0
r2,n − r1,m
)


r2,n − r1,m

× [γ2,n(x2,n − x1,m)− (z2,n − z1,m)]

B12,mn =
j|Δ1,n|

/
1 + γ21,n

4
H

(1)
0 (k0 
r1,n − r2,m
)

B21,mn =
j|Δ2,n|

/
1 + γ22,n

4
H

(1)
0 (k0 
r2,n − r1,m
)

, [3.17]

for any (n,m). The subscripts “1, n” and “2,m” refer to a point on scatterer 1
and 2, respectively.

From the knowledge of the currents {ψi, ∂ψi/∂n} on the scatterers, the
scattered field ψsca,ν in medium r� ∈ Ων (ν = {0, 1, 2}) is computed from the
Huygens’ principle as:��������������������

ψsca,0(r
�) =

p=23
p=1

%
Sp

�
ψp(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψp(r)

∂n

 
dS

ψsca,1(r
�) = −

%
S1

�
ψ1(r)

∂g1(r, r
�)

∂n
− g1(r, r

�)
∂ψ1(r)

∂n

 
dS

ψsca,2(r
�) = −

%
S2

�
ψ2(r)

∂g2(r, r
�)

∂n
− g2(r, r

�)
∂ψ2(r)

∂n

 
dS

.[3.18]
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Scattering from Two Illuminated Scatterers 81

3.2.2.1. Case of perfectly conducting scatterers

For a perfectly conducting (PC) scatterer i, the impedance matrix Zi can be
simplified. For the TE polarization (Dirichlet boundary condition), ψi on the
surface vanishes and the only unknown on the surface is ∂ψi/∂n. Then:

TE: Z̄i = B̄i, Xi =
∂ψi

∂n
. [3.19]

For the TM polarization (Neumann boundary condition), ∂ψi/∂n on the
surface vanishes and the only unknown on the surface is ψi. Then:

TM: Z̄i = Āi, Xi = ψi. [3.20]

In addition, if scatterer 1 is PC and scatterer 2 is dielectric, then:��������
TE: Z̄1 = B̄1 Z̄21 =

�
Ā21 B̄21

�
Z̄12 =

�
B̄12

0̄

 

TM: Z̄1 = Ā1 Z̄21 =
�
Ā21 B̄21

�
Z̄12 =

�
Ā12

0̄

 , [3.21]

and the matrix Z̄2 is expressed from equation [3.13]. In addition, if scatterer 2
is PC, then Z̄i = B̄i (i = {1, 2}) and Z̄ij = B̄ij (j = {1, 2} with j �= i) for
the TE polarization, whereas Z̄i = Āi and Z̄ij = Āij for the TM polarization.

If the scatterer 2 is PC and the scatterer 1 is dielectric, then the matrices
are obtained from equation [3.21] by substituting subscripts {1, 12, 21} for
{2, 21, 12}, and Z̄1 is expressed from equation [3.13].

3.2.2.2. IBC approximation

From section 1.4.4, if the scatterer i satisfies the Leontovitvh boundary
condition or the impedance boundary condition (IBC), then:

Z̄i = αiĀi + βiB̄i, [3.22]

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by D

haka U
niversity of E

ngineerin, W
iley O

nline L
ibrary on [16/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



82 Method of Moments for 2D Scattering Problems

with������
TE : βi = 1 αi =

j

k0

2
�r0
�ri

Xi =
∂ψi(r)

∂n
ψi(r) = αi

∂ψi(r)

∂n

TM : βi =
k0
j

2
�r0
�ri

αi = 1 Xi = ψi(r)
∂ψi(r)

∂n
= βiψ0(r)

. [3.23]

In addition, if the scatterer 1 satisfies the IBC approximation and the
scatterer 2 is dielectric, from equation [3.21], the coupling matrix Z̄21

remains unchanged and the coupling matrix Z̄12 is:

Z̄12 =

�
α1Ā12 + β1B̄12

0̄

 
. [3.24]

If scatterers 1 and 2 satisfy the IBC approximation, then Z̄i = αiĀi+βiB̄i

and Z̄ij = αiB̄ij + βiĀij .

3.2.2.3. Numerical results: case of two elliptical cylinders

Like for the scattering from a single circular cylinder (see section 2.3), the
exact solution of the scattering from two cylinders can be obtained. Refer, for
instance, reference [YOU 88]. Then, to apply the boundary condition on each
cylinder, the coordinates of cylinder 1 are expressed from the coordinates of
cylinder 2 via the Graf addition theorem [ABR 70] on the Bessel functions.
Since the multiple reflections are accounted for, the complexity of
programming increases significantly. In addition, the incident field is often
considered as a plane wave. With the MoM, this is not a constraint and it can
also be applied to an elliptical cylinder without modification of the MatLab
code.

Figure 3.2 shows the modulus and the phase of the currents {ψi, ∂ψi/∂n}
versus θi of two dielectric elliptical cylinders of semi-major a1 = a2 = 2λ0

and semi-minor b1 = b2 = λ0 axes, of centers Ci = (�2, 0)λ0 and of rotation
angles αi = �π/4 (λ0 = 1 m, �r1 = �r2 = 4+0.05j, ψinc,0 = 1, θinc = 0 and
TE polarization).

In addition, the currents are plotted when the coupling is neglected, which
means that the coupling matrices Z̄12 and Z̄21 are taken as zeros. Figure 3.3a)
shows the total field versus the abscissa x and the height z, and Figure 3.3b)
shows the radar cross-section (RCS) in dBm scale versus the observation angle
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Scattering from Two Illuminated Scatterers 83

θsca. For the cylinder i, θi = 0 corresponds to the points of coordinates (�2 +√
2,�√

2)λ0.
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b) ψ2 and ∂ψ2/∂n

Figure 3.2. Modulus and phase of the currents {ψi, ∂ψi/∂n} versus θi of two
dielectric elliptical cylinders of semi-major a1 = a2 = 2λ0 and semi-minor

b1 = b2 = λ0 axes, of centers Ci = (�2, 0)λ0 and of rotation angles αi = �π/4.
λ0 = 1 m, �r1 = �r2 = 4 + 0.05j, ψinc,0 = 1, θinc = 0 and TE polarization

a) |ψinc + ψsca,0|
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b) RCS

Figure 3.3. a) Modulus of the total field versus the abscissa x and the height z.
b) RCS in dBm scale versus the observation angle θsca. The parameters are the

same as in Figure 3.2

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by D

haka U
niversity of E

ngineerin, W
iley O

nline L
ibrary on [16/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



84 Method of Moments for 2D Scattering Problems

As expected, a coupling between the two cylinders is observed. Figure 3.3b)
shows clearly that the scattered field is strongly modified between the two
cylinders.

For the TE and TM polarizations, Figures 3.4 and 3.5 show the same
variation as in Figure 3.3, respectively, but the cylinders are PC. In
comparison to Figure 3.3, the coupling between the two cylinders is stronger
because no field is absorbed inside the cylinders, unlike dielectric cylinders.

a) |ψinc + ψsca,0|

0 30 60 90 120 150 180−15
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0

5

10

15

20

25

Angle θsca [°]

RC
S
[d
Bm

]
MoM (194)
MoM (194), No coupling

b) RCS

Figure 3.4. Same variation as in Figure 3.3, but the cylinders
are perfectly conducting

3.2.3. Method of moments for P scatterers

From equation [3.12], it is easy to generalize the MoM for P scatterers.
Then, we have:

Z̄ =


Z̄1 Z̄12 . . . Z̄1P

Z̄21 Z̄2 . . . Z̄2P
... . . .

. . .
...

Z̄P1 Z̄P2 . . . Z̄P

 ,X =


X1

X
...

XP

, [3.25]
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Scattering from Two Illuminated Scatterers 85

where

Z̄ij =

�
Āij B̄ij

0̄ 0̄

 
, Z̄i =

 Āi B̄i

C̄i
1

ρi0
D̄i

, [3.26]

and integers i and j �= i range from 1 to P . If the number of samples on
scatterer i is Ni, then the size of the resulting impedance matrix is
(2

4P
i=1Ni) × (2

4P
i=1Ni), which significantly increases the number of

unknowns of the scatterers equaling 2
4P

i=1Ni (currents ψi and ∂ψi/∂n
discretized on each scatterer).

In addition, the complexity of programming also increases significantly.
Nevertheless, if the scatterers are assumed to be PC, then for the TE and TM
polarizations, {Z̄i = B̄i, Z̄ij = B̄ij} and {Z̄i = Āi, Z̄ij = Āij},
respectively. In addition, the size of the impedance matrix is reduced to4P

i=1Ni ×
4P

i=1Ni.

a) |ψinc + ψsca,0|
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b) RCS

Figure 3.5. Same variation as in Figure 3.4, but for the TM polarization

For the TE and TM polarizations, Figure 3.6 shows the total field scattered
by six scatterers (three PC elliptical cylinders and three PC plates).
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86 Method of Moments for 2D Scattering Problems

a) TE b) TM

Figure 3.6. Modulus of the total field ψinc + ψsca,0 versus the abscissa x and the height z. a)
TE polarization. b) TM polarization. The three elliptical PC cylinders have semi-major {a1 =
a3 = 3, a2 = 2}λ0 and semi-minor {b1 = b2 = b3 = 2}λ0 axes, their centers are C1 =
(−3.5, 6)λ0, C2 = (0, 0) and C3 = (+3.5, 6)λ0, and their rotation angles are α1 = 10o,
α2 = 0 and α3 = −10o. The lengths of the three PC plates are L4 = 4λ0 and L5 = L6 = 5λ0,
their centers are C4 = (0, 3)λ0, C5 = (−5, 1)λ0 and C6 = (+5, 1)λ0 and their rotation
angles are α4 = 0, α5 = −α6 = −π/4 (λ0 = 1 m)

3.3. Efficient inversion of the impedance matrix: E-PILE method for two
scatterers

3.3.1. Mathematical formulation

To efficiently solve the linear system Z̄X = b, a decomposition by blocks
of the the impedance matrix expressed by equation [3.12] is used. From this
decomposition, the inversion of Z̄ can also be expressed by submatrices as
[PRE 92]:

Z̄
−1

=

�
T̄ Ū
V̄ W̄

 
, [3.27]
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Scattering from Two Illuminated Scatterers 87

where��������������

T̄ =
'
Z̄1 − Z̄21Z̄

−1
2 Z̄12

+−1

Ū = −
'
Z̄1 − Z̄21Z̄

−1
2 Z̄12

+−1
Z̄21Z̄

−1
2

V̄ = −Z̄
−1
2 Z̄12

'
Z̄1 − Z̄21Z̄

−1
2 Z̄12

+−1

W̄ = Z̄
−1
2 + Z̄

−1
2 Z̄12

'
Z̄1 − Z̄21Z̄

−1
2 Z̄12

+−1
Z̄21Z̄

−1
2

, [3.28]

and the unknown vector X is obtained as follows:�
X1

X2

 
= Z̄

−1
�
b1
b2

 
=

�
T̄ b1 + Ūb2
V̄ b1 + W̄ b2

 
. [3.29]

By using equations [3.28] and [3.29], the currents on scatterer 1, X1, can
be expressed as:

X1 =
'
Z̄1 − Z̄21Z̄

−1
2 Z̄12

+−1
b1 −

'
Z̄1 − Z̄21Z̄

−1
2 Z̄12

+−1
Z̄21Z̄

−1
2 b2,

[3.30]

which leads to:

X1 =
'
Z̄1 − Z̄21Z̄

−1
2 Z̄12

+−1 '
b1 − Z̄21Z̄

−1
2 b2

+
=

'
Ī − Z̄

−1
1 Z̄21Z̄

−1
2 Z̄12

+−1
Z̄

−1
1

'
b1 − Z̄21Z̄

−1
2 b2

+
,

[3.31]

where Ī is the identity matrix. Let us introduce the characteristic matrix M̄ c,1

as:

M̄ c,1 = Z̄
−1
1 Z̄21Z̄

−1
2 Z̄12. [3.32]

The first term in equation [3.31] can be expanded as an infinite series
(Taylor series expansion of the inverse of the Shur complement) over p:

'
Ī − Z̄

−1
1 Z̄21Z̄

−1
2 Z̄12

+−1
=

)
Ī − M̄ c,1

-−1
=

p=∞3
p=0

M̄
p
c,1. [3.33]
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88 Method of Moments for 2D Scattering Problems

For the numerical computation, the sum must be lowered at the order
PE-PILE. From equations [3.31] and [3.33], the currents on scatterer 1, X1, are
then expressed as:

X1 =

p=PE-PILE3
p=0

M̄
p
c,1

 Z̄
−1
1

'
b1 − Z̄21Z̄

−1
2 b2

+
=

p=PE-PILE3
p=0

Y
(p)
1 ,[3.34]

where

Y

(0)
1 = Z̄

−1
1

'
b1 − Z̄21Z̄

−1
2 b2

+
for p = 0

Y
(p)
1 = M̄ c,1Y

(p−1)
1 for p > 0

. [3.35]

The currents on scatterer 2, X2, are obtained from equations [3.34], [3.35]
and [3.32] by substituting, the subscripts {2, 1, 21, 12} for the subscripts
{1, 2, 12, 21}, respectively.

We define the norm
55M̄ c,1

55 of a complex matrix by its spectral radius, that
is the modulus of its eingenvalue, which has the highest modulus. Expansion
[3.33] is then valid if

55M̄ c,1

55 is strictly smaller than 1.

The physical interpretation of M̄ c,1 is shown in Figure 3.7: in the
zeroth-order term, Z̄−1

1 accounts for the local interactions on scatterer 1, so
Y

(0)
1 corresponds to the contribution of the scattering on scatterer 1 when it is

illuminated by the direct incident field (b1) and the direct scattered field by
scatterer 2 (−Z̄21Z̄

−1
2 b2). Indeed, Z̄−1

2 accounts for the local interactions on
scatterer 2, and Z̄21 propagates the field on scatterer 2 toward scatterer 1. In
the first-order term, Y (1)

1 = M̄ c,1Y
(0)
1 , Z̄12 propagates the resulting field

information, Y (0)
1 , toward scatterer 2, Z̄−1

2 accounts for the local interactions
on this scatterer and Z̄21 re-propagates the resulting field information toward
scatterer 1; finally, Z̄

−1
1 updates the field values on scatterer 1. So the

characteristic matrix M̄ c,1 is related to a back-and-forth between the two
scatterers. In conclusion, the order PE-PILE of PILE corresponds to the number
of back-and-forths between scatterers 1 and 2. The same conclusion holds for
M̄ c,2.
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Scattering from Two Illuminated Scatterers 89

Figure 3.7. Illustration of the physical interpretation of the E-PILE method

3.3.2. Numerical results

3.3.2.1. Two perfectly conducting plates

To confirm that the E-PILE order is related to the number of reflections
between the two scatterers, we will choose scenarios for which this
phenomenon is clearly identified.

Figure 3.8 shows the modulus of the total field versus the abscissa x in
meters and the height z in meters. Two identical PC plates are considered. The
simulations parameters are λ0 = 1 m, θinc = 0, ψinc,0 = 1, the lengths of
the plates are L1 = L2 = 5λ0, their rotation angles are α1 = −α2 = π/4,
their centers have coordinates C1,2 = (�2.5, 0)λ0 and the polarization is TE.
Figure 3.9 shows the corresponding RCS in dBm scale versus the scattering
angle θsca. In the figure, for a given E-PILE order, the number in parentheses
is the residual relative error defined as:

�E-PILE =
normθsca (RCSE-PILE − RCSLU)

normθsca (RCSLU)
, [3.36]

where the symbol “norm” stands for the norm 2. RCSLU stands for the RCS
that is computed from a direct LU inversion of the impedance matrix of the
two scatterers and, RCSE-PILE that computed from E-PILE.

Figure 3.9 shows that the coupling must be taken into account and the
results match well with those computed from LU for PE-PILE = 0. As shown
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90 Method of Moments for 2D Scattering Problems

in Figure 3.8, this corresponds to one reflection between the two plates. For
this scenario and from a geometrical point of view, only one reflection
between the two plates occurs, and for θinc = 0, the RCS is then at a
maximum for a scattering angle θsca = 0.

Figure 3.8. Modulus of the total field versus the abscissa x in meters and the height z in meters.
Two identical perfectly conducting plates are considered. λ0 = 1 m, θinc = 0, ψinc,0 = 1; the
lengths of the plates are 5λ0, their rotation angles are α1 = −α2 = π/4 (angles defined in
counterclockwise), their centers have coordinates C1,2 = (�2.5, 0)λ0, and the polarization
is TE

Figure 3.10 shows the same results as in Figure 3.8, but L1 = L2 = 6λ0,
α1 = α2 = 0 and C1,2 = (0,�2.5)λ0. Figure 3.11 shows the corresponding
RCS in dBm scale versus the scattering angle θsca.

For this example, from a geometrical point of view, the number of
reflections inside the opened cavity (space between the two plates) is given by
the integer part of L/(d tan θinc), giving 2 for d = 5λ0. It is consistent with
Figures 3.10 and 3.9, where the convergence is achieved for PE-PILE = 2 (for
a given precision).

To know the convergence rate of E-PILE, we therefore need to calculate
the norm of the characteristic matrix,

55M̄ c

55, which equals the modulus of its
eingenvalue, which has the highest modulus. For Figures 3.9 and 3.11,55M̄ c

55 = {0.036, 0.956}, respectively. For a large problem, the computation
of this norm is very time consuming and it is not recommended.
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Figure 3.9. RCS in dBm scale versus the scattering angle θsca. The parameters
are the same as in Figure 3.8

Figure 3.10. Same results as in Figure 3.8, but θinc = 30o, L1 = L2 = 6λ0,
α1 = α2 = 0 and C1,2 = (0,�2.5)λ0
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92 Method of Moments for 2D Scattering Problems
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Figure 3.11. RCS in dBm scale versus the scattering angle θsca. The
parameters are the same as in Figure 3.10

3.3.2.2. Two elliptical perfectly conducting cylinders

Figure 3.12 shows the modulus of the total field in dB scale versus the
abscissa x in m and the height z in meters. The simulation parameters are λ0 =
1 meters, a1 = a2 = λ0 (semi-major axis), b1 = b2 = 3λ0/2 (semi-minor
axis), C1,2 = (0,�2)λ0 (centers), α1,2 = ±30o (rotation angles), ψinc,0 = 1
and θinc = 0, TE polarization and the two elliptical cylinders are assumed
to be PC. Figure 3.13 shows the corresponding RCS in dBm scale versus the
scattering angle θsca. As the order PE-PILE increases, Figure 3.12 shows that the
field computed from E-PILE between the two cylinders and behind the upper
cylinder converges toward that computed from LU. Between the two cylinders,
the fields do not vanish because the first cylinder is excited by the second
cylinder due to the creeping waves, whereas behind the first cylinder, the total
field vanishes in the shadow zone. Figure 3.13 shows that the convergence is
achieved for PE-PILE = 3.

For a scenario made up of an object (like an elliptical cylinder, a plate
and a cross) above a rough surface of sea-like and Gaussian spectra, Kubické
et al. [KUB 08, KUB 10c, KUB 10b] showed that the E-PILE method always
converges.

For Figure 3.13,
55M̄ c

55 = 0.221.
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Scattering from Two Illuminated Scatterers 93

Figure 3.12. Modulus of the total field in dB scale versus the abscissa x in meters and the
height z in meters. λ0 = 1 m, a1 = a2 = λ0 (semi-major axis), b1 = b2 = 3λ0/2 (semi-minor
axis), C1,2 = (0,�2)λ0 (centers), α1,2 = ±30o (rotation angles), ψinc,0 = 1 and θinc = 0, TE

polarization and the two elliptical cylinders are assumed to be perfectly conducting
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Figure 3.13. RCS in dBm scale versus the scattering angle θsca.
The parameters are the same as in Figure 3.12

In comparison to an LU inversion, one of the advantages of the E-PILE
method is its ability to quantify the coupling between the two scatterers
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94 Method of Moments for 2D Scattering Problems

within the order PE-PILE. Equation [3.35] clearly shows that the calculation of
Z̄

−1
i u is required, in which Z̄i is the impedance matrix of scatterer i in free

space. Another advantage of the E-PILE method is its ability to calculate this
matrix-vector product by fast numerical methods that already exist for a
single scatterer (in free space). In comparison to a direct LU inversion of
complexity O((N1 + N2)

3), the complexity of E-PILE, which is similar to
LU without hybridization (O(N3

1 + N3
2 )), can be significantly reduced by

combining such accelerations. The following section presents how the local
interactions (related to Z̄

−1
i u) on each scatterer can be computed by the FB

and the PO in the E-PILE algorithm.

3.4. E-PILE method combined with PO and FB

This section presents how the PO and FB methods, applied to calculate
the local interactions on a single scatterer, can be hybridized in the E-PILE
algorithm to compute the field scattered by two scatterers.

3.4.1. E-PILE hybridized with FB

Equation [3.35] clearly shows that the calculation of Z̄−1
i u is required, in

which Z̄i is the impedance matrix of scatterer i in free space. To calculate the
local interactions on a rough surface, the FB method can be applied. For any
scatterer above a rough surface, in [KUB 08], [KUB 10c] and [KUB 10b], it
was shown that the order of convergence PFB is obtained by considering only
the scattering from the single rough surface (without the scatterer). Physically,
this conclusion can be explained by the fact that the inversion of the impedance
matrix is independent of the incident field u.

Thus, if we consider the rough surface (scatterer 1) giving the NRCS plotted
in Figure 2.28a) (λ0 = 1 m, Nλ0 = 10, L = 300λ0, σz = 0.5λ0, Lc = 5λ0,
θinc = 30o, the surface height autocorrelation function is Gaussian and the
Dirichlet boundary condition), PFB = 5. A circular cylinder (scatterer 2) of
radius a1 = 2λ0 and center C1 = (0, 3λ0) is located above the surface. The
scene is shown in Figure 3.14a) and the corresponding NRCS is plotted in
Figure 3.14b).
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Scattering from Two Illuminated Scatterers 95

In the figure, for a given E-PILE order combined with a fifth-order FB, the
number in parentheses is the residual relative error defined as:

�E-PILE+FB =
normθsca (NRCSE-PILE+FB − NRCSLU)

normθsca (NRCSLU)
, [3.37]

where the symbol “norm” stands for the norm 2.

As the E-PILE order increases, Figure 3.14b) shows that the results
converge toward those obtained from an LU inversion and the residual error at
PE-PILE = 8 is similar to that obtained when the surface is alone (without the
object, see Figure 2.28a)). In addition, E-PILE+FB converges rapidly, and
the convergence order is PE-PILE = 8 (for a given precision). It depends on the
expected precision.

Figure 3.15 shows the same results as in Figure 3.14, but the object is a
plate of length L1 = 10λ0, of center C1 = (0, 5λ0), of rotation angle α1 =
0 and Nλ0 = 10. Figure 3.15b) shows that E-PIPLE+FB converges rapidly
(PE-PILE = 1) and like previously, the residual error is not zero because the FB
is applied to calculate the local interactions on the rough surface.

The complexity of E-PILE+FB is O(N1N2 + N2
1 + N3

2 ) instead of
O((N1 +N2)

3) if a direct LU inversion is used. O(N1N2) corresponds to the
complexity of the vector-matrix products, O(N2

2 ) corresponds to the
complexity of FB applied to compute the local interactions on the rough
surface (scatterer 2) and O(N3

1 ) corresponds to the complexity of LU to
compute the local interactions on the object (scatterer 1). Combining the SA
[CHO 02, CHO 00, TOR 00, TOR 02] with FB, the complexity O(N2

2 )
becomes O(N2) and then the E-PILE+FB-SA method is very efficient for
calculating the field scattered by an object above a very large rough surface
(in comparison to the object) [KUB 10a, KUB 10c, KUB 10b]. In addition,
with the SA, the memory space requirement decreases from O(N2

2 ) (for the
FB) to O(N2), because only the elements of the impedance matrix of the
strong interactions must be stored.

Another means of decreasing the memory space requirement and the
complexity is to hybridize E-PILE with asymptotic methods such as PO. This
is described in the next section.
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96 Method of Moments for 2D Scattering Problems
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Figure 3.14. NRCS in dB scale versus the observation angle θsca computed from LU and E-
PILE combined with FB. θinc = 30o and the Neumann boundary condition (TM polarization).
Rough surface: λ0 = 1 m, Nλ0 = 10, L1 = 300λ0, σz = 0.5λ0, Lc = 5λ0, and the surface
height autocorrelation function is Gaussian. Circular cylinder: Nλ0 = 10, a1 = 2λ0 and
center C1 = (0, 3λ0)
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Figure 3.15. Same results as in Figure 3.14 but the object is a plate of length
L1 = 10λ0, of center C1 = (0, 5λ0), of rotation angle α2 = 0 and Nλ0 = 10

3.4.2. E-PILE hybridized with PO

This section focuses on the integration of PO in the E-PILE algorithm. We
consider only the PO at the first order, meaning that the multiple reflections
on the same scatterer are neglected. As shown in [KUB 10a], it is not difficult
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Scattering from Two Illuminated Scatterers 97

to include the higher order reflections but the complexity of programming
increases.

3.4.2.1. The Neumann boundary condition

For the TM polarization and for a PC object (scatterer 1) in free space,
the total field on the object surface due to a single reflection is given with PO
approximation by equation [2.62]:

ψ1(r) = 2ψinc(r) ∀r ∈ SIll, [3.38]

where SIll is the illuminated surface on the object excited by the incident field
ψinc(r), and ψ(r) is the total field on the object.

If we consider two different sources that illuminate the object, we can write
under PO approximation:

ψ1(r) = 2 [ Ξ1(r)ψinc(r) + Ξ21(r)ψ21(r)] = 2ψ�
inc(r), [3.39]

where Ξ1 and Ξ21 are two shadowing functions (Boolean) defined as:

Ξ1(r) =

�
1 ∀r ∈ SIll
0 otherwise

, [3.40]

and

Ξ21(r) =

�
1 ∀r ∈ SIll−21

0 otherwise
, [3.41]

where SIll−21 is the surface of the object illuminated by the field ψ21(r).

By sampling the object surface into N1 elements, equation [3.39] can be
converted into

XPO
1 = 2

)
Ξ̄1b1 + Ξ̄21b21

-
= 2u�, [3.42]

where XPO
1 is the unknown vector whose elements are the total field on the

object ψ(r1,n) sampled on the surface (n ∈ [1;N1] and r1,n ∈ Ξ1). Ξ̄1 and
Ξ̄21 are diagonal matrices, in which some elements are set to zero due to the
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98 Method of Moments for 2D Scattering Problems

shadowing (sampling of the shadowing functions Ξ1(r1,n) and Ξ21(r1,n)).
Their elements are defined as:

Ξ1,nn =

�
1 ∀r1,n ∈ SIll
0 otherwise

, [3.43]

and

Ξ21,nn =

�
1 ∀r1,n ∈ SIll−21

0 otherwise
. [3.44]

By considering the zeroth order (PE-PILE = 0) of E-PILE, equation [3.42]
is quite similar to [3.35]. Indeed, the unknowns X

(0)
1 on the object can be

expressed as:

X
(0)
1 = Z̄

−1
1 u, [3.45]

where u can be seen as an incident field on the object defined as:

u = b1 − Z̄21Z̄
−1
2 b2. [3.46]

In the E-PILE algorithm, the excitation can be split up into two sources:
one related to the direct illumination of the incident field b1, and the other one
related to the coupling (multiple interactions) with the second scatterer Z̄21v,
where v are the currents on scatterer 2. Thus, the excited surfaces on the object
are not the same according to the source. For example, for a plate (scatterer 1)
above a rough surface (scatterer 2), the incident field b1 illuminates the top
side of the plate, whereas the field scattered from the rough surface toward the
object illuminates the bottom side of the plate.

Thus, from equations [3.46], [3.45] and [3.42], we have:

X
(0)
1 = 2

'
b�1 − Z̄

�
21Z̄

−1
2 b2

+
� �� 	

u

= 2u�, [3.47]

where the elements of Z̄−1
1 are Z1,mn = 2δm,n (Kronecker symbol defined as

δm,n = 1 if m = n, 0 otherwise), b�1 = Ξ̄1b1 and Z̄
�
21 = Ξ̄21Z̄21. Thus, the

inversion of Z̄1 becomes analytic and straightforward. The shadowing is taken
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Scattering from Two Illuminated Scatterers 99

into account within the source vector u�. Moreover, the matrix-vector product
Z̄

−1
1 u becomes a scalar-vector product 2u�.

At the order PE-PILE, since M̄ c,1 is related to a back-and-forth between the
two scatterers (which rigorously takes into account the coupling effect), the
total field X1 on scatterer 1 is expressed from [3.34], in which X

(0)
1 is given

by [3.47] and the p-th order is given by:

X
(p)
1 = M̄

�
c,1X

(p−1)
1 , [3.48]

where M̄
�
c,1 = 2Z̄

�
21Z̄

−1
2 Z̄12.

The elements of the vector b�1 = Ξ̄1b1 and of the matrix Z̄
�
21 = Ξ̄21Z̄21

are defined from geometrical considerations as:

b�1,n = b1,n
1− sgn

�
n̂1,n · k̂inc



2

= b1,n
1 + sgn [v1,nγ1,n sin θinc + v1,n cos θinc]

2
, [3.49]

and

Z �
21,mn = Z21,mn

1− sgn [(r1,m − r2,n) · n̂1,m]

2

= Z21,mn
1 + sgn [(x1,m − x2,n)v1,mγ1,m − (z1,m − z2,n)v1,m]

2
,

[3.50]

where v1,m gives the sign of the vector n̂1 normal to scatterer 1 (v1 = sgn(n̂1 ·
ẑ)), and γ1,m is the slope of scatterer 1 at the point r1,m.

In conclusion, the impedance matrix Z̄1 is not stored (O(N2
1 ) → 1), its

inversion is analytic (not computed: O(N3
1 ) → 1) and the computing time is

also reduced for the matrix-vector product Z̄1
−1

v (for any incident field vector
v); PO shadowing effects being geometrically taken into account during the
incident vector and coupling matrix fillings.

The PO approximation can also be applied onto scatterer 2 by the
substitution of subscripts {1, 2, 21, 12} for {2, 1, 12, 21}. The resulting
complexity of the E-PILE method, named as E-PILE + PO (scatterer 1) + PO
(scatterer 2), is then O(N1N2), corresponding to the matrix-vector products
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100 Method of Moments for 2D Scattering Problems

complexity, instead of O(N3
1 + N3

2 + N1N2) ≈ O(N3
1 + N3

2 ) if E-PILE is
applied without acceleration.

3.4.2.2. The Dirichlet boundary condition

For TE polarization, and for a PC scatterer, the Dirichlet boundary
condition implies ψ(r) = 0 on the scatterer. Then, X1 is the unknown vector
containing the normal derivative of the total field on scatterer 1: ∂ψ1(r)/∂n
sampled on the surface. From the PO approximation, for a scatterer in free
space, we have from equation [2.62]:

∂ψ1(r)

∂n
= 2

∂ψinc(r)

∂n
∀r ∈ SIll, [3.51]

and for two sources:

∂ψ1(r)

∂n
= 2

�
Ξ1(r)

∂ψinc(r)

∂n
+ Ξ21(r)

∂ψ21(r)

∂n

 
= 2

∂ψ�
inc(r)

∂n
, [3.52]

where Ξ1 and Ξ21 are shadowing functions (Boolean) defined from equations
[3.40] and [3.41], respectively.

Using the same process as for the TM case, the normal derivative of the
total field X1 on scatterer 1 is expressed by equation [3.34], in which X

(0)
1

is given by [3.47] and the pth order is given by equation [3.48]. In addition,
M̄

�
c,1 = 2Z̄

�
21Z̄

−1
2 Z̄12 with b�1 = Ξ̄1∂b1/∂n1 and Z̄

�
21 = Ξ̄21∂Z̄21/∂n1.

The symbol ∂•/∂n1 is the normal derivative which operates on the coordinates
(x1, z1). Like for the TM polarization, the impedance matrix Z̄1 is not stored,
its inversion is analytic (not computed) and the computing time is also reduced
for the matrix-vector product Z̄−1

1 v (for any incident field vector v).

The PO approximation can be applied on the scatterer 2 by the substitution
of subscripts {1, 2, 21, 12} for {2, 1, 12, 21} and on scatterer 1, a direct LU
inversion is applied. According to the Neumann boundary condition, the
MatLab program is more complex because the operator ∂ • /∂n1 must be
computed either numerically or analytically.

For the Dirichlet boundary condition, Z̄21 = B̄21 and from equation
[3.17], its elements are:

B21,mn =
j|Δ2,n|

/
1 + γ22,n

4
H(1)
0 (k0 
r2,n − r1,m
). [3.53]
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Scattering from Two Illuminated Scatterers 101
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Figure 3.16. a) Two parallel PC plates with thicknesses (λ0/20) of lengths L1 = L2 = 10λ0,
of centers C1,2 = (0,�5λ0), of rotation angles α1,2 = 0 and θinc = 30o. b) Two PC circular
cylinders of radius a1 = a2 = 2.5λ0, of centers C1,2 = (�5λ0, 0) and θinc = 0. c) A PC plate
above a rough surface, with a plate: L1 = 10λ0, α1 = 0 and C1 = (0, 3)λ0; and a rough
surface: L2 = 300λ0, σz = 0.5λ0, Lc = 5λ0, the surface height autocorrelation function
is Gaussian, the parameter of the Thorsos wave (defined from equation [1.32]) is g = L1/6.
θinc = 30o. For the three cases, the polarization is TM and Nλ0 = 10

Then, the elements of ∂Z̄21/∂n1 are:

∂B21,mn

∂n1
=

jk0v1,m|Δ2,n|
/
1 + γ22,nH(1)

1 (k0r21)

4r21
/

1 + γ21,m

(z21 − γ1,mx21) ,[3.54]

where x21 = x2,n − x1,m, z21 = z2,n − z1,m and r21 =
1

x221 + z221. In
addition, for a plane wave ψinc(r) = ψinc,0e

jkinc·r, we have:

∂ψinc(r)

∂n
= n̂ ·�ψinc(r) = jn̂ · kincψinc(r). [3.55]

3.4.2.3. Numerical results

First, we consider the scenario depicted in Figure 3.16a): two parallel PC
plates of lengths L1 = L2 = 10λ0, of centers C1,2 = (0,�5λ0), of rotation
angles α1,2 = 0. The incident angle is θinc = 30o, the polarization is TM and
Nλ0 = 10.

Figure 3.17 shows the modulus of the currents on scatterer 1 (bottom plate)
versus the index n1. The currents on scatterer 2 (top plate) are not shown.
Figure 3.18 shows the RCS versus the scattering angle θsca. In the figure:
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102 Method of Moments for 2D Scattering Problems
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Figure 3.17. Modulus of the currents on scatterer 1 (bottom plate) versus the
index n1. The samples n1 ∈ [1; 100] correspond to the upper side of the plate

whereas the samples n1 ∈ [101; 200] correspond to the lower side
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Figure 3.18. RCS versus the scattering angle θsca. The parameters are the
same as in Figure 3.17
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Scattering from Two Illuminated Scatterers 103

– “E-PILE+LU+LU” means that currents are computed from E-PILE, in
which the local interactions on scatterers 1 and 2 are both computed from an
LU inversion.

– “E-PILE+PO+LU” means that currents are computed from E-PILE, in
which the local interactions on scatterers 1 and 2 are computed from PO and
an LU inversion, respectively.

– “E-PILE+LU+PO” means that currents are computed from E-PILE, in
which the local interactions on scatterers 1 and 2 are computed from an LU
inversion and PO, respectively.

– “E-PILE+PO+PO” means that currents are computed from E-PILE, in
which the local interactions on scatterers 1 and 2 are both computed from PO.

– “LU” means that the currents are computed from a direct LU inversion.

In addition, the value given in the figure is the corresponding residual
relative error between “LU” and the corresponding method.

As the order PE-PILE (given in the title of each subfigure) increases,
Figures 3.17 and 3.18 show that the results computed from E-PILE converge
toward those obtained from LU and that the currents evaluated from
“E-PILE+PO+PO” weakly change in the illuminated zone, whereas they
vanish in the shadow zone and do not vary with PE-PILE. E-PILE+PO+PO
gives satisfactory results in comparison to E-PILE and when an LU inversion
is applied to calculate the local interactions on either the scatterer 1 or
scatterer 2, the results are similar to those obtained from “E-PILE+PO+PO”.

We consider the scenario depicted in Figure 3.16b): two PC circular
cylinders of radius a1 = a2 = 2.5λ0 and centers C1,2 = (�5λ0, 0). The
incident angle is θinc = 0, the polarization is TM and Nλ0 = 10.

Figures 3.19 and 3.20 show the same results as in Figures 3.17 and 3.18,
respectively, but they consider the scene depicted in Figure 3.16b). As we can
see in Figure 3.19, for θ1 ∈ [π/2; 3π/2], the field evaluated from PO is
constant (2 for θ1 ∈ [π/2;π] and 0 for θ1 ∈ [π; 3π/2]) because a point on
scatterer 1 cannot interact with a point of scatterer 2, due to the shadow that is
taken into account via the coupling matrices. In this region, E-PILE+LU+LU
predicts a non-zero current due to the creeping waves. Figure 3.20 also shows
that E-PILE+PO+PO gives satisfactory results and that the residual errors of
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104 Method of Moments for 2D Scattering Problems

E-PILE+PO+LU and E-PILE+LU+PO are the same, which is consistent with
the reciprocity principle since cylinder 1 is symmetrical to cylinder 2 with
respect to the straight line x = 0, as θinc = 0.
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Figure 3.19. Modulus of the currents on scatterer 1 (left cylinder) versus the
polar angle θ1. θ1 = 0 corresponds to the point of coordinates (0,−2.5λ0) as

in Figure 3.16b

The last scenario is depicted in Figure 3.16c): a PC plate above a rough
surface with a plate: L1 = 10λ0, α1 = 0 and C1 = {0, 5}λ0, and a rough
surface: L2 = 300λ0, σz = 0.5λ0, Lc = 5λ0, the surface height
autocorrelation function is Gaussian and the parameter of the Thorsos wave
(defined from equation [1.32]) is g = L1/6. The incident angle is θinc = 30o,
the polarization is TE and Nλ0 = 10. Figure 3.21 shows the corresponding
NRCS in dB scale. As we can see, E-PILE+PO+PO and E-PILE+PO+LU
predict good results in comparison to E-PILE+LU+LU and when PO is
applied onto the rough surface (E-PILE+LU+PO), the results are not as good.
In general [KUB 08, KUB 10c, KUB 10b], for a PC object (cylinder, plate
and cross) above a rough surface, E-PILE+PO+LU gave satisfactory results.
In addition, for the calculation of the local interactions on the rough surface,
FB can be applied instead of a direct LU inversion, reducing the complexity
without loss in precision.
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Scattering from Two Illuminated Scatterers 105

−180 −150 −120 −90 −60 −30 0 30 60 90 120 150 180−10
−5
0
5
10
15
20
25
30

RC
S
[d
Bm

]
Order 0

E−PILE+LU+LU: 0.086
E−PILE+PO+LU: 0.084
E−PILE+LU+PO: 0.081
E−PILE+PO+PO: 0.077
LU

−180 −150 −120 −90 −60 −30 0 30 60 90 120 150 180−10
−5
0
5
10
15
20
25
30

RC
S
[d
Bm

]

Order 2

Angle θsca [°]

E−PILE+LU+LU: 0.002
E−PILE+PO+LU: 0.077
E−PILE+LU+PO: 0.077
E−PILE+PO+PO: 0.094
LU

Figure 3.20. RCS versus the scattering angle θsca. The parameters are the
same as in Figure 3.19
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Figure 3.21. NRCS in dB versus the scattering angle θsca. The parameters are
the same as in Figure 3.16c
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106 Method of Moments for 2D Scattering Problems

Figures 3.22 and 3.23 show the same results as in Figures 3.18–3.20 but for
the TE polarization. As we can see, E-PILE+PO+PO gives satisfactory results
in comparison to E-PILE+LU+LU and, the relative residual error indicated in
the figure is larger than that obtained for the TM polarization.
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Figure 3.22. RCS in dBm versus the scattering angle θsca. The parameters are
the same as in Figure 3.18 but for the TE polarization (scenario

depicted in Figure 3.16a)
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Figure 3.23. RCS in dBm versus the scattering angle θsca. Same parameters as
in Figure 3.20 but for the TE polarization (scenario depicted in Figure 3.16b)
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Scattering from Two Illuminated Scatterers 107

The E-PILE+PO+PO method can be extended to two dielectric scatterers,
but the complexity of programming significantly increases.

3.5. Conclusion

In this chapter, an efficient numerical method has been presented, from the
integral equations, to calculate the field scattered by two illuminated
scatterers. The E-PILE method starts from the MoM and the impedance
matrix of the two scatterers is then inverted by blocks from a Taylor series
expansion of the inverse of the Schur complement. Its main interest is that it
is rigorous, with a simple formulation and with a straightforward physical
interpretation. Actually, this last property relies on the fact that each block of
the impedance matrix is linked to a particular and quasi-independent physical
process occurring during the multiple-scattering process between the two
scatterers: local interactions on each interface, corresponding to the inversion
of the impedance matrix of each scatterer in free space, and both upward and
downward coupling. Furthermore, the E-PILE method allows us to use any
fast method developed for a single interface. Here, PO and FB have been
hybridized with E-PILE to decrease the complexity of E-PILE, and according
to the scenario, this hybridization gives satisfactory results.
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4

Scattering from Two Scatterers Where
Only One Is Illuminated

4.1. Introduction

In this chapter, the field scattered by two objects is calculated, but unlike
in Chapter 3, only one scatterer is illuminated. For instance, this general issue
concerns the scattering from a coated object, from a stack of two rough
interfaces of infinite length separating homogeneous media (a rough layer) or
from an object below a rough surface of infinite length (see Figure 4.1).
Numerically, it is not possible to generate a surface of infinite length. From
the point of view of numerical methods, “infinite length” means that the
surface is large compared to the electromagnetic wavelength, and for random
rough surfaces, large compared to the correlation length. In addition, the
incident field and the surface currents on the surface edges must both vanish.

Figure 4.1. Scattering from two scatterers where only one is illuminated.
The incident wave is defined inside the medium Ω0
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110 Method of Moments for 2D Scattering Problems

Following the same idea as in Chapter 3, the efficient
propagation-inside-layer expansion (PILE) method, developed by Déchamps
et al. [DÉC 06], is presented and applied for different scenarios. This method,
originally devoted to the scattering from a random rough layer, has the main
advantage that the resolution of the linear system (obtained from the method
of moments (MoM)) is divided into different steps. Two steps are dedicated
for solving the local interactions (computed from inverting a matrix), which
can be done using efficient methods valid for a single rough interface, such as
forward–backward spectral acceleration FB-SA and banded matrix iterative
method/canonical grid (BMIA/CAG). Two steps are dedicated to solving the
coupling interactions (com puted from a matrix-vector product), which can be
done by updating the previous efficient methods. This has been investigated
by BMIA/CAG [DÉC 07a] and FB-SA [DÉC 07b] for a rough layer and by
Bourlier et al. [BOU 08] for an object located below a rough surface, in
which the FB-SA is applied to calculate the local interactions on the rough
surface. In addition, the order of the PILE method corresponds to the number
of reflections between the two scatterers.

The applications of the general issue are numerous and it is not possible
to present an exhaustive review. For a partial review, see [JOH 02, WAN 03,
DÉC 06, DÉC 07a, DÉC 07b, BOU 08, AHM 08, PAW 11, FIA 12, ZOU 11,
ZOU 13] (references therein).

The purpose of this chapter is to present the efficient PILE method and to
explain how the calculation of the local interactions on each scatterer can be
accelerated from the physical optics (PO) and FB methods, valid for a single
scatterer. Section 4.2 presents the integral equations and the MoM. In section
4.3, the PILE algorithm is presented and section 4.4 presents how PO and FB
can be combined with PILE. Several numerical examples are discussed, such
as the scattering from a coated cylinder, a random rough layer or an object
below a random rough surface.

4.2. Integral equations and method of moments

4.2.1. Integral equations

The problem to be solved is shown in Figure 4.1. A source illuminating the
upper scatterer (object or rough surface) is defined inside the medium Ω0 and
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Scattering from Two Scatterers Where Only One Is Illuminated 111

the second scatterer is embedded inside the medium Ω1 separating media Ω0

and Ω2. The medium Ω2 is bounded by the surface S2 of scatterer 2.

From the Helmholtz wave propagation equation [1.13] in each medium,
from the definition of the Green function [1.14] and from the far radiation
condition, the use of the Green theorem leads to [DÉC 06]:

�
ψ[r�] if r� ∈ Ω0

0 otherwise = ψinc(r
�) +

%
S1

�
ψ(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ(r)

∂n

 
dS,

[4.1]�
ψ[r�] if r� ∈ Ω1

0 otherwise = −
%
S1

�
ψ(r)

∂g1(r, r
�)

∂n
− g1(r, r

�)
∂ψ(r)

∂n

 
dS

+

%
S2

�
ψ(r)

∂g1(r, r
�)

∂n
− g1(r, r

�)
∂ψ(r)

∂n

 
dS, [4.2]�

ψ(r�) if r� ∈ Ω2

0 otherwise = −
%
S2

�
ψ(r)

∂g2(r, r
�)

∂n
− g2(r, r

�)
∂ψ(r)

∂n

 
dS, [4.3]

in which gi is the Green function inside the medium Ωi (i = {1, 2, 3}).

To obtain the integral equations, r� → S+
1 (tends to S1 from above) in

equations [4.1] (case r� ∈ Ω0) and [4.2] (case r� /∈ Ω1) and r� → S+
2 (tends

to S2 from above) in equations [4.3] (case r� /∈ Ω2) and [4.2] (case r� ∈ Ω1).
Then, from the boundary conditions applied onto scatterers 1 and 2 expressed
as: ��������������������������

ψ(r)|r∈Ω0
= ψ(r)|r∈Ω1

∀r ∈ S1

∂ψ(r)

∂n

6666
r∈Ω0

= ρ01
∂ψ(r)

∂n

6666
r∈Ω1

∀r ∈ S1

ψ(r)|r∈Ω1
= ψ(r)|r∈Ω2

∀r ∈ S2

∂ψ(r)

∂n

6666
r∈Ω1

= ρ12
∂ψ(r)

∂n

6666
r∈Ω2

∀r ∈ S2

, [4.4]
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112 Method of Moments for 2D Scattering Problems

we obtain the following four integral equations:

ψinc(r
�) = +

1

2
ψ1(r

�)−−
%
S1

∂g0(r, r
�)

∂n
ψ1(r)dS� �� 	

⇒Ā1

+

%
S1

g0(r, r
�)
∂ψ1(r)

∂n
dS� �� 	

⇒B̄1

∀(r, r�) ∈ S1, [4.5]

0 = −1

2
ψ1(r

�)−−
%
S1

∂g1(r, r
�)

∂n
ψ1(r)dS� �� 	

⇒C̄1

+
1

ρ01

%
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�)
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−
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∀ r� ∈ S1, [4.6]
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S1

∂g1(r, r
�)

∂n
ψ1(r)dS� �� 	

⇒Ā12

−
%
S1

g1(r, r
�)
∂ψ1(r)

∂n
dS� �� 	

⇒B̄12

1

ρ01

∀ r� ∈ S2, [4.7]

0 = −1

2
ψ2(r

�)−−
%
S2

∂g2(r, r
�)

∂n
ψ2(r)dS� �� 	

⇒C̄2

+
1

ρ12

%
S2

g2(r, r
�)
∂ψ2(r)

∂n
dS� �� 	

⇒D̄2

∀(r, r�) ∈ S2, [4.8]

where {ψj , ∂ψj/∂n} are the currents on the surface Sj (j = {1, 2}). In
addition, ρij = 1 (i = {0, 1} and j �= i) in the TE polarization and
ρij = �i/�j in the TM polarization, where �i is the permittivity of medium Ωi.
The symbol −

&
stands for the Cauchy principal value, which means that the

case r = r� is not accounted for in the calculation of the integral. In addition,
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Scattering from Two Scatterers Where Only One Is Illuminated 113

letting
&
Sj

dS = −
&
dS +

&
Pj

dS (where Pj is a piece), it is important to note

that for r = r� ∈ S+
j (at the upper limit of the surface),&

Pj
ψj(r)

∂gj(r,r
�)

∂n dS = +ψj(r
�)/2, and for r = r� ∈ S−

j (at the lower limit

of the surface),
&
Pj

ψj(r)
∂gj(r,r

�)
∂n dS = −ψj(r

�)/2. The sign difference is
due to the sense of the normal to the surface Sj .

From equations [4.5]–[4.8], the currents {ψj , ∂ψj/∂n} on the surface Sj

can be computed from the MoM.

4.2.2. Method of moments

In this section, the MoM is applied with the point-matching method to
convert the integral equations [4.5]–[4.8] into a linear system. This method
was thoroughly explained in section 1.3.

Equations [4.5]–[4.8] lead to a coupled system. From the MoM, the
equations are discretized on each surface of the scatterer, leading to the linear
system Z̄X = b. The unknown vector is then:

X =

�
X1

X2

 
, [4.9]

where the components of the vectors X1 and X2 are the currents discretized
on the surfaces S1 and S2, respectively. They are written as:

X1 =

�
ψ1(r1) . . . ψ1(rN1)

∂ψ1(r1)

∂n
. . .

∂ψ1(rN1)

∂n

 T

rp∈[1;N1]
∈ S1,

[4.10]

X2 =

�
ψ2(r1) . . . ψ2(rN2)

∂ψ1(r2)

∂n
. . .

∂ψ2(rN2)

∂n

 T

rp∈[1;N2]
∈ S2,

[4.11]

where the symbol T stands for the transpose operator and Ni is the number of
samples on the surface Si. Then, the length of the vector Xi is 2Ni.
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114 Method of Moments for 2D Scattering Problems

The vector b of length 2(N1 + N2) is the incident field discretized on the
surfaces S1 and S2. It is defined as:

b =

�
b1
b2

 
=

ψinc(r1) . . . ψinc(rN1) 0 . . . 0� �� 	
N1 times� �� 	

bT
1,r∈S1

0 . . . 0� �� 	
2N2 times� �� 	
bT
2,r∈S2


T

. [4.12]

The impedance matrix Z̄ of size 2(N1 + N2) × 2(N1 + N2) is expressed
as:

Z̄ =



Ā1 B̄1 0̄ 0̄

C̄1
1

ρ01
D̄1 Ā21 B̄21

Ā12
1

ρ01
B̄12 Ā2 B̄2

0̄ 0̄ C̄2
1

ρ12
D̄2


=

�
Z̄1 Z̄21

Z̄12 Z̄2

 
, [4.13]

where

Z̄1 =

 Ā1 B̄1

C̄1
1

ρ01
D̄1

 , Z̄2 =

 Ā2 B̄2

C̄2
1

ρ12
D̄2

 , [4.14]

and

Z̄21 =

�
0̄ 0̄

Ā21 B̄21

 
, Z̄12 =

 Ā12
1

ρ01
B̄12

0̄ 0̄

 . [4.15]

The impedance matrix Z̄i of size 2Ni × 2Ni is the impedance matrix of
scatterer i in free space, where Ni is the number of the samples on scatterer i.

In comparison to Chapter 3, in which the two scatterers are illuminated
(b1 and b2 different of 0), for scatterer 2, ρ02 is substituted for ρ12 (equations
[3.13] and [4.14]) because scatterer 2 is embedded in medium Ω1. In addition,
the coupling matrices Z̄21 and Z̄12 between scatterers 1 and 2 slightly differ,
because the wave number is k1 instead of k0 as mentioned in Chapter 3.
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Scattering from Two Scatterers Where Only One Is Illuminated 115

From equations [3.15] and [3.16], the elements of the matrices
{Ā1, B̄1, C̄1, D̄1} are:

A1,mn =

����������������

−jk0vn|Δn|
4

H(1)
1 (k0
rn − rm
)


rn − rm


× [γn(xn − xm)− (zn − zm)] for m �= n

+
1

2
− vn|Δn|

4π

γ�(xn)
1 + γ2(xn)

for m = n

, [4.16]

B1,mn =
j|Δn|

1
1 + γ2n

4

����
H(1)
0 (k0 
rn − rm
) for m �= n

1 +
2j

π
ln
'
0.164k0

1
1 + γ2n|Δn|

+
for m = n

,

[4.17]

C1,mn =

����������������

−jk1vn|Δn|
4

H(1)
1 (k1
rn − rm
)


rn − rm


× [γn(xn − xm)− (zn − zm)] for m �= n

−1

2
− vn|Δn|

4π

γ�(xn)
1 + γ2(xn)

for m = n

, [4.18]

D1,mn =
j|Δn|

1
1 + γ2n

4

����
H(1)
0 (k1 
rn − rm
) for m �= n

1 +
2j

π
ln
'
0.164k1

1
1 + γ2n|Δn|

+
for m = n

,

[4.19]

where rn = (xn, zn) ∈ S1, rm = (xm, zm) ∈ S1, γn = dzn/dxn, Δn the
sampling step, vn = sgn(n̂n · ẑ) (n̂n is the vector normal to the surface at the
point rn), H(1)

0 the zeroth-order Hankel function of the first kind and H(1)
1 its

derivative. The elements of the matrices {Ā2, B̄2, C̄2, D̄2} are obtained from
those of {Ā1, B̄1, C̄1, D̄1} by substituting the wave numbers {k0, k0, k1, k1}
for {k1, k1, k2, k2}, respectively.
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116 Method of Moments for 2D Scattering Problems

From equation [3.17], the elements of the coupling matrices
{Ā12, B̄12, Ā21, B̄21} are:����������������������������������������

A12,mn = −jk1v1,n|Δ1,n|
4

H(1)
1 (k1
r1,n − r2,m
)


r1,n − r2,m

× [γ1,n(x1,n − x2,m)− (z1,n − z2,m)]

A21,mn = −jk1v2,n|Δ2,n|
4

H(1)
1 (k1
r2,n − r1,m
)


r2,n − r1,m

× [γ2,n(x2,n − x1,m)− (z2,n − z1,m)]

B12,mn =
j|Δ1,n|

�
1+γ2

1,n

4 H(1)
0 (k1 
r1,n − r2,m
)

B21,mn =
j|Δ2,n|

�
1+γ2

2,n

4 H(1)
0 (k1 
r2,n − r1,m
)

, [4.20]

for all (n,m). The subscripts “1, n” and “2,m” refer to a point on scatterers 1
and 2, respectively.

From the knowledge of the currents {ψi, ∂ψi/∂n} on scatterers Si

(i = {1, 2}), the scattered field ψsca,ν inside the medium Ων (ν = {0, 1, 2}) is
computed from the Huygens’ principle as:��������������

ψsca,0(r
�) =

%
S1

�
ψ0(r)

∂g0(r, r
�)

∂n
− g0(r, r

�)
∂ψ0(r)

∂n

 
dS

ψsca,1(r
�) =

p=23
p=1

wp

%
Sp

�
ψp(r)

∂g1(r, r
�)

∂n
− g1(r, r

�)
∂ψp(r)

∂n

 
dS

ψsca,2(r
�) = −

%
S2

�
ψ2(r)

∂g2(r, r
�)

∂n
− g2(r, r

�)
∂ψ2(r)

∂n

 
dS

, [4.21]

with w1 = −1, w2 = +1 and gν(r, r
�) = (j/4)H(1)

0 (kν 
r� − r
).

4.2.3. Case for which scatterer 2 is perfectly conducting

If scatterer 2 is assumed to be perfectly conducting, the impedance matrix
Z̄2 can be simplified. For the TE polarization (Dirichlet boundary condition),
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Scattering from Two Scatterers Where Only One Is Illuminated 117

ψ2 vanishes on the surface and the only unknown on the surface is ∂ψ2/∂n.
Then

TE: Z̄2 = B̄2, X2 =
∂ψ2

∂n
. [4.22]

For the TM polarization (Neumann boundary condition), ∂ψ2/∂n vanishes
on the surface and the only unknown on the surface is ψ2. Then

TM: Z̄2 = Ā2, X2 = ψ2. [4.23]

In addition, the coupling matrices are simplified as:��������
TE: Z̄12 =

�
Ā12

1

ρ01
B̄12

 
Z̄21 =

�
0̄
B̄21

 

TM: Z̄12 =

�
Ā12

1

ρ01
B̄12

 
Z̄21 =

�
0̄
Ā21

 . [4.24]

4.2.4. Numerical results

4.2.4.1. Case of a coated circular cylinder and comparison with the analytical
solution

For a coated circular cylinder, that is two concentric circular cylinders of
radii a1 and a2 < a1 separating homogeneous media (Ω0,Ω1,Ω2), as
discussed in section 2.3, the exact solution of the scattered field can be
obtained by using the Bessel functions.

Inside medium Ω0, from equation [2.37], the total field ψ0 is:

ψ0(r,θ ) =

n=+∞3
n=−∞

�
AnJn(k0r) +BnH(1)

n (k0r)
�
e−jnθ with An = ψinc,0e

jnθinc .

[4.25]

Inside medium Ω1, from equation [2.37], the total field ψ1 is:

ψ1(r,θ ) =

n=+∞3
n=−∞

�
CnJn(k1r) +DnH(1)

n (k1r)
�
e−jnθ. [4.26]
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118 Method of Moments for 2D Scattering Problems

Inside medium Ω2, from equation [2.38], the total field ψ2 is:

ψ2(r,θ ) =

n=+∞3
n=−∞

EnJn(k2r)e−jnθ. [4.27]

In equations [4.25]–[4.27], the four unknowns are Bn, Cn, Dn and En.
From the boundary conditions [2.9], we have:������������

ψ0(a1, θ) = ψ1(a1, θ)
ψ1(a2, θ) = ψ2(a2, θ)
∂ψ0

∂r

6666
r=a1

= ρ01
∂ψ1

∂r

6666
r=a1

∂ψ1

∂r

6666
r=a2

= ρ12
∂ψ2

∂r

6666
r=a2

. [4.28]

From equations [4.25]–[4.27] ∀ (θ, n), we have:
H(1)
n (k0a1) −Jn(k1a1) −H(1)

n (k1a1)

k0H�(1)
n (k0a1) −ρ01k1J�n(k1a1) −ρ01k1H�(1)

n (k1a1)

0 Jn(k1a2) H(1)
n (k1a2)

0 k1J�n(k1a2) k1H�(1)
n (k1a2)

0
0

−Jn(k2a2)
−k2ρ12J�n(k2a2)



Bn

Cn

Dn

En

 =


−AnJn(k0a1)
−Ank0J�n(k0a1)
0
0

 . [4.29]

This linear system can be solved analytically, but for convenience it is
solved numerically by inverting the matrix of size 4× 4.

Figure 4.2a) shows the modulus and the phase of the currents on scatterer
1 versus the angle θ1. Figure 4.2b) shows the modulus and the phase of the
currents on scatterer 2 versus the angle θ2. The angles θ1 and θ2 are defined
from the horizontal direction x̂. Figure 4.2c) shows the modulus of the total
field versus the abscissa x and the height z. Figure 4.2d) shows the radar cross-
section (RCS) versus the scattering angle θsca. The radii of the two concentric
circular cylinders are a1 = 3λ0 and a2 = 2λ0, their centers are C1 = C2 =
(0, 0), the relative permittivities of media {Ω0,Ω1,Ω2} are {�r0 = 1, �r1 =
2, �r2 = 4 + 0.05j}, respectively. The incidence angle is θinc = 0 and the
polarization is TE. For the MoM, the number of samples per wavelength is
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Scattering from Two Scatterers Where Only One Is Illuminated 119

Nλ0 = 10 and the number of unknowns is given in parentheses in the figure. In
addition, for scatterer 1 (r = a1) in the figure legend, the label “Ana 1” means
that the currents are computed from equation [4.25], whereas the label “Ana
2” means that the currents are computed from equation [4.26]. For scatterer 2
(r = a2) in the legend, the label “Ana 1” means that the currents are computed
from equation [4.26], whereas the label “Ana 2” means that the currents are
computed from equation [4.27].
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Figure 4.2. a) Modulus and phase of the currents on scatterer 1 versus the angle θ1. b) Modulus
and phase of the currents on scatterer 2 versus the angle θ2. c) Modulus of the total field in dB
scale versus the abscissa x and the height z. d) RCS in dBm scale versus the scattering angle
θsca. The radii of the two concentric circular cylinders are a1 = 3λ0, a2 = 2λ0, their centers
are C1 = C2 = (0, 0), the relative permittivities of media {Ω0,Ω1,Ω2} are {�r0 = 1, �r1 =
2, �r2 = 4+0.05j}, and λ0 = 1 m. The incidence angle is θinc = 0 and the polarization is TE.
For the MoM, the number of samples per wavelength is Nλ0 = 10
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120 Method of Moments for 2D Scattering Problems

Figure 4.3 shows the same results as in Figure 4.2 but for the TM
polarization.
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Figure 4.3. Same results as in Figure 4.2 but for the TM polarization

For the two polarizations, the results calculated from “Ana 1” and “Ana
2” perfectly match, which means that the boundary conditions are satisfied. A
small difference between the MoM and the analytical solution is observed on
the currents and Figures 4.2d) and 4.3d) show that this deviation has a small
impact on the RCS. This deviation can be decreased by increasing Nλ0 (for
instance, from 10 to 20).

4.2.4.2. Case of a coated elliptical cylinder

The MoM allows us to treat any geometry like a dielectric elliptical
cylinder, which is coated eccentrically by a non-confocal dielectric elliptical
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Scattering from Two Scatterers Where Only One Is Illuminated 121

cylinder. As shown in [ZOU 13], this issue can be solved by introducing the
Mathieu functions and the equivalent of the Graf theorem on the Bessel
functions, which significantly increases the complexity of programming. One
of the advantages of the MoM is its ability to solve this issue for any incident
field with only minor modifications to the program.

Figure 4.4 shows the same results as in Figures 4.2c) and 4.2d) but for two
eccentric elliptical cylinders of different rotation angles α1,2 and centers C1,2.
Figure 4.5 shows the same results as in Figure 4.4 but for the TM polarization.

a) Modulus of the total field in dB
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Figure 4.4. Same results as in Figures 4.2c) and 4.2d) but a1 = 4λ0,
b1 = 3λ0, α1 = π/6, a2 = 2λ0, b2 = λ0, α2 = −π/4, C1 = (0, 0),

C2 = (1, 1)λ0

a) Modulus of the total field in dB
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Figure 4.5. Same results as in Figure 4.4 but for the TM polarization

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by D

haka U
niversity of E

ngineerin, W
iley O

nline L
ibrary on [16/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



122 Method of Moments for 2D Scattering Problems

4.3. Efficient inversion of the impedance matrix: PILE method

4.3.1. Mathematical formulation

To efficiently solve the linear system Z̄X = b, the PILE method,
developed by Déchamps et al. [DÉC 06], can be applied. It is based on an
inversion by blocks (Schur complement [PRE 92]) of the impedance matrix
[4.13]. This method was later generalized by Kubické et al. [KUB 08], and
called extended-PILE (E-PILE), to the more general case for which the two
scatterers are illuminated (see Chapter 3). Its principle is thoroughly
explained in section 3.3. From equation [3.34] with b2 = 0 (scatterer 2 is not
illuminated), the currents on scatterer 1, X1, are then expressed as:

X1 =

p=PPILE3
p=0

M̄
p
c

 Z̄
−1
1 b1 =

p=PPILE3
p=0

Y
(p)
1 , [4.30]

in which

Y

(0)
1 = Z̄

−1
1 b1 for p = 0

Y
(p)
1 = M̄ cY

(p−1)
1 for p > 0

, [4.31]

and

M̄ c = Z̄
−1
1 Z̄21Z̄

−1
2 Z̄12. [4.32]

From equations [3.28] and [3.29], X2 = V̄ b1 = −Z̄
−1
2 Z̄12Tb1 =

−Z̄
−1
2 Z̄12X1.

We define the norm
55M̄ c

55 of a complex matrix by its spectral radius, that is
the modulus of its eingenvalue that has the highest modulus. Expansion [4.30]
is then valid if

55M̄ c

55 is strictly smaller than one.

Equation [4.31] has a clear physical interpretation: the total currents on
the scatterer 1 are the sum of the contributions Y

(p)
1 corresponding to

successive iterations p. In the zeroth-order term, Z̄−1
1 accounts for the local

interactions on scatterer 1, so Y
(0)
1 corresponds to the contribution of the

direct reflection on scatterer 1, without entering the medium Ω1. In the
first-order term given by Y

(1)
1 = M̄ cY

(0)
1 , the matrix Z̄12 propagates the

resulting currents, Y
(0)
1 toward scatterer 2, Z̄

−1
2 accounts for the local

interactions on scatterer 2, and the matrix Z̄21 repropagates the resulting
contribution toward scatterer 1; finally, Z̄−1

1 updates the currents values on
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Scattering from Two Scatterers Where Only One Is Illuminated 123

scatterer 1. And so on for the subsequent terms Y (p)
1 for p > 1. Thus, the total

currents
4

p Y
(p)
1 on scatterer 1 are due to the multiple scattering of the field

inside the medium Ω1.

4.3.2. Numerical results

4.3.2.1. Coated circular cylinder

Figure 4.6 shows the modulus of the total field in dB scale versus the
abscissa x and the height z. Figure 4.7 shows the RCS in dB scale versus the
scattering angle θsca. The radii of the two concentric circular cylinders are
a1=3λ0, a2=2λ0, their centers are C1=C2=(0, 0), the relative
permittivities of media {Ω0,Ω1,Ω2} are {�r0=1, �r1=2 + 0.1j,� r2=
4+ 0.1j}, respectively. The incidence angle is θinc = 0 and the polarization is
TE. For the MoM, the number of samples per wavelength is Nλ0 = 10. In
addition, the value of the following relative residual error defined as:

�PILE =
normθsca (RCSPILE − RCSLU)

normθsca (RCSLU)
, [4.33]

is given, where the “norm” stands for the norm two.

Figure 4.6. Modulus of the total field in dB scale versus the abscissa x and the height z. The
radii of the two concentric circular cylinders are a1 = 3λ0 and a2 = 2λ0, their centers are
C1 = C2 = (0, 0), the relative permittivities of media {Ω0,Ω1,Ω2} are {�r0 = 1, �r1 =
2+ 0.1j,� r2 = 4+ 0.1j}, and λ0 = 1 m. The incidence angle is θinc = 0 and the polarization
is TE
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124 Method of Moments for 2D Scattering Problems
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Figure 4.7. RCS in dBm versus the scattering angle θsca.
The parameters are the same as in Figure 4.6

0 30 60 90 120 150 180−10

−5

0

5

10

15

20

25

Angle θsca [°]

RC
S
[d
Bm

]

Order 0: 0.372
Order 1: 0.026
Order 2: 0.002
LU
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Figure 4.8. Same results as in Figure 4.7, but for the a) TM polarization and
b) scatterer 2 is perfectly conducting

Figure 4.8 shows the same results as in Figure 4.7 but for the a) TM
polarization and b) scatterer 2 is perfectly conducting.

For PPILE = 0, in Figure 4.6, the field inside the cylinder 2 is zero because
X2 = 0, whereas the field inside Ω0 and Ω1 differs from zero and
corresponds to the field radiated by the cylinder 1. As the order PPILE
increases, Figures 4.7 and 4.8a) show that the RCS converges rapidly toward
that obtained from a direct lower–upper (LU) inversion of the impedance
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Scattering from Two Scatterers Where Only One Is Illuminated 125

matrix of the two cylinders. Indeed, since Ω1 and Ω2 are lossy media, the field
inside the cylinders is damped. In addition, Figure 4.8b) shows that PILE also
converges rapidly, which can be surprising, since PPILE is related to the
numbers of reflections between the two scatterers. A physical explanation is
that, unlike a dielectric medium Ω2, no field is transmitted into Ω2 and then
the upper part of cylinder 2 cannot interact with the lower part of the cylinder
1, which reduces the interaction between cylinders 1 and 2.

A means for knowing the convergence rate of PILE is to calculate the norm
of the characteristic matrix,

55M̄ c

55, which equals the modulus of its eigenvalue
that has the highest modulus. For Figures 4.7 and 4.8a) and 4.8b),

55M̄ c

55 =
{0.271, 0.105, 0.297}, respectively. For a large problem, the computation of
this norm is very time consuming and it is not recommended.

The first advantage of PILE in comparison to a direct LU inversion is its
ability to quantify the coupling between the two scatterers.

4.3.2.2. Cylinder below a rough surface

Figure 4.9 shows the modulus of the total field versus the abscissa x and the
height z. Figure 4.10a) shows the normalized radar cross-section (NRCS) in dB
scale versus the scattering angle θsca. The rough surface has a Gaussian surface
height autocorrelation function of correlation length Lc = λ0 and a standard
deviation of height σz = 0.5λ0. Its length is L1 = 40λ0 and the number of
samples is N1 = 566. The parameters of the perfectly conducting elliptical
cylinder below the surface are a2 = 2λ0, b2 = λ0, α2 = 0, C2 = (0,−2)λ0

and N2 = 97.

The relative permittivity of the medium Ω1 is �r1 = 2+0.1j, the incidence
angle is θinc = π/6, the polarization is TE and λ0 = 1 m. Figure 4.10b) shows
the same results as in Figure 4.10a) but for the TM polarization.

Since Ω1 is a lossy medium, PILE converges very rapidly, as shown in
Figure 4.10. Figure 4.9 clearly shows the interference between the transmitted
wave from Ω0 into Ω1 and the first reflected wave by the cylinder taken into
account for PPILE = 1. The comparison with the results computed from an
LU inversion shows that it is not necessary to include the second reflection by
the cylinder (it would correspond to PPILE = 2). In addition, the shadow zone
behind the cylinder is well predicted. For further simulations, see [BOU 08].
The authors showed that as σz and θinc increase and the polarization changes,
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126 Method of Moments for 2D Scattering Problems

the convergence order (order for which the convergence is reached) does not
change and as the permittivity of medium Ω1 increases, the convergence order
decreases and as the major axis of the cylinder increases, it slightly increases.
There are no simulations in which the order of convergence exceeds four. In
general, PILE converges more rapidly than E-PILE because for the latter, the
two scatterers are embedded in the lossless medium Ω0, which is vacuum.

Figure 4.9. Modulus of the total field versus the abscissa x and the height z. The rough surface
has a Gaussian surface height autocorrelation function of correlation length Lc = λ0 and of
height standard deviation σz = 0.5λ0. Its length is L1 = 40λ0 and the number of samples is
N1 = 566. The parameters of the perfectly conducting elliptical cylinder below the surface are
a2 = 2λ0, b2 = λ0, α2 = 0, C2 = (0,−2)λ0 and N2 = 97. The relative permittivity of the
medium Ω1 is �r1 = 2 + 0.1j, the incidence angle is θinc = π/6, the polarization is TE and
λ0 = 1 m

For Figures 4.10a) and 4.10b), the norm of the characteristic matrix is55M̄ c

55 = {0.144, 0.137}, respectively.

4.3.2.3. Random rough layer

Figure 4.11 shows the modulus of the total field versus the abscissa x and
the height z. The two random rough surfaces have Gaussian surface height
autocorrelation functions. For the upper one: Lc1 = λ0, σz1 = 0.5λ0, L1 =
40λ0 and N1 = 800. For the lower one: Lc2 = 2λ0, σz2 = 0.5λ0, L2 =
40λ0 and N2 = 560. The thickness Ω1 is 2λ0 (C2 = (0,−2λ0)), the relative
permittivities of media Ω1,2 are �r1,r2 = {4 + 0.1j, 2 + 0.01j}, the incidence
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Scattering from Two Scatterers Where Only One Is Illuminated 127

angle is θinc = π/6, the polarization is TE and λ0 = 1 m. Figure 4.12a) shows
the corresponding NRCS and Figure 4.12b) shows the same results but for the
TM polarization. As can be seen, PILE rapidly converges because Ω1 and Ω2

are lossy media.
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Figure 4.10. NRCS in dB scale versus the scattering angle θsca.
Same parameters as in Figure 4.9

Figure 4.11. Modulus of the total field versus the abscissa x and the height z. The two rough
surfaces have Gaussian surface height autocorrelation functions. For the upper one: Lc1 = λ0,
σz1 = 0.5λ0, L1 = 40λ0 and N1 = 800. For the lower one: Lc2 = 2λ0, σz2 = 0.5λ0,
L2 = 40λ0 and N2 = 560. The thickness of Ω1 is 2λ0 (C2 = (0,−2λ0)), the relative
permittivities of the media Ω1,2 are �r1,r2 = {4 + 0.1j, 2 + 0.01j}, the incidence angle is
θinc = π/6, the polarization is TE and λ0 = 1 m
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128 Method of Moments for 2D Scattering Problems
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Figure 4.12. NRCS in dB scale versus the scattering angle θsca.
Same parameters as in Figure 4.11

For Figures 4.12a) and 4.12b), the norm of the characteristic matrix is55M̄ c

55 = {0.144, 0.137}, respectively.

4.3.2.4. Conclusion

The numerical results showed that PILE converges rapidly because its
order is related to the multiple reflections between the two scatterers. For
practical applications, Ω1 is a lossy medium and then the wave is damped,
which explains why PILE converges rapidly. If scatterer 2 is perfectly
conducting, the PILE order increases in comparison to a dielectric Ω2

medium. From the available MatLab codes, it is easy to verify this. In
addition, for further simulations, the reader is referred to [DÉC 06, BOU 08].

4.4. PILE method combined with FB or PO

This section presents how PO and FB methods, applied to calculate the
local interactions on a single scatterer, can be hybridized in the PILE algorithm
to compute the field scattered by two scatterers.

4.4.1. PILE hybridized with FB

Equation [4.31] clearly shows that the calculation of Z̄−1
i u is required, in

which Z̄i is the impedance matrix of scatterer i in free space. Then, to
calculate the local interactions on a random rough surface, the FB method can
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Scattering from Two Scatterers Where Only One Is Illuminated 129

be applied. For any scatterer below a rough surface and for a rough layer,
Bourlier et al. [BOU 08] and Déchamps and Bourlier [DÉC 07a, DÉC 07b]
showed that the order PFB of convergence of FB is obtained by considering
only scattering from the single rough surface (without the scatterer). This can
be explained by the fact that the inversion of the impedance matrix is
independent of the incident field u.

For the example shown in Figure 4.11, first, the FB order for the lower and
upper rough surfaces must be determined. Then, each surface is considered to
be alone, and for a residual relative error smaller than 0.01, we find
{pFB,1 = 9, pFB,2 = 8} for the TE polarization and {pFB,1 = 7, pFB,2 = 7} for
the TM polarization. Combining PILE with FB for the calculation of the local
interactions on each surface, the NRCSs depicted in Figure 4.13 are computed
from PILE+FB+FB. In comparison with Figure 4.12, we can see that the
residual errors (defined from equation [4.33]) are nearly identical, meaning
that FB has converged for the calculation of the local interactions on each
scatterer.
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Figure 4.13. NRCS in dB scale versus the scattering angle θsca computed from
PILE+FB+FB. Same parameters as in Figure 4.12

It is also possible to apply the FB only on scatterer 1 or 2 and to apply an
LU inversion on the other scatterer. For an object below a rough surface, the FB
is applied onto the surface, whereas an LU inversion is applied onto the object,
since FB does not converge for a closed surface. With the same parameters as
in Figure 4.9, Figure 4.14 shows the NRCS computed from PILE+FB+LU with
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130 Method of Moments for 2D Scattering Problems

{pFB,1 = 9, 7} for the TE and TM polarizations, respectively. As was the case
previously, in comparison to Figure 4.10, we can see that the residual errors
are quasi-identical, meaning that the FB has converged for the calculation of
the local interactions on the rough surface.
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a) TE polarization
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Figure 4.14. NRCS in dB scale versus the scattering angle θsca computed from
PILE+FB+LU. Same parameters as in Figure 4.10

4.4.2. PILE hybridized with PO

This section focuses on the integration of PO in the PILE algorithm. For
E-PILE, this hybridization is thoroughly explained in section 3.4.2 by
considering the scattering by two illuminated perfectly conducting scatterers.
Here, the problem is slightly different and more complicated, because the
illuminated scatterer must be dielectric to interact with the non-illuminated
scatterer.

For a coated cylinder illuminated by a plane wave of incidence angle
θinc = 0, if the PO approximation is applied at first order (only point-to-point
local interactions are considered, i.e. no multiple reflections) on the
illuminated scatterer (number 1), then in the shadow zone (lower part of the
cylinder), the currents vanish. Thus, the PO at first order can predict bad
results. To overcome this issue, the field transmitted into the cylinder must be
computed by iterating the PO approximation on each scatterer. For an object
below a rough surface, the problem is similar. For a rough layer, the inverse of
the impedance matrix of a single dielectric rough surface must be calculated
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Scattering from Two Scatterers Where Only One Is Illuminated 131

from the PO. This operation is not trivial and it is a prospect considered in
this book. In conclusion, to simplify the formulation, we assume that the
non-illuminated scatterer is perfectly conducting and the PO is applied only
onto this scatterer.

4.4.2.1. Formulation

For scatterer 2, the total field on the object surface in the medium Ω1 due
to a single reflection is given under the PO approximation by equation [2.62]:

ψ2(r) = 2



ψinc,1(r) r ∈ S2,Ill

0 r ∈ S2,Sha
and

∂ψ2(r)

∂n
= 0 ∀ r ∈ S2, TM polarization,

[4.34]

∂ψ2(r)

∂n
= 2


∂ψinc,1(r)

∂n
r ∈ S2,Ill

0 r ∈ S2,Sha

and ψ2(r) = 0 ∀ r ∈ S2, TE polarization,

[4.35]

where ψinc,1 is the field inside Ω1 radiated from the currents on scatterer 1,
S2,Ill is the illuminated surface and S2,Sha is the shadowed surface
(S2 = S2,Ill ∪ S2,Sha). Then, under the PO approximation, the inverse of the
matrix impedance Z̄

−1
2 is a diagonal matrix of elements equal to 2 for the TM

polarization and elements 2∂(•)/∂n for the TE polarization. The complexity
of the inversion is then O(1) instead of O(N3

2 ) from a direct LU inversion.

For example, for the calculation of Y (1)
1 = Z̄

−1
1 Z̄21Z̄

−1
2 Z̄12Y

(0)
1 , where

Y
(0)
1 = Z̄

−1
1 b1, first, the vector Y (0)

1 is multiplied by the matrix Z̄12 giving
u = Z̄12Y

(0)
1 . It can be considered as an incident field for scatterer 2. If the

PO is applied onto scatterer 2, then some elements of Z̄12 can be zero due to
the fact that a point on scatterer 2 cannot be viewed from a point of scatterer 1.
For a convex object, this condition is satisfied if n̂2 · (r2 − r1) > 0. Then, the
elements of the modified matrix Z̄

�
12 are:

Z �
12,mn = Z12,mn

1− sgn [(r2,m − r1,n) · n̂2,m]

2

= Z12,mn
1 + sgn [(x2,m − x1,n)v2,mγ2,m − (z2,m − z1,n)v2,m]

2
.

[4.36]
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132 Method of Moments for 2D Scattering Problems

Next, u = Z̄12Y
(0)
1 is multiplied by Z̄

−1
2 . Then, if the PO is applied onto

scatterer 2, currents v = Z̄
−1
2 u are computed as follows:

v = Z̄
−1
2 u = Z̄

−1
2 Z̄

�
12Y

(0)
1 = D̄

�
Ā

�
12

1

ρ01
B̄

�
12

 �
w1

w2

 
= D̄

�
Ā

�
12w1 +

1

ρ01
B̄

�
12w2

 
, [4.37]

where D̄ is the diagonal matrix of elements equal to 2 at point r2,n for the
TM polarization and elements equal to 2∂ • /∂n for the TE polarization. In
addition, Y (0)

1 = [wT
1 w

T
2 ]

T (w1 and w2 are vectors of length N1). For the TM
polarization, the above equation needs to compute ∂Ā12/∂n and ∂B̄12/∂n at
point r2. From equation [4.20], we then show that

∂B12,mn

∂n

6666
r2,m

=
jk1v2,m|Δ1,n|

/
1 + γ21,nH11

4r12
/

1 + γ22,m

(z12 − γ2,mx12) , [4.38]

and

∂A12,mn

∂n

6666
r2,m

= −jk1v1,n|Δ1,n|v2,m
4
/

1 + γ2
2,m

[w00 + w10 (γ1,n + γ2,m) + w11γ1,nγ2,m] ,

[4.39]

where��������������������

w00 =
k1z

2
12H10

r212
+

(x212 − z212)H11

r312

w10 =
x12z12
r312

(2H11 − H10k1r12)

w11 =
k1x

2
12H10

r212
+

(z212 − x212)H11

r312

, [4.40]

and x12 = x1,n − x2,m, z12 = z1,n − z2,m, r12 =
1
x212 + z212, H10 =

H(1)
0 (k1r12), H11 = H(1)

1 (k1r12).
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Scattering from Two Scatterers Where Only One Is Illuminated 133

4.4.2.2. Numerical results: coated elliptical cylinder

Figure 4.16 shows the RCS in dBm versus the angle θsca, respectively, and
for both TE and TM polarizations. The parameters are given in Figure 4.15a).
In the figure, the label “PILE+LU+PO” means that the PILE is hybridized with
LU for the calculation of the local interactions on cylinder 1 and with PO for
the calculation of the local interactions on cylinder 2. In addition, the value of
the following residual relative error defined as

�PILE =
normθsca (RCSPILE+LU+PO − RCSLU)

normθsca (RCSLU)
, [4.41]

is given in parentheses.
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Figure 4.15. a) A coated elliptical cylinder: semi-major axes a1 = 6λ0, a2 = 2λ0; semi-
minor axes b1 = 3λ0, b2 = λ0; centers C1 = (0, 0), C2 = (1, 1)λ0; rotation angles α1 =
0, α2 = 30o and incidence angle θinc = 30o. b) Elliptical cylinder below a rough surface:
a2 = 5λ0, b2 = 2λ0, C2 = (0,−2)λ0, α2 = 0, L1 = 120λ0, σz = 0.5λ0, Lc = 5λ0,
the surface height autocorrelation function is Gaussian, the parameter of the Thorsos wave
(defined in equation [1.32]) is g = L2/6 and incidence angle θinc = 30o. c) Rough layer:
L1 = L2 = 120λ0, σz1 = 0.5λ0, σz2 = 0.1λ0, Lc1 = 5λ0, Lc2 = 2λ0, the surface
height autocorrelation function for both surfaces is Gaussian, the parameter of the Thorsos
wave (defined from equation [1.32]) is g = L2/6 and the incidence angle θinc = 30o

As the PILE order increases, the results converge toward those obtained
from a direct LU inversion of the impedance matrix of the two scatterers. In
addition, the results obtained from “PILE+LU+PO” match well with those
obtained without hybridization (PILE) and the differences have a minor
impact on the RCS. This hybridization is therefore very efficient and allows
us to reduce the complexity to O(N3

1 ) (LU inversion on scatterer 1) instead of
O((N1 +N2)

3) for a direct LU inversion.
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Figure 4.16. RCS in dBm versus θsca. a) TE polarization. b) TM polarization.
The parameters are given in Figure 4.15a)
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Scattering from Two Scatterers Where Only One Is Illuminated 135

4.4.2.3. Numerical results: object below a random rough surface

Figure 4.17 shows the NRCS in dB versus the scattering angle θsca, and for
both the TE and TM polarizations. The parameters are given in Figure 4.15b).
In the figure, the label “PILE+FB+PO” means that PILE is hybridized with FB
for the calculation of the local interactions on the rough surface and with PO
for the calculation of the local interactions on the cylinder. The order of FB is 6.
As we saw previously, as the PILE order increases, the results converge toward
those obtained from a direct LU inversion of the impedance matrix of the two
scatterers. In addition, the results computed from “PILE+FB+PO” match well
with those obtained without hybridization (“PILE”) and the differences have a
minor impact on the RCS. This hybridization is then very efficient and allows
us to reduce the complexity to O(N2

1 ) (FB on scatterer 1) instead of O((N1 +
N2)

3) for a direct LU inversion.

4.4.2.4. Numerical results: random rough layer

Figure 4.18 shows the NRCS in dB versus the scattering angle θsca,
respectively, for the TE polarization and the TM polarization. The parameters
are given in Figure 4.15c). A very good agreement between the different
methods is obtained. The zero order of the PILE method corresponds to the
scattering from scatterer 1 alone.

For a rough layer, the FB can be applied on both surfaces and can also be
accelerated by hybridizing the SA. The resulting complexity is then
O(N1 + N2 + N1N2), in which O(N1N2) corresponds to the complexity of
the matrix-vector products. The SA can also be applied to reduce this
complexity to O(N1) + O(N2) leading to a very efficient method. For more
details, see [DÉC 07b]. Similarly, for slightly rough surfaces (where typically
the standard height deviation does not exceed the wavelength), the
BMIA/CAG can be applied to reduce both the complexity of the calculations
of the local interactions and the matrix-vector products [DÉC 07a].
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Figure 4.17. NRCS in dB versus the scattering angle θsca. a) TE polarization.
b) TM polarization. The simulation parameters are given in Figure 4.15b
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Figure 4.18. NRCS in dB versus θsca. a) TE polarization. b) TM polarization.
The simulation parameters are given in Figure 4.15c
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138 Method of Moments for 2D Scattering Problems

4.5. Conclusion

This chapter presents an efficient numerical method to calculate the field
scattered by two scatterers where only one is illuminated. The PILE method
starts from the MoM and the impedance matrix of the two scatterers is then
inverted by blocks from the Taylor series expansion of the inverse of the
Schur complement. Its main use is that it is rigorous, with a simple
formulation and has a straightforward physical interpretation. Actually, this
last property relies on the fact that each block of the impedance matrix is
linked to a particular and quasi-independent physical process occurring
during the multiple scattering process between the two scatterers: local
interactions on each interface, corresponding to the inversion of the
impedance matrix of each scatterer in free space, and both upward and
downward coupling. Furthermore, the PILE method allows us to use any fast
method developed for a single interface. Here, for a scatterer 2 that is
assumed to conduct perfectly, in order to decrease the complexity of PILE,
PO and/or FB have been hybridized with PILE and according to the scenario,
this hybridization gives satisfactory results.
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Appendix

MatLab Codes

This appendix presents the codes developed using the MatLab software for
presenting the numerical results.

A program, whose name begins by “A_”, is a main program, which
generates the figures. A program, whose name begins by “F_”, is a function,
which can be called from the main program.

At the beginning of each main program, the called functions are mentioned
as comments.

A1.1. Chapter 1

Table A1.1 presents the programs used in Chapter 1.

Name Corresponding figures
A_Surface_Generation.m 1.4, 1.5
A_Surface_Generation_Spectra.m 1.6, 1.7

Table A1.1. Relation between figures of Chapter 1 and names of the programs

A1.2. Chapter 2

Table A1.2 presents the programs used in Chapter 2.
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140 Method of Moments for 2D Scattering Problems

Name Corresponding figures
A_Cylinder_Ana_DI_PC 2.3–2.6
A_Cylinder_Ana_MoM_PC.m 2.7–2.9
A_Cylinder_Ana_MoM_DI.m 2.10a), 2.10b), 2.11
A_CylinderE_MoM_DI_IBC_PC.m 2.12, 2.13
A_Plate_MoM_PO_PC.m 2.16–2.18
A_CylinderE_MoM_PO_PC.m 2.20, 2.21
A_Surface_MoM_PO_DI_IBC_PC.m 2.22, 2.23, 2.25, 2.26, 2.27
A_Surface_MoM_FB_DI_IBC_PC.m 2.28, 2.29

Table A1.2. Relation between figures of Chapter 2 and names of the programs

A1.3. Chapter 3

Table A1.3 presents the programs used in Chapter 3.

Name Corresponding figures
A_2CylindersE_LU.m 3.2–3.5
A_NScatterers_LU_PC 3.6
A_2Scatterers_EPILE_FB_PC 3.8–3.11
A_2CylindersE_EPILE 3.12, 3.13
A_2Scatterers_EPILE_LU_FB_DI 3.14, 3.15
A_2Scatterers_EPILE_LU_FB_PO_PC 3.16–3.23

Table A1.3. Relation between figures of Chapter 3 and names of the programs

A1.4. Chapter 4

Table A1.4 presents the programs used in Chapter 4.

Name Corresponding figures
A_CoatedCylinder_LU_Ana 4.2, 4.3
A_CoatedCylinderE_LU 4.4, 4.5
A_CoatedCylinderE_PILE.m 4.6–4.8
A_SurfaceObject_PILE_FB_LU.m 4.9, 4.10
A_Layer_PILE_FB_FB_LU.m 4.11–4.13
A_CoatedCylinderE_PILE_PO.m 4.15a), 4.16
A_SurfaceObjectLayer_PILE_PO_PC.m 4.15b), 4.15c), 4.17, 4.18

Table A1.4. Relation between figures of Chapter 4 and names of the programs
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(NRCS), 10–12

physical optics (PO), 56
PILE, 122–137
plate, 56–60, 89–92
point-matching method, 12–14
probability density function (PDF),
21

R
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